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PREFACE. 


The favourable reception wbicli lias been granted to my History 
of the Calculus of Variations during the Nineteenth has 

encouraged me to undertake another work of the same kind. 
The subject to which I now invite attention has high claims to 
consideration on account of the subtle problems which it involves, 
the valuable contrilnitions to analysis which it has produced, its 
impoi'tant practical applications, and the eminence of those who 
have cultivated it. 

The nature of the problems which the Theory of Probability 
contemplates, and the influence which this Theory has exercised 
on the progrcvss of mathematical science and also on the concerns 
of practical life, cannot bo discussed within the limits of a Preface; 
we may however claim for our subject all the interest which illus- 
trious names can confer, by the simple statement that nearly 
every groat mathematician within the I'ange of a century and a 
half will come before us in the course of the history. To mention 
only the most distinguished in this distinguished roll — ^we shall 
find hero — Pascal and Fermat, worthy to be associated by kindred 
genius and character— De Moivre with his rare powers of analysis, 
which scorn to belong only to a later epoch, and which justify the 
honour in which he was held by Newton — Leibnitz and the emi- 
nent school of which ho may be considered the founder, a school 
including the Bornoullis and Euler — D’Alembert, one of the most 
conspicuous of those who brought on the French revolution, and 
Condorcct, one of the most illustrious of its victims— Lagrange 
and Laplace who survived until the present century, and may be 
regarded as rivals at that time for the supremacy of the mathe- 
matical world. 

I will now give an outline of the contents of the book. 

The first Chapter contains an account of some anticipations 
of the subject which arc contained in the writings of Cardan, 
Kepler and Galileo. 

The BOGoml Chapter introduces the Chevalier de Mere who 
having puzzled himself in vain over a problem in chances, 
fortunately turned for help to Pascal : the Problem of Points is. 
discussed in the correspondence between Pascal and Fermat, and 
thus the Theory of Probability begins its career. 
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The third Chapter analyses the treatise in which Huygens in 
1659 exhibited what was then known of the subject. Works such 
as this, which present to students the opportunity of becoming 
acquainted with the speculations of the foremost men of the 
time, cannot be too highly commended ; in this respect our sub- 
ject has been fortunate, for the example which was afforded by 
Huygens has been imitated by James Bernoulli, De Moivre and 
Laplace — and the same course might with great advantage be 
pursued in coimexion with other subjects by mathematicians in 
the present day. 

The fourth Chapter contains a sketch of the early history of 
the theory of Permutations and Combinations ; and the fifth Chap- 
ter a sketch of the early history of the researches^ on Mortality 
and Life Insurance. Neither of these Chapters claims to be ex- 
haustive ; but they contain so much as may suffice to trace the^ 
connexion of the branches to which they relate with the main sub- 
ject of our history. 

The sixth Chapter gives an account of some miscellaneous in- 
vestigations between the years 1670 and 1700. Our attention is 
directed in succession to Caramuel, Sauveur, James Bernoulli, 
Leibnitz, a translator of Huygens’s treatise whom I take to be 
Arbuthnot, Eoberts, and Craig — the last of whom is notorious for 
an absurd abuse of mathematics in connexion with the probability 
of testimony. 

The seventh Chapter analyses the Ars Conjectandi of James 
Bernoulli. This is an elaborate treatise by one of the greatest 
mathematicians of the age, and although it was unfortunately 
left incomplete, it affords abundant evidence of its author’s ability 
and of his interest in the subject. Especially we may notice the 
famous theorem which justly bears the name of J ames Bernoulli, 
and which places the Theory of Probability in a more commanding 
position than it had hitherto occupied. 

The eighth Chapter is devoted to Montmort. He is not to be 
compared for mathematical power with James Bernoulli or De 
Moivre ; nor does he seem to have formed a very exalted idea of 
the true dignity and importance of the subject. But he was en- 
thusiastically devoted to it; he spared no labour himself, and his 
influence direct or indirect stimulated the exertions of Nicolas 
Bernoulli and of De Moivre. 

The ninth Chapter relates to De Moivre, containing a full 
analysis of his Doctrine of Chances, De Moivre brought to bear 
on the subject mathematical powers of the highest order ; these 
powers are especially manifested in the results which he enun- 
ciated respecting the great problem of the Duration of Play. 
Unfortunately he did not pubhsh demonstrations, and Lagrange 
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himself more than fifty years later found a good exercise for his 
analytical skill in supplying the investigations ; this circumstance 
compels us to admire De Moivre's powers, and to regret the loss 
which his concealment of his methods has occasioned to mathe- 
matics, or at least to mathematical history. 

De Moivre’s Doctrine of Chances formed a treatise on the 
suhj ect, full, clear and accurate ; and it maintained its place as a 
standard work, at least in England, almost down to our own day. 

The tenth Chapter gives an account of some miscellaneous 
investigations between the years 1700 and 1750. These inves- 
tigations are due to Nicolas Bernoulli, Arbuthnot, Browne, Mairan, 
Nicole, Buffon, Ham, Thomas Simpson and J ohn Bernoulli. 

The eleventh Chapter relates to Daniel Bernoulli, containing 
an account of a series of memoirs published chiefly in the volumes 
of tlie Academy of Petersburg ; the memoirs are remarkable for 
boldness and originality, the first of them contains the celebrated 
theory of Moral Expectation. 

Tiio twelfth Chapter relates to Euler ; it gives an account of 
his memoirs, which relate principally to certain games of chance. 

The thirteenth Chapter relates to D’Alembert ; it gives a full 
account of the objections which ho urged against some of the 
fundamental principles of the subject, and of his controversy with 
Daniel Bernoulli on the mathematical investigation of the gain to 
human life which would arise from the extirpation of one of the 
most fatal diseases to which the human race is liable. 

The fourteenth Chapter relates to Bayes ; it explains the me- 
thod by which he demonstrated his famous theorem, which may 
be said to have been the origin of that part of the subject which 
relates to the probabilities of causes as inferred from observed 
effects. 

The fifteenth Chapter is devoted to Lagrange ; he contributed 
to the subject a valuable memoir on the theory of the errors of 
observations, and demonstrations of the results enunciated by De 
Moivro respecting the Duration of Play. 

The sixteenth Chapter contains notices of miscellaneous inves- 
tigations between the years 1750 and 1780. This Chapter brings 
before us Kaestner, Clark, Mallet, John Bernoulli, Beguelin, 
Michell, Lambert, Buffon, Fuss, and some others. The memoir 
of Michell is remarkable ; it contains the famous argument for the 
existence of design drawn from the fact of the closeness of certain 
stars, like the Pleiades. 

The seventeenth Chapter relates to Cordorcet, who published a 
large book and a long memoir upon the Theory of Probability, 
lie chiefly discussed the probability of the correctness of judg- 
ments determined by a majority of votes ; he has the merit of first 
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submitting this question to mathematical investigation, but his 
own results are not of great practical importance. 

The eighteenth Chapter relates to Trembley. He wrote several 
memoirs with the main design of establishing by elementary 
methods results which had been originally obtained by the aid of 
the higher branches of mathematics ; but he does not seem to 
have been veiy successful in carrying out his design. 

The nineteenth Chapter contains an account of miscellaneous 
investigations between the years 1780 and 1800. It includes the 
following names ; Borda, Malfatti, Bicquilley, the writers in the 
mathematical portion of the Encyclopedie Metliodique, D’Anieres, 
Waring, Prevost and Lhuilier, and Young. 

The twentieth Chapter is devoted to Laplace ; this contains a 
full account of all his writings on the subject of Probability. Pirst 
his memoirs in chronological order, are analysed, and then the great 
work in which he embodied all his own investigations and much 
derived from other writers. I hope it will be found that all the 
parts of Laplace’s memoirs and work have been carefully and 
clearly expounded; I would venture to refer for examples to 
Laplace’s method of approximation to integrals, to the Problem of 
Points, to James Bernoulli’s theorem, to the problem taken from 
Buffon, and above all to the famous method of Least Squares. 
With respect to the last subject I have availed myself of the 
^idance of Poisson’s luminous analysis, and have given a general 
investigation, applying to the case of more than one unknown 
element. I hope I have thus accomplished something towards ren- 
dering the theory of this important method accessible to students. 

In an Appendix I have noticed some writings which came 
under my attention during the printing of the work too late to be 
referred to their proper places. 

I have endeavoured to be quite accurate in my statements, 
and to reproduce the essential elements of the original works 
which I have analysed. I have however not thought it indispen- 
sable to preserve the exact notation in which any investigation 
was first presented. It did not appear to me of any importance 
to retain the specific letters for denoting the known and unknown 
quantities of an algebraical problem which any writer may have 
chosen to use. Y ery often the same problem has been dis- 
cussed by various writers, and in order to compare their methods 
with any facility it is necessary to use one set of symbols through- 
out, although each writer may have preferred his peculiar set. 
In fact by exercising care in the choice of notation I believe that 
my exposition of contrasted methods has gained much in brevity 
and clearness without any sacrifice of real fidelity. 

I have used no symbols which are not common to all mathe- 
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laatical literature, except \ n wliich is an abbreviation for the pro- 
iuct 1.2,...%, frequently but not universally employed : some such 
symbol is much required, and I do not know of any which is pre- 
ferable to this, and I have accordingly introduced it in all my 
publications. 

There are three Important authors whom I have frequently 
cited whose works on Probability have passed through more than 
one edition, Montmort, De Moivre, and Laplace : it may save trouble 
to a person who may happen to consult the present volume if I 
here refer to pages 79, 136, and 495 where I have stated which 
editions I have cited. 

Perhaps it may appear that I have allotted too much space to 
some of the authors whose works I examine, especially the more 
ancient ; but it is diflScult to be accurate or interesting if the nar- 
rative is confined to a mere catalogue of titles : and as experience 
shews that mathematical histories are but rarely undertaken, it 
seems desirable that they should not be executed on a meagre 
and inadequate scale. 

I will here advert to some of my predecessors in this depart- 
ment of mathematical history; and thus it will appear that I have 
not obtained much assistance from them. 

, In the third volume of Montucla’s Histoire des Mathematiques 
pages 380 — 420 are devoted to the Theory of Probability and the 
kindred subjects. I have always cited this volume simply by the 
jname Montuch, but it is of course well known that the third and 
fourth volumes wore edited from the author’s manuscripts after his 
ideath by La Lande. I shotrld be sor'ry to appear ungrateful to 
Montucla; his work is indispensable to the student of mathema- 
tical history, for whatever may be its defects it remains without 
any rival. But I have been much disappointed in what he says 
respecting the Theory of Probability ; he is not copious, nor accu- 
rate, nor critical. Hallam has characterised him with some severity, 
by saying in reference to a point of mathematical history, “ Mon- 
tucla is as superficial as usual see a note in the second Chapter 
of the first volume of the History of the Literature of Europe. 

There are brief outlines of the history involved or formally 
incorporated in some of the elementary treatises on the Theory 
of Probability : I need notice only the best, which occurs in ^he 
Treatise on Probability published in the Library of Useful Know- 
ledge. This little work is anonymous, but is known to have been 
written by Lubbock and Urinkwater; the former is now Sir John 
Lubbock, and the latter changed his name to Drinkwater-Bethune : 
see Professor Be Morgan’s Arithmetical Books... page 106, a letter 
by him in the Assurance Magazine, Vol. ix. page 238, and another 
letter by him in the Times, Dec. 16, 1862. The treatise is inter- 
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-esting and valuable, but I have not been able to agree uniformly 
with the historical statements which it makes or implies. 

A more ambitious work bears the title Histoire die Calcul 
des Probahilites depuis ses origines jusqiid nos jours par Charles 
Gouraud... Paris, 1848. This consists of 148 widely printed octavo 
pages ; it is a popular narrative entirely free from mathematical 
symbols, containing however some important specific references. 
Exact truth occasionally suffers for the sake of a rhetorical style 
unsuitable alike to history and to science; nevertheless the general ; 
reader will be gratified by a lively and vigorous exhibition of the 
whole course of the subject. M. Gouraud recognises the value of 
the purely mathematical part of the Theory of Probability, but 
will not allow the soundness of the applications which have been 
made of these mathematical formulae to questions involving moral 
or political considerations. His history seems to be a portion of*nr 
very extensive essay in three folio volumes containing 1929 pages 
written when he was very young in competition for a prize pro- 
posed by the French Academy on a subject entitled Theorie de la 
Certitude ; see the Rapport by M. Franck in the Sea^ices et Tra- 
muco de VAcademie des Sciences morales et politiques, Vol. x. 
pages 372, 882, and Vol. xi. page 139. It is scarcely necessary 
to remark that M. Gouraud has gained distinction in other branche 
of literature since the publication of his work which we have he a 
noticed. 

There is one history of our subject which is indeed only a 
sketch but traced in lines of light by the hand of the great! 
master himself : Laplace devoted a few pages of the introductionl 
to his celebrated work to recording the names of his predecessors 
and their contributions to the Theory of Probability. It is much 
to be regretted that he did not supj)ly specific references through- 
out his treatise, in order to distinguish carefully between that 
which he merely transmitted from preceding mathematicians and 
that which he originated himself. 

It is necessary to observe that in cases where I point out a 
similarity between the investigations of two or more writers I do 
not mean to imply that these investigations could not have been 
made independently. Such coincidences may occur easily and 
naturally without any reason for imputing unworthy conduct to 
those who succeed the author who had the priority in publication. 

I draw attention to this circumstance because I find with regret 
that from a passage in my former historical work an inference has 
been drawn of the kind which I here disclaim. In the case of a 
writer like Laplace who agrees with his predecessors, not in one or 
two points but in very many, it is of course obvious that he must 
have borrowed largely, and we conclude that he supposed the 
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erudition of his contemporaries would be sufHcient to prevent 
them from ascribing to himself more than was justly due. 

It will be seen that I have ventured to survey a very extensive 
field of mathematical research. It has been my aim to estimate 
carefully and impartially the character and the merit of the 
numerous memoirs and works which I have examined; my criti- 
cism has been intentionally close and searching, but I trust never 
irreverent nor unjust. I have sometimes explained fully the 
errors which I detected; sometimes, when the detailed exposition 
of the error would have required more space than the matter 
deserved, I have given only a brief indication which may be 
serviceable to a student of the original production itself. I have 
not hesitated to introduce remarks and developments of my 
own whenever the subject seemed to require them. In an 
elaborate German review of my former publication on mathe- 
matical history it was suggested that my own contributions were 
too prominent, and that the purely historical character of the 
work was thereby impaired; but I have not been induced to 
change my plan, for I continue to think that such additions as I 
have been able to make tend to render the subject more in- 
telligible and more complete, without disturbing in any serious 
degree the continuity of the history. I cannot venture to expect 
that in such a difficult subject I shall be quite free from error 
either in my exposition of the labours of others, or in my own 
contributions; but I hope that such failures will not be numerous 
nor important. I shall receive most gratefully intimations of any 
errors or omissions which may be detected in the work. 

I have been careful to corroborate my statements by exact 
quotations from the originals, and these I have given in the lan- 
guages in which they were published, instead of translating them ; 
the course which I have here adopted is I understand more agree- 
able to foreign students into whose hands the book may fall. I 
have been careful to preserve the historical notices and references 
which occurred in the works I studied; and by the aid of the 
Table of Contents^ the Chronological List, and the Index, which 
accompany the present volume, it will be easy to ascertain with 
regard to any proposed mathematician down to the close of the 
eighteenth century, whether he has written anything upon the 
Theory of Probability. 

I have carried the history down to the close of the eighteenth 
century ; in the case of Laplace, however, I have passed beyond this 
limit : but by far the larger part of his labours on the Theory of 
Probability were accomplished during the eighteenth century, 
though collected and republished by him in his celebrated work in 
the early part of the present century, and it was therefore conve- 
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nient to Include a full account of all his researches in the present 
volume. There is ample scope for a continuation of the work 
which should conduct the history through the period which has 
elapsed since the close of the eighteenth century ; and I have 
already made some progi'ess in the analysis of the rich materials. 
But when I consider the time and labour expended on the present 
volume, although reluctant to abandon a long cherished design, 
I feel far less sanguine than once I did that I shall have the 
leisure to arrive at the termination I originally ventured to pro- 
pose to myself. 

Although I wish the present work to be regarded principally as 
a history, yet there are two other aspects under which it may 
solicit the attention of students. It may claim the title of a com- 
prehensive treatise on the Theory of Probability, for it assumes 
in the reader only so much knowledge as can be gained from 
an elementary book on Algebra, and introduces him to almost 
every process and every species of problem which the literatui^e^ 
the subject can furnish; or the work may be considered more spe- 
cially as a commentary on the celebrated treatise of Laplace, — 
and perhap.s no mathematical treatise ever more required or more 
deserved such an accompaniment. 

My sincere thanks are due to Professor De Morgan, himself 
conspicuous among cultivators of the Theory of Probability, for 
the kind interest which he has taken in my* work, for the loan of 
scarce books, and for the suggestion of valuable references. A 
similar interest was manifested by one prematurely lost to science, 
whose mathematical and metaphysical genius, attested by his 
marvellous work on the Latus of Thought, led him naturally and 
rightfully in that direction which Pascal and Leibnitz had marked 
with the_ unfading lustre of their approbation; and who by his 
rare ability, his^ wide attainments, and his attractive character, 
gained the affection and the reverence of all who knew him. 


Cambridge, 
Mmj ^ 1865. 


I. TODHUNTEE. 
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CHAPTER I. 


CAKDAN. KEPLER GALILEO. 

1. The practice of games of cTiance must at all times have 
directed attention to some of the elementary considerations of the 
Theory of Probability. Libri finds in a commentary on the Divina 
Commedia of Dante the earliest indication of the different proba- 
bility of the various throws which can be made with three dice. 
The passage from the commentary is quoted by Libri ; it relates to 
the first line of the sixth canto of the Purgatorio. The com- 
mentary was published at Venice in 1477. See Libri, Histoire 
des Sciences MgtMmatiques en Italic, Vol ii. p. 188. 

2. Some other intimations of traces of our subject in older 
writers are given by Gouraud in the following passage, unfor- 
tunately without any precise reference. 

Les anciens paraissent avoir entierement ignor4 cette sorte de calcul. 
L’ Erudition moderne en a, il est vrai, trouv6 quelques traces dans un 
pcieme en latin barbare intitul6 : De Yetula, ceuvre d’nn moine dn Bas- 
Empire, dans nn commentaire de Dante de la fin dn XV® siecle, et 
dans les Merits de plusienrs naath^maticiens italiens dn moyen dge et 

de la renaissance, Pacioli, Tartaglia, Peverone; Gonrand, 

du Calcul des Probahilites, page 3. 

3. A treatise by Cardan entitled De Ludo Alece next claims 
our attention. This treatise was published in 1663, in the first 
volume of the edition of Cardan's collected works, long after 
Cardan's death, which took place in 1576. 


1 
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Montmort says, Jer6me Cardan a donne un Traits De LiWtj 
Alese ; mais on n’y trouve que de T^rudition et des reflexions 
morales/^ Essai d! Analyse...^, XL. Libri says, ‘^Cardan a . ecrij 
nn traite special de Ludo Alece, oti se trouvent resolues plusieurj 
questions d’analyse combinatoire.” Histoire, Vol. ill. p. 176. Tli^. 
former notice ascribes too little and the latter too much tc 
Cardan. 

4. Cardan’s treatise occupies fifteen folio pages, each containing 
two columns; it is so badly printed as to be scarcely intelligible| 
Cardan himself was an inveterate gambler ; and his treatise maj 
be best described as a gambler’s manual. It contains much mi^ 
cellaneous matter connected with gambling, such as descripti ons J f 
games and an account of the precautions necessary to be employee 
in order to guard against adversaries disposed to cheat : tlr^ 
discussions relating to chances form but a small portion of the 
treatise. 

5. As a specimen of Cardan’s treatise we will indicate the 
contents of his thirteenth Chapter. He shews the number of 
cases which are favourable for each throw that can be made with 
two dice. Thus two and twelve can each be thrown in only one 
way. Eleven can be thrown in two ways, namely, by six appear- 
ing on either of the two dice and five on the other. Ten can be 
thrown in three ways, namely, by five appearing on each of the 
dice, or by six appearing on either and four on the other. And 
so on. 

Cardan proceeds, '"Sed in Ludo fritilli undecim puncta adjicere 
decet, quia una Alea potest ostendi.”...The meaning apparently is, 
s^hat the person who throws the two dice is to be considered to 
have thrown a given number when one of the dice alone exhibits 
that number, as well as when the number is made up by the sum 
of the numbers on the two dice. Hence, for six or any smallei 
number eleven more favourable cases arise besides those already 
considered. 

Cardan next exhibits correctly the number of cases which are 
favourable for each throw that can be made with three dice. Thus 
three and eighteen can each be thrown in only one way ; four anc 
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j seventeen can each be thrown in three ways ; and so on. Cardan 
also gives the following list of the number of cases in Fritillo : 

12 34 5 6789 10 11 12 

108 111 115 120 126 133 33 36 37 36 S3 26 

I 

^Here we have corrected two misprints by the aid of Cardan’s 
verbal statements. It is not obvious what the table means. It 
might be supposed, in analogy with what has already been said, 
that if a person throws three dice he is to be considered to have 
thrown a given number when one of the dice alone exhibits that 
number, or when two dice together exhibit it as their sum, as 
well as when all the thi'ee dice exhibit it as their sum ; and this 
would agree with Cardan’s remark, that for numbers higher than 
twu.:.ve the favourable cases are the same as those already given by 
him for three dice. But this meaning does not agree with Cardan’s 
table ; for with this meaning we should proceed thus to find the 
cases favourable for an ace : there are 5® cases in which no ace 
appears, and there are 6® cases in all, hence there are 6® — 5® cases 
in which we have an ace or aces, that is 91 cases, and not 108 as 
Cardan gives. 

The connexion between the numbers in the ordinary mode of 
using dice and the numbers which Cardan gives appears to 
be the following. Let n be the number of cases which are favour- 
able to a given throw in the ordinary mode of using three dice, 
and N the number of cases favourable to the same throw in 
Cardan’s mode ; let m be the number of cases favourable to the 
given throw in the ordinary mode of using two dice. Then for any 
throw not less than thirteen, i7=7^ ; for any throw between seven and 
twelve, both inclusive, ISf = Sm + n ; for any throw not greater than 
six, 108 + 3m + n. There is only one deviation from this law ; 
Cardan gives 26 favourable cases for the throw twelve, and our 
proposed law would give 3 + 25, that is 28. 

We do not, however, see what simple mode of playing with 
three dice can be suggested which shall give favourable cases 
agreeing in number with those determined by the above law. 

6. Some further account of Cardan’s treatise will be found 

1—2 
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in the Life of Cardan, by Henry 'Moiiey, Vol. i. pages 92 — 95. 
Mr Moiiey seems to misunderstand the words of Cardan which he 
quotes on his page 92, in consequence of which he says that 
Cardan lays it down coolly and philosophically, as one of his first 
axioms, that dice and cards ought to be played for money.” In 
the passage quoted by Mr Morley, Cardan seems rather to admit 
the propriety of moderation in the stake, than to assert that there 
must be a stake; this moderation Cardan recommends elsewhere, 
as for example in his second Chapter. Cardan’s treatise is briefly 
noticed in the article Prohahility of the English Cyclopcedia. 

7. Some remarks on the subject of chance were made by 
Kepler in his work De Stella Nova in pede Serpentarii, which was 
published in 1606. Kepler examines the different opinions on the 
cause of the appearance of a new star which shone with great 
splendour in 1601, and among these opinions the Epicurean notion 
that the star had been produced by the fortuitous concurrence 
of atoms. The whole passage is curious, but we need not repro- 
duce it, for it is easily accessible in the reprint of Kepler’s works 
now in the course of publication ; see Joannis Kepleri Astronomi 
Opera Omnia edidit Dr Ch. Frisch, Vol. ii. pp. 711 — 716. See 
also the Life of Kepler in the Library of Useful Knowledge, p. 13. 
The passage attracted the attention of Dugald Stewart ; see his 
Worhs edited by Hamilton, Vol. i. p. 617. 

A few words of Kepler may be quoted as evidence of the 
soundness of his opinions ; he shows that even such events as 
throws of dice do not happen without a cause. He says, 

Quare hoc jactu Venus cecidit, illo canis? Kimirum lusor hac vice 
tessellam alio latere arripuit, aliter manu condidit, aliter intus agitavit, 
alio impetii animi manusve projecit, aliter interflavit aura, alio loco 
alvei impegit. Kihil hie est, quod sua causa sic caruerit, si quis ista 
suhtilia posset consectari. 

8. The next investigation which we have to notice is that by 
Galileo, entitled Gonsiderazione sopra il Qiuco dei Dadi. The date 
of this piece is unknown; Galileo died in 1612. It appears that 
a friend had consulted Galileo on the following difiSculty : with 
three dice the number 9 and the number 10 can each be produced 
by six different combinations, and yet experience shows that the 
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|iiumber 10 is oftener thrown than the number 9. Galileo makes 
a careful and accurate analysis of all the cases which can occur, 
iand he shows that out of 216 possible cases 27 are favourable 
|to the appearance of the number 10, and 25 are favourable to the 
pppearance of the number 9. 

The piece will be found in Vol. xiv. pages 293 — 296, of Le 
Opere .... di Galileo Galilei, Firenze, 1855. From the Bihlio- 
grafia Galileiana given in Vol. XV. of this edition of Galileo’s 
works we learn that the piece first appeared in the edition of the 
works published at Florence in 1718 : here it occurs in Vol. iii. 
pages 119 — 121. 

9. Libri in his Histoire des Sciences Mathematiqices en Italie, 
Vol. IV. page 288, has the following remark relating to Galileo : 
...'T’on voit, par ses lettres, qu’il s’5tait longtemps occupe d’une 
question delicate et non encore r^solue, relative h la mani^re de 
compter les erreurs en raison geom5trique ou en proportion 
arithim^tique, question qui touche ^galement au calcul des pro- 
babilit^s et h I’arithmdtique politique.” Libri refers to Vol. ii. 
page 55, of the edition of Galileo’s works published at Florence 
in 1718 ; there can, however, be no doubt, that he means Vol. in. 
The letters will be found in Vol. xiv. pages 231 — 28*1 of Le 
Opere.. '.di Galileo Galilei, Firenze, 1855; they are entitled Lettere 
intorno la stima di un cavallo. We are informed that in those 
days the Florentine gentlemen, instead of wasting their time 
in attention to ladies, or in the stables, or in excessive gaming, 
were accustomed to improve themselves by learned conversation 
in cultivated society. In one of their meetings the following 
question was proposed ; a horse is really worth a hundred crowns, 
one person estimated it at ten crowns and another at a thousand ; 
which of the two made the more extravagant estimate ? Among 
the persons who were consulted was Galileo ; he pronounced the 
two estimates to be equally extravagant, because the ratio of a 
thousand to a hundred is the same as the ratio of a hundred to 
ten. On the other hand, a priest named Nozzolini, who was also 
consulted, pronounced the higher estimate to be more extravagant 
than the other, because the excess of a thousand above a hundred 
is greater than that of a hundred above ten. Various letters of 
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Galileo and ISTozzolini are printed, and also a letter of Benedetto 
Castelli, who took the same side as Galileo ; it appears that Galileo 
had the same notion as Nozzolini when the question was first 
iDroposed to him, but afterwards changed his mind. The matter 
is discussed by the disputants in a very lively manner, and some 
amusing illustrations are introduced. It does not appear, however, 
that the discussion is of any scientific interest or value, and the 
terms in which Libri refers to it attribute much more importance 
to Galileo’s letters than they deserve. The Florentine gentlemen 
when they renounced the fnvolities already mentioned might have 
investigated questions of greater moment than that which is here 
brought under our notice. 



CHAPTEE IL 

PASCAL AND FERMAT. 

10. The indications wliich we have given in the preceding 
Chapter of the subsequent Theory of Probability are extremely 
slight ; and we find that writers on the subject have shewn a jus- 
tifiable pride in connecting the true origin of their science with 
the great name of Pascal. Thus, 

Elle doit la naissance ^ deux Geom^tres fran. 9 ais du dix-septieme 
si^cle, si f6cond eii grands hommes et en grandes decouvertes, et peut- 
^tre de tons les si^cles celui qui fait le plus d’honneur ^ I’esprit 
humain. Pascal et Fermat se propos^rent et resolurent quelques pro- 
blames sur les probahilites... Laplace, TMorie . . .des Proh. 1st edition, 
page 3. 

Un probMme relatif atix jeux de hasard, propose ^ un austere jan- 
s6niste par un homme du monde a 6t6 Torigine du calcul des probabilit6s. 
Poisson, EecJierches sur la Proh, page 1. 

The problem which the Chevalier de M4r6 (a reputed gamester) 
proposed to the recluse of Port Boyal (not yet withdrawn from the in- 
terests of science by the more distracting contemplation of the ^‘great- 
ness and the misery of man’’), was the first of a long series of problems, 
destined to call into existence new methods in mathematical analysis, 
and to render valuable service in the practical concerns of life.” Boole, 
Laws of Thought^ page 243. 

11. It appears then that the Chevalier de M^rd proposed 
certain questions to Pascal; and Pascal corresponded with Fer- 
mat on the subject of these questions. Unfortunately only a 
portion of the correspondence is now accessible. Three letters 
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of Pascal to Fermat on this subject, -which were all written in 
1654, were published in the Yaria Opera Mathematica D. Petri 
cle Fermat.., 1679, pages 179—188. These letters are 
reprinted in Pascal’s works ; in the edition of Paris, 1819, they 
occur in Yol. iv. pages 360—388. This volume of Pascal’s works 
also contains some letters written by Fermat to Pascal, which are 
not given in Fermat’s works ; two of these relate to Probabilities, 
one of them is in reply to the second of Pascals three letters, and 
the other apparently is in reply to a letter from Pascal which 
has not been preserved ; see pages 385 — 388 of the volume. 

We will quote from the edition of Pascal’s works just named. 
Pascal’s first letter indicates that some previous correspondence 
had occurred which we do not possess j the letter is dated July ^^9, 
1654. He begins, 

Monsieur, L’impatience me prend aussi-bien qu a vous j et quoique 
je sois encore au lit, je ne puis m’emp^cher de vous dire que je re 9 us 
hier au soir, de la part de M. de Carcavi, votre lettre sur les partis, 
que j’admire si fort, que je ne puis vous le dire. J e n’ai pas le loisir de 
m’^tendre ; mais en un mot vous avez trouve les deux partis des des et 
des parties dans la parfaite justesse : j’en suis tout satisfait ; car je ne 
doute plus maintenant que je ne sois dans la verite, ajDres la rencontre 
admirable ou je me trouve avec vous. J admire bien davantage la 
m6thode des parties que celle des des j j avois vu plusieuis personnes 
trouver celle des des, comme M. le chevalier de Mer6, qui est celui qui 
m’a proDOS^ ces questions, et aussi M. de Poberval^ mais M. de Mei6 
n’avoit jamais pu trouver la juste valeur des 2 ^arties, ni de biais pour 
y arriver ; de sorte que je me trouvois seul qui eusse connii cette 
proportion. 

Pascal’s letter then proceeds to discuss the problem to which it 
appears from the above extract he attached the greatest importance. 
It is called in English the Problem of Points, and is thus enun- 
ciated : two players want each a given number of points in order 
to win ; if they separate without playing out the game, how 
should the stakes be divided between them ? 

The question amounts to asking what is the probability which 
each player has, at any given stage of the game, of winning the 
game. In the discussion between Pascal and Fermat it is sup-, 
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|posed that the players have equal chances of winning a single 
point. 

12. We will now give an account of Pascal’s investigations 
on the Problem of Points ; in substance we translate his words. 

* The following is my method for determining the share of each 
player, when, for example, two players play a game of three points 
and each player has staked 32 pistoles. 

Suppose that the first player has gained two points and the 
second player one point ; they have now to play for a point on 
this condition, that if the first player gains he takes all the money 
which is at stake, namely 64 pistoles, and if the second player 
gains each player has two points, so that they are on terms of 
equality, and if they leave off playing each ought to take 32 
pistoles. Thus, if the first player gains, 64 pistoles belong to 
him, and if he loses, 32 pistoles belong to him. If, then, the 
players do not wish to play this game, but to separate without 
playing it, the first player would say to the second '' I am certain of 
32 pistoles even if I lose this game, and as for the other 32 pistoles 
perhaps I shall have them and perhaps you will have them; the 
chances are equal. Let us then divide these 32 pistoles equally 
and give me also the 32 pistoles of which I am certain.” Thus 
the first player will have 48 pistoles and the second 16 pistoles. 

Next, suppose that the first player has gained two points and 
the second player none, and that they are about to play for a 
point ; the condition then is that if the first player gains this 
point he secures the game and takes the 64 pistoles, and if the 
second player gains this point the players will then be in the 
situation already examined, in which the first player is entitled 
to 48 pistoles, and the second to 16 pistoles. Thus if they do not 
wish to play, the first player would say to the second If I gain 
the point I gain 64 pistoles ; if I lose it I am entitled to 48 
pistoles. Give me then the 48 pistoles of which I am certain, 
and divide the other 16 equally, since our chances of gaining the 
point are equal.” Thus the first player will have 56 pistoles and 
the second player 8 pistoles. 

Finally, suppose that the first player has gained one point and 
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the second player none. If they proceed to play for a point the 
condition is that if the first player gains it the players will be in 
the situation first examined, in which the first player is entitled to 
56 pistoles ; if the first player loses the point each player has then 
a point, and each is entitled to 32 pistoles. Thus if they do not 
wish to play, the first player would say to the second Give me 
the 32 pistoles of which I am certain and divide the remainder of 
the 56 pistoles equally, that is, divide 24^ pistoles equally.” Thus 
the first player will have the sum of 32 and 12 pistoles, that is 
44 pistoles, and consequently the second will have 20 pistoles. 

13. Pascal then proceeds to enunciate two general results 
without demonstrations. We will give them in modern notation. 

(1) Suppose each player to have staked a sum of money 
denoted by A ; let the number of points in the game be tz- + 1, and 
suppose the first player to have gained n points and the second 
player none. If the players agree to separate without playing 

A 

any more the first player is entitled to 2A--^^ . 

(2) Suppose the stakes and the number of points in the game 
as before, and suppose that the first player has gained one point 
and the second player none. If the players agree to separate 
without playing any more, the first player is entitled to 


A-i-A 


1.3.5 

2.4.6 


2n 


Pascal intimates that the second theorem is difficult to prove. 
He says it depends on two propositions, the first of which is purely 
arithmetical and the second of which relates to chances. The 
first amounts in fact to the proposition in modem works on 
Algebra which gives the sum of the co-efificients of the terms in 
the Binomial Theorem. The second consists of a statement of 
the value of the first player's chance by means of combinations, 
from which by the aid of the arithmetical proposition the value 
above given is deduced. The demonstrations of these two results 
may be obtained from a general theorem which will be given later 
in the present Chapter ; see Art. 23. Pascal adds a table which 
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^exhibits a complete statement of all tbe cases wHcb can occur in 
a game of six points. 

14. Pascal then proceeds to another topic. He says 

Je n’a pas le temps de voiis envoyer la demonstration d’une difficulte 
qni etonnoit fort M. de Mere : car il a tr^s-bon esprit, mais il n’est pas 
geomItre 3 c’est, comme yens sayez, nn grand defant; etm^me ilne com- 
prend pas qn’iine ligne mathematique soit divisible ^ Tinfini, et croit 
fort bien entendre qn’eUe est composee de points en nombre finij et 
jamais je n’ai pu Ten tirer ; si vons pduviez le faire, on le rendroit 
parfait. H me disoit done qu’il avoit tronve faussete dans les nombres 
par cette raison. 

The difldculty is the following. If we undertake to throw a 
six with one die the odds are in favour of doing it in four throws, 
being as 671 to 625 ; if we undertake to throw two sixes with two 
dice the odds are not in favour of doing it in twenty-four throws. 
Nevertheless 24 is to 36, which is the number of cases with two 
dice, as 4 is to 6, which is the number of cases with one die. 
Pascal proceeds ' 

Yoilil quel 6toit son grand scandale, qui lui faisoit dire hautement 
que les propositions n’ltoient pas constantes, et que Farithm^tique se 
d^mentoit. Mais vous en verrez bien ais6ment la raison, par les prin- 
cipes oil vous ^tes. 

15. In Pascal’s letter, as it is printed in Fermat’s works, the 
name de MirS is not given in the passage we have quoted in the 
preceding article ; a blank occurs after the M, It seems, however, 
to be generally allowed that the blank has been filled up correctly 
by the publishers of Pascal’s works : Montmort has no doubt on 
the matter ; see his p. xxxil. See also Gouraud, p. 1 ; Lubbock 
and Drinkwater, p. 41. But there is certainly some dijEculty. For 
in the extract which we have given in Art. 11, Pascal states that 
M. de Mdr4 could solve one problem, ceUe des d^s, and seems to 
imply that he failed only in the Problem of Points. Montucla 
says that the Problem of Points was proposed to Pascal by the 
Chevalier de M4r4 qni lui en proposa aussi quelques autres sur le 
|eu de dds,, comme de determiner en combien de coups on pent 
parier d’amener une rafle, &c. Ce chevalier, plus bel esprit que 
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geomtoe ou analyste, r^solut a la v^rit^ ces derni^res, qui ne sent 
pas bien difficiles ; mais il ^choiia pour le pr^c^dent, ainsi que 
Roberval, h. qui Pascal le proposa.” p. S84. These words would 
seem to imply that, in Montucla's opinion, M. de Mdr^ was not the 
person alluded to by Pascal in the passage we have quoted in 
Article 14. We may remark that Montucla was not justified in 
suggesting that M. de M^re must have been an indifferent mathe- 
matician, because he could not solve the Problem of Points ; for 
the case of Roberval shews that an eminent mathematician at that 
time might find the problem too difficult. 

Leibnitz says of M. de Mdrd, “ II est vrai cependant que le Che- 
valier avoit quelque genie extraordinaire, meme pour les Mathd- 
matiques and these words seem intended seriously, although in 
the context of this passage Leibnitz is depreciating M. de Mere. 
Leibnitii, Opera Omnia, ed. Dutens, Vol. il. part 1. p. 92. 

In the Nouveaux Essais, Liv. rv. Chap. 16, Leibnitz says, 
Le Chevalier de M6r^ dont les Agriments et les autres ouvrages 
ont dt^ imprimis, homme d’un esprit p^n^trant et qui ^toit joueur 
et philosophe.” 

It must be confessed that Leibnitz speaks far less favourably of 
M. de Mdr^ in another place, Opera, Vol. v. p. 203. From this pas- 
sage, and from a note in the article on Zeno in Rayle’s Dictionary, 
to which Leibnitz refers, it appears that M. de M^re maintained 
that a magnitude was not infinitely divisible : this assists in identi- 
fying him with Pascal’s friend who would have been perfect had it 
not been for this single error. 

On the whole, in spite of the difficulty which we have pointed 
out, we conclude that M. de Mer^ really was the person who so 
strenuously asserted that the propositions of Arithmetic were in- 
consistent with themselves ; and although it may be unfortunate 
for him that he is now known principally for his error, it is some 
compensation that his name is indissolubly associated with those of 
Pascal and Fermat in the history of the Theory of Probability. 


16. The remainder of Pascal’s letter relates to other mathe- 
matical topics. Fermat’s reply is not extant ; but the nature of it 
may be inferred from Pascal’s next letter. It appears that Fermat 
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piMtt 

^ent to Pascal a solution of the Problem of Points depending oh 
combinations. 


Pascal’s second letter is dated August 24fch, 1654^. He says that 
Fermat’s method is satisfactory when there are only two players, 
Wt unsatisfactory when there are more than two. Here Pascal 
was wrong as we shall see. Pascal then gives an example of 
Fermat’s method, as follows. Suppose there are two players, and 
that the first wants two points to win and the second three points. 
The game will then certainly be decided in the course of four 
jbrials. Take the letters a and h and write down all the combina- 
tions that can be formed of four letters. These combinations are 
jhe following, 16 in number : 


a 

a 

a 

a 

a b 

a 

a 

b a 

a 

a 

boa 

a 

a 

a 

a 

h 

a h 

a 

h 

h a 

a 

b 

b b a 

b 

a 

a 

1 

a 

a i 

h 

a 

h a 

h 

a 

b b b 

a 

a 

a 

1 

h 

a h 

1 

h 

h a 

b 

b 

b b b 

b 


Now let A denote the |)layer who wants two points, and B the 
player who wants three points. Then in these 16 combinations 
every combination in which a occurs twice or oftener represents a 
case favourable to A^ and every combination in which h occurs 
three times or oftener represents a case favourable to B, Thus on 
counting them it will be found that there are 11 cases favourable to 
A, and 5 cases favourable to B ; and as these cases are all equally 
likely, A’s chance of winning the game is to J5’s chance as 
11 is to 5. 


17. Pascal says that he communicated Fermat’s method to 
Roberval, who objected ter it on the following ground. In the 
example just considered it is supposed that four trials will be 
made ; but this is not necessarily the case ; for it is quite possible 
that the first player may win in the next two trials, and so the 
game be finished in two trials. Pascal answers this objection by 
stating, that although it is quite possible that the game may be 
finished in two trials or in three trials, yet we are at liberty to 
conceive that the players agree to have four trials, because, even if 
the game be decided in fewer than four trials, no difference will be 
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made in the decision by the superfluous trial or trials. Pascajj 
puts this point very clearly. 

In the context of the first passage quoted from Leibnitz in 
Art. 15, he refers to “les belles pensees de Alea, de Messieur^ 
Fermat, Pascal et Huygens, oh Mr. Eoberval ne pouvoit ou nel 
vouloit rien comprendre.” 

The difficulty raised by Eoberval was in effect reproduced by 
D'Alembert, as we shall see hereafter. 

18. Pascal then proceeds to apply Fermat's method to an 
example in which there are three players. Suppose that the first 
player wants one point, and each of the other players two points. 
The game will then be certainly decided in the course of three 
trials. Take the letters a, h, o and write down all the combinations 
which can be formed of three letters. These combinations are the 
following, 27 in number: 


a 

a 

a 

b 

a 

a 

c 

a 

a 

a 

a 

b 

b 

a 

b 

c 

a 

b 

a 

a 

c 

h 

a 

c 

c 

a 

c 

a 

b 

a 

b 

b 

a 

c 

b 

a 

a 

b 

b 

b 

b 

b 

c 

b 

b 

a 

b 

0 

b 

h 

c 

c 

b 

c 

a 

c 

a 

b 

c 

a 

c 

c 

a 

a 

c 

b 

h 

c 

b 

c 

c 

b 

a 

c 

c 

h 

c 

c 

c 

c 

c 


Let A denote the player who wants one point, and B and 0 the 
other two players. By examining the 27 cases, Pascal finds 13 
which are exclusively favourable to A, namely, those in which a 
occurs twice or oftener, and those in which a, h, and c each occur 
once. He finds 3 cases which he considers equally favourable to 
A and B, namely, those in which a occurs once and h twice ; and 
similarly he finds 3 cases equally favourable to A and (7. On the 
whole then the number of cases favourable to A may be considered 
to be 13 + f + f, that is 16. Then Pascal finds 4 cases which 
are exclusively favourable to B, namely those represented by libh, 
ebb, beb, and bbc; and thus on the whole the number of cases 
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favourable to B may be considered to be 4 + f, that is 5^. Simi- 
larly the number of cases favourable to G may be considered to 
be 5^. Thus it would appear that the chances of A, B, and C are 
respectively as 16, 5^, and 5^, 

Pascal, however, says that by his own method he had found 
that the chances are as 17, 5, and 5. He infers that the differ- 
ence arises from the circumstance that in Fermat’s method it is 
assumed that three trials will necessarily be made, which is not 
assumed in his own method. Pascal was wrong in supposing that 
the true result could be affected by assuming that three trials 
would necessarily be made ; and indeed, as we have seen, in the 
case of two players, Pascal himself had correctly maintained 
against Roberval that a similar assumption was legitimate. 

19. A letter from Pascal to Fermat is dated August 29th, 1654. 
Fermat refers to the Problem of Points for the case of three 
players ; he says that the proportions 17, 5, and 5 are correct for 
the example which we have just considered. This letter, how- 
ever, does not seem to be the reply to Pascal’s of August 24th, but 
to an earlier letter which has not been preserved. 

On the 25th of September Fermat writes a letter to Pascal, 
in which Pascal’s error is pointed out. Pascal had supposed 
that such a combination as acc represented a case equally favour- 
able to A and C ; but, as Fermat says, this case is exclusively 
favourable to A, because here A gains one point before G gains 
one ; and as A only wanted one point the game is thus decided 
in his favour. When the necessary correction is made, the result 
is, that the chances of A, B, and G are as 17, 5, and 5, as Pascal 
had found by his own method. 

Fermat then gives another solution, for the sake of Roberval, 
in which he does not assume that three trials will necessarily be 
made ; and he arrives at the same result as before. 

In the remainder of his letter Fermat enunciates some of his 
memorable propositions relating to the Theory of Numbers. 

Pascal replied on October 27th, 1654, to Fermat’s letter, and 
said that he was entirely satisfied. 
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20. There is another letter from Fermat to Pascal wnicn 
not dated. It relates to a simple question which Pascal had pro- 
posed to Fermat. A person undertakes to throw a six with a dit 
in eight throws ; supposing him to have made three throws with- 
out success, what portion of the stake should he be allowed to takei 
on condition of giving up his fourth throw ? The chance of success 
is I, so that he should be allowed to take J of the stake on con- 
dition of giving up his throw. But suppose that we wish to esti- 
mate the value of the fourth throw before any throw is made. The 
first throw is worth J of the stake; the second is worth ^ of what 
remains, that is of the stake ; the third throw is worth J of what 
now remains, that is of the stake ; the fourth throw is worth 
J of what now remains, that is of the stake. 

It seems possible from Fermat’s letter that Pascal had not dis- 
tinguished between the two cases ; but Pascal’s letter, to which 
Fermat’s is a reply, has not been preserved, so that we cannot 
be certain on the point, 

21. We see then that the Problem of Points was the prin- 
cipal question discussed by Pascal and Fermat, and it was certainly 
not exhausted by them. For they confined themselves to the case 
in which the players are supposed to possess equal skill; and then- 
methods would have been extremely laborious if applied to any 
examples except those of the most simple kind. Pascal’s method 
seems the more refined ; the student will perceive that it depends 
on the same principles as the modem solution of the problem 
by the aid of the Calculus of Finite Differences; see Laplace, 
Thiorie...des Proh. page 210. 

Gouraud awards to Fei-mat’s treatment of the problem an 
amount of praise which seems excessive, whether we consider that 
treatment absolutely or relatively in comparison with Pascal’s ; see 
his page 9. 

22. We have next to consider Pascal’s TraitS du tricmgle 
arithmStique. This treatise was printed about 1654, but not 
published until 1665; see Montucla, p. S87. The treatise will be 
foxmd in the fifth volume of the edition of Pascal’s works to which 
we have afready referred. 
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^ z The Arithmetical THangle in its simplest form consists of the 
Allowing table : 


A 

1 

1 

1 

1 

1 

1 

1 

1 

•2 

3 

4 

5 

6 

7 

8 

1 

3 

6 

10 

15 

21 

28 

36 

1 

4 

10 

20 

35 

56 

84.. 

, , 

-1 

5 

15 

35 

70 

126 .. 

, , 


1 

6 

21 

56 

126 . 




1 

7 

28 

84. 

. , 




i 

8 

36 

, . 






9 .. 








a ... 

i 

In the successive horizontal rows we have what are now called 
, the figurate numbers. Pascal distinguishes them into orders. He 
calls the simple units 1, 1, 1, 1,... which form the first row, num- 
bers of the first order; he calls the numbers 1, 2, S, 4,... which 
form the second row, numbers of the second order; and so on. 
The numbers of the third order 1, 3, 6, 10,... had already received 
the name of triangular numbers ; and the numbers of the fourth 
order 1, 4, 10, 20,... the name oi pyramidal numbers. Pascal says 
that the numbers of the fifth order 1, 5, 15, 35,... had not yet 
received an express name, and he proposes to call them triangulo- 
triangulaires. 

In modern notation the 7i^ term of the order is 

n{n + V) ... (?^ 4- y — 2) 

\r—l 

Pascal constructs the Arithmetical Triangle by the following 
definition ; each number is the sum of that immediately above it 
and that immediately to the left of it. Thus 

10 = 4 + 6, 35 = 20 + 15, 126 = 70 + 56,... 

The properties of the numbers are developed by Pascal with 
^ieat skill and distinctness. For example, suppose we require the 
pm of the first n terms of the r^ order : the sum is equal to the 
|umber of the combinations of n+r — 1 things taken r at a 
4me, and Pascal establishes this by an inductive proof. 


2 
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23. Pascal applies Ms Arithmetical Triangle to various subject| 
among these we have the Problem of Points, the Theory of Con^ 
binations, and the Powers of Binomial Quantities. We are her 
only concerned with the application to the first subject. 

In the Arithmetical Triangle a line drawn so as to cut ol| 
an equal number of units from the top horizontal row and the 
extreme left-hand vertical column is called a base. 

The bases are numbered, beginning from the top left-han^ 
comer. Thus the tenth base is a line drawn through the num- 
bers 1, 9, 36, 84, 126, 126, 84, 36, 9, 1. It will be perceived that 
the r^ base .contains r numbers. 

Suppose then that A wants m points and that JB wants n 
points. Take the (m + nY'^ base; the chance of A is to the chaim 
of 5 as the sum of the first n numbers of the base, beginning 
the highest row, is to the sum of the last m numbers. Pascal 
establishes this by induction. 

Pascal’s result may be easily shewn to coincide with that 
obtained by other methods. For the terms in the base 

are the coefficients in the expansion of (1 by the Binomial 

Theorem. Let m + n — l=r; then Pascal’s result amounts to! 
saying that the chance of A is proportional to 

1 , I ^(^-1) , , ... (r-n + 2) 

L+r+ 


and the chance of B proportional to 

1 , I >• (^- 1) , r(r-l)...(r-m + 2') 


This agrees with the result now usually given in elementary 
treatises ; see Algebra, Chapter Liii. 


24. Pascal then notices some particular examples. (1) Sup- 
pose that A wants one point and B wants n points. (2) Suppose 
that A wants n — 1 points and B wants n points. (3) Suppose 
that A wants n — 2 points and B wants n points. An interesting 
relation holds between the second and third examples, which we 
will exhibit. 
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Let M denote tlie number of cases wbicb are favourable to A, 
md JV the number of cases wHch are favourable to B. Let 
r = 2n — 2. 

In tbe second example we bave 




\r 


z: — \ SaV. 


Then if 2 8 denote the whole sum at stake, A is entitled to 
^ ^ that is to ^ (2’'4- X) ; so that he may be considered 

fa? have recovered his own stake and to have won the fraction 
^ of his adversary’s stake. 

In the third example we have 

M + N=2’-\ 




^ 1^-1 _ 2 (n - 1) |r-l 2 X(to-1) 


n — 1 I w — 2 


1 — 1 k — 1 


Thus we shall find that A. may be considered to have recovered 
his own stake, and to have won the fraction of his adversary's 


stake. 

Hence, comparing the second and third examples, we see that if 
the player who wins the first point also wins the second point, 
his advantage when he has gained the second point is double what 
it was when he had gained the first point, whatever may be the 
number of points in the game. 

25. We have now analysed all that has been preserved of 
Pascal’s researches on our subject. It seems however that he had 
intended to collect these researches into a complete treatise. A 
letter is extant addressed by him OeUherrimcB Matheseos Acad^ice 
Parisiensi; this Academy was one of those voluntary associations 
Which preceded the formation of formal scientific societies : see 
f ascal’s Works, Vol. IV. p. 356. In the letter Pascal enumerates 

Various treatises which he had prepared and which he hoped to 

2 — 2 
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publist., among which was to bo on© on chances. His language 
shews that he had a high opinion of the novelty and importance 
of the matter he proposed to discuss ; he says, 

INovissima autem ac penitus intentatsB niaterise tractatiOj scilicet 
compositions alecs in ludis ipsi subjectis, <][uod gallico nostro idiomate 
dicitur (Jhife les pavtis des j&acdj : ubi anceps fortuna sec^uitate rationis 
ita reprimitur ut utrique lusorum quod jure competit exacts semper 
assignetur. Quod quidem eo fortius ratiocinando quscrendum, quo 
minus tentando investigari possit : ambigui enim sortis eventus fortuitse 
contingentiae potiiis quam naturali necessitati meritb tribuuntur. Ideb 
res bactenus erravit incerta ; nunc autem quae experimento rebellis 
fueratj rationis dominium effiigere non potuit : earn quippe tanta se- 
curitate in artem per geometriam reduximus, ut certitudinis ejus 
particeps facta^ jam audacter prodeat j et sic matbeseos demonstratioi^'s- 
cum alese incertitudine jungendo, et quae contraria videntur conciliandoj 
ab utrique nominationem suam accipiens stupendum bunc titulum jure 
sibi arrogat : alecs geometria. 

But the design was probably never accomplished. The letter 
is dated 1654; Pascal died in 1662, at the early age of 39. 

26. Neglecting the trifling hints which may be found in pre- 
ceding writers we may say that the Theory of Probability really 
commenced with Pascal and Fermat ; and it would be difilcult to 
find two names which, could confer higher honour on the subject. 

The fame of Pascal rests on an extensive basis, of which 
mathematical and physical science form only a part; and the 
regret which we may feel at his renunciation of the studies in 
which he gained his earliest renown may be diminished by reflect- 
ing on his memorable Letters, or may be lost in deeper sorrow 
when we contemplate the fragments which alone remain of the 
great work on the evidences of religion that was to have engaged 
the efforts of his maturest powers. 

The fame of Fermat is confined to a narrower range; but it is 
of a special kind which is without a parallel in the history of 
science. Fermat enunciated various remarkable propositions in 
the theory of numbers. Two of these are more important than 
the rest; one of them after baffling the powers of Euler and La- 
grange finally yielded to Cauchy, and the other remains still un- 
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gbonquered. The interest wMch attaches to the propositions is 
increased by the uncertainty which subsists as to whether Fermat 
lliimself had succeeded in demonstrating them. 

J The French government in the time of Louis Philippe assigned 
'M grant of money for publishing a new edition of Fermat’s works ; 
but unfortunately the design has never been accomplished. The 
edition which we have quoted in Art. 11 has been reprinted in 
facsimile by Friedlander at Berlin in 1861. 

27. At the time when the Theory of Probability started from 

hands of Pascal and Fermat, they were the most distinguished 
Mathematicians of Europe. Descartes died in 1650, and Newton 
Mid Leibnitz were as yet unknown ; Newton was born in 1642, 
and Leibnitz in 1646. Huygens was born in 1629, and had 
already given specimens of his powers and tokens of his future 
eminence ; but at this epoch he could not have been placed on the 
level of Pascal and Fermat. In England Wallis, born in 1616, 
and appointed Savilian professor of geometry at Oxford in 1649, 
was steadily rising in reputation, while Barrow, born in 1630, was 
not appointed Lucasian professor of mathematics at Cambridge 
until 1663. 

It might have been anticipated that a subject interesting in 
itself and discussed by the two most distinguished mathematicians 
of the time would have attracted rapid and general attention ; but 
such does not appear to have been the case. The two great men 
themselves seem to have been indifferent to any extensive publi- 
cation of their investigations; it was sufficient for each to gain 
the approbation of the other. Pascal finally withdrew from science 
and the world ; Fermat devoted to mathematics only the leisure of 
a laborious life, and died in 1665. 

The invention of the Differential Calculus by Newton and 
Leibnitz soon offered to mathematicians a subject of absorbing 
interest; and we shall find that the Theory of Probability advanced 
but httle during the half century which followed the date of the 
correspondence between Pdscal and Fermat. 



CHAPTER III. 


HUYGENS. 

28. We have now to speak of a treatise by Huj'gens entitled 
De Ratiodniis in Lndo Alece, This treatise was first printed by 
Schooten at the end of his work entitled Francisci & Schooten 
Exercitationum Maihematicarum Lihri qiiinqne ; it occupies pages 
519.. .534 of the volume. The date 1658 is assigned to Schooten's 
work by Montucla, but the only copy which I have seen is dated 
1657, 

Schooten had been the instructor of Huygens in mathematics ; 
and the treatise which we have to examine was communicated by 
Huygens to Schooten written in their vernacular tongue, and 
Schooten translated it into Latin. 

It appears from a letter written by Schooten to Wallis, that 
Wallis had seen and commended Huygens’s treatise ] see Wallis’s 
Algebra, 1693, p. 833. 

Leibnitz commends it. Leibnitii Opera Omnicf., ed Dutens, 
VoL VI. part 1, p. 318. 

29. In his letter to Schooten which is printed at the beginning 
of the treatise Huygens refers to his predecessors in these words : 
Sciendum verb, quod jam pridem inter prsestantissimos tot^ 
Gallic Geometras calculus hie agitatus fuerit, ne quis indebitam 
mihi primse inventionis gloriam hac in re tribuat. Huygens ex- 
presses a very high opinion of the importance and interest of the 
subject he was bringing under the notice of mathematicians, 

80. The treatise is reprinted with a commentary in James 
Bernoulli’s Ars Conjectandi, and forms the first of the four parts 
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■which that work is composed. Tato English translations of the 
atise have been published ; one which has been attributed to 
Motte, but which was probably by Arbuthnot, and the other by 
W. Browne. 


81. The treatise contains fourteen propositions. The first pro- 
position asserts that if a player has equal chances of gaining a sum 
represented hy a or a sum represented by b, his expectation is 
^ {a + h). The second proposition asserts that if a player has equal 
chances of gaining a or & or c, his expectation is J- (a + Z> + c). The 
third proposition asserts that if a player has p chances of gaining a 

and q chances of gaining b, his expectation is , 

jp-hq 


It has been stated with reference to the last proposition: 

Elementary as this truth may now appear, it was not received 
altogether without opposition.” Lubboch and Drinlcwater, p. 42. 
It is not obvious to what these words refer; for there does not 
appear to have been any opposition to the elementary principle, 
except at a much later period by D’Alembert. 


32. The fourth, fifth, sixth, and seventh propositions discuss 
simple cases of the Problem of Points, when there are two players; 
the method is similar to Pascal’s, see Art. 12. The eighth and 
ninth propositions discuss simple cases of the Problem of Points 
when there are three 'plojyeis ; the method is similar to that for two 
players. 

33. Huygens now proceeds to some questions relating to dice. 
In his tenth proposition he investigates in how many throws a 
player may undertake^ to throw a six with a single die. In his 

-eleventh proposition he investigates in how many throws a player 
may undertake to throw twelve with a pair of dice. In his 
twelfth proposition he investigates how many dice a player must 
have in order to undertake that in one throw two sixes at least 
may appear. The thirteenth proposition consists of the following 
problem. A and B play with two dice; if a seven is thrown, 
A wins; if a ten is thrown, B wins; if any other number is 
thrown, the stakes are divided : compare the chances of A and jB. 
They are shewn to be as 13 is to 11. 
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34. The fourteenth proposition consists of the followin 
problem. A and B pla.y with two dice on the condition tha^ 
is to have the stake if he throws six before B throws seven, and 
that B is to have the stake if he throws seven before A throuj^ 
six ; is to begin, and they are to throw alternately ; compare 
the chances of A and B. 

We will give the solution of Huygens. Let B% chance be 
worth X, and the stake a, so that a - a: is the worth of A’s chance ; 
then whenever it is A’s turn to throw x will express the value 


of B’s chance, but when it is ^’s own turn to throw his chance 
will have a different value, say y. Suppose then A is about to 
throw 5 there are 36 et^ually likely cases j in 5 cases A wins and B 
takes nothing, in the other 31 cases A loses and Bs turn comes 
on, which is worth y by supposition. So that by the third propo- 


sition of the treatise the expectation of B 


is 


5x0 + Sly 

36 


, that is. 


Sly 

86 


Thus 



Now suppose .B about to throw, and let us estimate .B’s chance. 

There are 36 equally likely cases ; in 6 cases B wins and A takes 

nothing; in the other SO cases B loses and .4’s turn comes on 

again, in which case B’s chance is worth x by supposition. So 

, , • ^ -n • 6a -h 30a; ™ 

that the expectation of B is — gg — . Inus 

6a q- 30a; 
y 36~ ■ 

From these equations it will be found that x— , and thus 

^ ^ ^ go that J-’s chance is to 5’s chance as SO is to 31. 

61 


35. At the end of his treatise Huygens gives five problems 
without analysis or demonstration, which he leaves to the reader. 
Solutions are given by Bernoulli in the Ars Conjectandi. The 
following are the problems. 

0) A and B play with two dice on this condition, that -4 gains 
if he throws six, and B gains if he throws seven. A first has one 
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Ibrow, then B has two throws, then A two throws, and so on until 
one or the other gains. Shew that ^'s chance is to as 10355 to 
12276. 

(2) Three players A, B, 0 take twelve halls, eight of which 
are black and four white. They play on the following condition ; 
they are to draw blindfold, and the first who draws a white ball 
wins. A is to have the first turn, B the next, 0 the next, then 
A again, and so on. Determine the chances of the players. 

Bernoulli solves this on three suppositions as to the meaning ; 
first he supposes that each ball is replaced after it is drawn; 
secondly he supposes that there is only one set of twelve balls, 
and that the balls are not replaced after being drawn ; thhdly he 
supposes that each player has his own set of twelve balls, and that 
the balls are not replaced after being drawn. 

(3) There are forty cards forming four sets each of ten cards ; 
A plays with B and undertakes in drawing four cards to obtain 
one of each set. Shew that A*s chance is to B’s as 1000 is to 8139. 

(4) Twelve balls are taken, eight of which are black and four 
are white. A plays with B and undertakes in drawing seven balls 
blindfold to obtain three white balls. Compare the chances of 
A and B, 

(5) A and B take each twelve counters and play with three 
dice on this condition, that if eleven is thrown A gives a counter 
to Bj and if fourteen is thrown B gives a counter to A ; and he 
wins the game who first obtains all the counters. Shew that ^’s 
chance is to jB’s as 244140625 is to 282429536481. 

36. The treatise by Huygens continued to form the best 
account of the subject until it was superseded by the more elabo- 
rate works of James Bernoulli, Montmort, and De Moivre. Before 
we speak of these we shall give some account of the history of the 
theory of combinations, and of the inquiries into the laws of 
mortality and the principles of life insurance, and notices of 
various miscellaneous investigations. 



CHAPTEE IV. 

ON COMBINATIONS. 

S7. The theory of combinations is closely connected with the 
theory of probability ; so that we shall find it convenient to imi- 
tate Montncla in giving some account of the writings on the 
former subject up to the close of the seventeenth century. 

88. The earliest notice we have found respecting combinations 
is contained in Wallis's Algebra as quoted by him from a work by^ 
William Buckley ; see Wallis’s Algebra 1693, page 489. Buckley 
was a member of King’s College, Cambridge, and lived in the time 
of hkiward the Sixth. He wrote a small tract in Latin verse con- 
taining the rules of Arithmetic. In Sir John Leslie’s Philosophy 
of Arithmetic full citations are given from Buckley’s work; in 
Dr. Peacock’s History of A ritJimetic a citation is given ; see also 
De Morgan’s Arithmetical Boohs from the invention of Printing , 

Wallis quotes twelve lines which form a Regula GombinationiSj 
and then explains them. We may say briefly that the rule 
amounts to assigning the whole number of combinations which can 
be formed of a given number of things, when taken one at ,a time, 
or two at a time, or three at a time,. . . and so on until they are taken 
all together. The rule shews that the mode of proceeding was 
the same as that which we shall indicate hereafter in speaking 
of Schooten ; thus for four things Buckley’s rule gives, like Schoo- 
ten s, 1 + 24-4-1-8, that is 15 combinations in all. 

By some mistake or misprint Wallis apparently overestimates 
the age of Buckleys work, when he says ^^.,.in Arithmetica sua, 
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versibus scripta ante annos pins minns 190;” in the ninth Chapter 
of the Algebra the date of about 1550 is assigned to Buckley’s 
death. 

89. We must now notice an example of combinations which 
is of historical notoriety although it is very slightly connected 
with the theory. 

A book was published at Antwerp in 1617 by Erycius Pu- 
teanus under the title, JErycii Puteani Pietatis Thamiata in 
Bernardi Bauhusii ^ Societate Jmi Proteiim Parihenium. The 
book consists of 116 quarto pages, exclusive of seven pages, not 
numbered; which contain an Index, Censura, Summa Privilegii, 
and a typographical ornament. 

It appears that Bernardus Bauhusius composed the following 
line in honour of the Virgin Mary: 

Tot tibi sunt dotes, Virgo, quot sidera caelo. 

This verse is ainanged in 1022 different ways, occupying 48 pages 
of the work. First we have 54 arrangements commencing Tot tibi; 
then 25 arrangements commencing Tot siC7it; and so on. Although 
these arrangements are sometimes ascribed to Puteanus, they ap- 
pear from the dedication of the book to be the work of Bauhusius 
himself ; Puteanus supplies verses of his own and a series of chap- 
ters in prose which he calls Thaumata, and which are distinguished 
by the Greek letters from A to II inclusive. The number 1022 is 
the same as the number of the stars according to Ptolemy’s Cata- 
logue, which coincidence Puteanus seems to consider the great 
merit of the labours of Bauhusius ; see his page 82. 

It is to be observed that Bauhusius did not profess to include 
all the possible arrangements of his line; he expressly rejected those 
which would have conveyed a sense inconsistent with the glory of 
the Virgin Mary, As Puteanus says, page 103, 

Dicere horruit Vates: 

Sidera tot cselo, Virgo, quot sunt tibi Dotes, 
imb in hunc sensum producere Proteum recusavit, ne laudem immi- 
nueret. Sic igitur contraxit versuum numerum ; ut Dotium augeret. 

40. The line due to Bauhusius on account of its numerous 
arrangements seems to have attracted great attention during the 
following century ; the discussion on the subject was finally settled 
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by James Bernoulli in his Ars Conjeetaiidi, where he thus detail 
the history of the problem. f 

...Qiiemadmod^ni cernere est in hexametro k Bernh. Banhusio Jesuitic 
Lovaniensi in landem Yirginis Deiparse constructo : 

Tot tibi sunt Dotes ^ Virgo, quot sidera ccelo; 
quern dignum peculiari oper^ duxerunt plures Yiri celehres. Erycius 
Puteanus in libello, quern Tliaumata Pietatis inscripsit, variationes ejus 
utiles integris 48 paginis enumerat, easque numero stellaruni; quarum 
Yulgb 1022 recensentur, accommodat, omissis scrupulosiiis illis, quse di- 
cere videntur, tot sidera caelo esse, quot Marise dotes; nam Marias 
dotes esse multo plures. Eundem numeruni 1022 ex Puteano repetit 
Gerh. Yossius, cap. 7, de Scienfc. MatLemat. Prestetus Gallus in prira^ 
editione Element. Mathemat. pag. 358. Proteo huic 2196 variationes 
attribuit, sed facta revisione in altera edit. tom. pr. pag. 133. numeruni 
earmn dimidio fere auctum ad 3276 extendit. Industrii Actorum Lips. 
Collectores m. Jun. 1686, in recensione Tractatus Wallisiani de Algebrii, 
numerum in qusestione (quem Auctor ipse definire non fuit ausus) ad 
2580 determinant. Et ipse postmodum Wallisius in edit, latin^ operis 
sui Oxon. anno 1693. impress^, pagin. 494. eundem ad 3096 profert. 
Sed omnes adhuc 'k vero deficientes, ut delusam tot Yirorum post 
adhibitas quoque secundas curas in re levi perspicaciam meritb mireris. 
Ars Conjectandi, page 78. 

James Bernoulli seems to imply that the two editions of 
Wallis’s Algebra differ in their enumeration of the arrangements 
of the line due to Bauhusius ; but this is not the case : the two 
editions agree in investigation and in result. 

James Bernoulli proceeds to say that he had found that there 
could be 3312 arrangements without breaking the law of metre; 
this excludes spondaic lines but includes those which have no 
caesura. The analysis which produces this number is given. 

41. The earliest treatise on combinations which we have ob- 
served is due to Pascal. It is contained in the work on the 
Arithmetical Triangle which we have noticed in Art. 22; it will 
also be found in the fifth volume of Pascals works, Paris 1819, 
pages 86 — 107. 

The investigations of Pascal on combinations depend on his 
Arithmetical Triangle, The following is his principal result; we 
express it in modern notation. 



PASCAL. 


29 


Take an Arithmetical Triangle witk r numbers in its base ; 
tben the sum of the numbers in the horizontal row is equal to 
the multitude of the combinations of r things taken jp at a time. 
For example, in Art 22 we have a triangle with 10 numbers in 
its base; now take the numbers in the 8th horizontal column; 
their sum is 1+8 + 36, that is 45; and there are 45 combinations 
of 10 things taken 8 at a time. Pascal’s proof is inductive. It 
may be observed that multitndo is Pascal’s word in the Latin of 
his treatise, and multitude in the French version of a part of the 
treatise which is given in pages 22 — 30 of the volume. 

From this he deduces various inferences such as the foRowing. 
Let there be n things ; the sum of the multitude of the coipbinations 
which can be formed, one at a time, two at a time,... /\rg to at 
a time, is 2’'— 1. / 

At the end Pascal considers this problem. Datis duobus numeris 
insequalibus, invenire quot modis minor in majore combinetur. 
And from his Arithmetical THangle he deduces in effect the follow- 
ing result ; the number of combinations of r things taken p at 
a time is 

(ff + 1) (p + 2) (p + S) ...r 

After this problem Pascal adds, 

Hoc problemate tractatum hunc absolvere constitueram, non tamen 
omninb sine molestia, ciini multa alia parata habeam ; sed ubi tanta 
ubertas, vi moderanda est fames : his ergo pauca hsac subjiciam. 

Eruditissimus ac mihi charisimus, D.D. de Gani^res, circa combina- 
tiones, assiduo ac pemtili labore, more suo, incumbens, ac indigens 
facili constructione ad inveniendum quoties numerus datus in alio dato 
combinetur, hanc ipse sibi praxim instituit. 

Pascal then gives the rule ; it amounts to this ; the num- 
ber of combinations of r things taken p at a time is 
r (r — 1)... (r—p + 1) 

\P ' 

This is the form with which we are now most familiar. It 
maj^e immediately shewn to agree with the form given before 
by Pascal, by cancelling or introducing factors into both numerator 
and denominator. Pascal however says, Excellentem hanc solu- 
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tionem ipse mihi ostendit, ac etiam domonstrandam proposuit; ipsa^ 
ego san^ miratus sum^ sed difficultate territus vix opus suscej]| 
et ipsi authori relinquendum existiinavi; attamen trianguli arith- 
metici auxilio, sic proclivis facta est yia. Pascal then establishes 
the correctness of the rule by the aid of his Arithmetical Triangle; 
after which he concludes thus, Hac demonstratione assecutd, jam 
reliqua quse invitus supprimebam libenter omitto, adeo dulce est 
amicorum memorari. 

42. In the work of Schooten to which we have already re- 
ferred in Art. 28 we find some very slight remarks on combinations 
and their applications; see pages 373 — 403. Schooten’s first sec- 
tion is entitled, Ratio inveniendi electiones omnes, quae fieri pos- 
sunt, data multitudine rerum. He takes four letters a, c, cZ, 
and arranges them thus, 

a. 

h. ab. 

c. ac, he. ale. 

d. gd. Id. aid. cd. acd. hod. abed. 

Thus he finds that 15 elections can be made out of these four 
letters. So he adds, Hinc si per a designatur unum malum, per 6 
unum pirum, per c unum prunum, et per d unum cerasum, et ipsa 
aliter atque aliter, ut supra, eligantur, electio eorum fieri poterit 15 > 
diversis modis, ut sequitur.... 

Schooten next takes five letters ; and thus he infers the result 
which we should now express by saying that, if there are n letters 
the whole number of elections is 2^ — 1. 

Hence if a, 6, c, d are prime factors of a number, and all dif- 
ferent, Schooten infers that the number has 15 divisors excluding 
unity but including the number itself, or 16 including also unity. 

Next suppose some of the letters are repeated; as for example 
suppose we have a, a, 6, and c ; it is required to determine how 
many elections can be made. Schooten arranges the letters thus, 
a. 

a. aa. 
h. ah. aab. 

c. ac. aac. he. abc. aahe. 

We have thus 2 + S + 6 elections. 
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Similarly if the proposed letters are a, a, a, I, b, it is found 
that 11 elections can he made. 

In his following sections Schooten proceeds to apply these 
results to questions relating to the number of divisors in a number. 
Thus, for example, supposing a, 6, c, d, to be different prime 
factors, numbers of the following forms all have 16 divisors, 
abed, a^bOj Hence the question may be asked, what is 

the least number which has 16 divisors? This question must 
be answered by trial ; we must take the smallest prime numbers 
2, 3,. . . and substitute them in the above forms and pick out the least 
number. It will be found on trial that the least number is 2^. 3. 5, 
that is 120. Similarly, suppose we require the least number which 
has 24 divisors. The suitable forms of numbers for 24 divisors 
are a^bed, and It will be found on 

trial that the least number is 21 3®. 5, that is 360. 

Schooten has given two tables connected with this kind of 
question. (1) A table of the algebraical forms of numbers which 
have any given number of divisors not exceeding a hundred ; and 
in this table, when more than one form is given in any case, the 
first form is that which he has found by trial will give the least 
number with the corresponding number of divisors. (2) A table 
of the least numbers which have any assigned number of divisors 
not exceeding a hundred. Schooten' devotes ten pages to a list of 
all the prime numbers under 10,000. 

43. A dissertation was published by Leibnitz in 1666, entitled 
Bissertatio de Arte Combinatoria ; part of it had been previously 
published in the same year under the title of Disputatio arith- 
metica de complexionihus. The dissertation is interesting as the 
earliest work of Leibnitz connected with mathematics ; the con- 
nexion however is very slight. The dissertation is contained in 
the second volume of the edition of the works of Leibnitz by 
Dutens ; and in the first volume of the second section of the 
mathematical works of Leibnitz edited by Gerhardt, Halle, 1858. 
The dissertation is also included in the collection of the philoso- 
phical writings of Leibnitz edited by Erdmann, Berlin, 1840. 

44. Leibnitz constructs a table at the beginning of his dis- 
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sertation similar to Pascal’s Arithmetical Triangle, and applies ip 
to find tlie number of the combinations of an assigned set of thing|: 
taken two, three, four,. . . together. In the latter part of his disser- 
tation Leibnitz shews how to obtain the number of permutations 
of a set of things taken all together ; and he forms the product of 
the first 24 natural numbers. He brings forward several Latin 
lines, including that which we have already quoted in Art. 39, 
and notices the great number of arrangements which can be 
formed of them. 

The greater part of the dissertation however is of such a 
character as to confirm the correctness of Erdmann’s judgment in 
including it among the philosophical works of Leibnitz. Thus, 
for example, there is a long discussion as to the number of moods 
in a syllogism. There is also a demonstration of the existence of 
the Deity, which is founded on three definitions, one postulate, 
four axioms, and one result of observation, namely, aliquod corpus 
movetur, 

45. We win notice some points of interest in the dissertation. 

(1) Leibnitz proposes a curious mode of expression. When 
a set of things is to be taken two at a time he uses the sjinbol 
com2natio (combinatio) ; when three at a time he uses conSnatio 
(conternatio) ; when four at a time, con4natio, and so on. 

(2) The mathematical treatment of the subject of combina- 
tions is far inferior to that given by Pascal ; probably Leibnitz 
had not seen the work of Pascal. Leibnitz seems to intimate 
that his predecessors had confined themselves to the combina- 
tions of things two at a time, and that he had himself extended 
the subject so far as to shew how to obtain from his table the 
combinations of things taken together more than two at a time ; 
generaliorem modum nos deteximus, specialis est vulgatus. He 
gives the rule for the combination of things two at a time, namely, 

that which we now express by the formula — ; but he does 

not give the similar rule for combinations three, four,... at a time, 
which is contained in Pascal’s work. 

(3) After giving his table, which is analogous to the Arith- 
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metical Triangle, lie adds, ^'Adjiciemus hie Theoremata quorum 
TO oTi ex ipsa tabula manifestum est, to ^loti ex tabulae funda- 
mento/’ The only theorem here that is of any importance is that 
which we should now express thus : if be prime the number of 
combinations of n things taken r at a time is divisible by 

(4) A passage in which Leibnitz names his predecessors may 
be quoted. After saying that he had partly furnished the matter 
himself and partly obtained it from others, he adds, 

Quis ilia primus detexerit ignoramus. Schwenterus Belie. 1. 1, Sect. 1, 
prop. 32, apud Hieronymum Cardanum, Johannem Buteonem et 
ISTicolaum Tartaleam, extare dicit. In Cardani tamen Practica Aritli- 
metica quae prodiit Mediolani anno 1539, nihil reperimus. Inprimis 
dilucide, quicquid dudum habetur, proposuit Christoph. Olavius in Com. 
supra Job. de Sacro Bosco Sphaer. edit. Bomae forma 4ta anno 1785. 
p. 33. seqq. 

With respect to Schwenter it has been observed, 

Schwenter probably alluded to Cardan s book, “ De Proportionibus,” 
in which the figurate numbers are mentioned, and their use shown in 
the extraction of roots, as employed by Stifel, a German algebraist, 
who wrote in the early part of the sixteenth century. Lubhoch and 
Brinhwater, 

(5) Leibnitz uses the symbols 4 — = in their present sense ; 
he uses ^ for multiplication and for division. He uses the 
word productum in the sense of a sum : thus he calls 4 the pro- 
ductum of 3 + 1. 

46. The dissertation shews that at the age of twenty years 
the distinguishing characteristics of Leibnitz were strongly de- 
veloped. The extent of his reading is indicated by the numerous 
references to authors on various subjects. We see evidence too 
that he had already indulged in those dreams of impossible achieve- 
ments in which his vast powers .were uselessly squandered. He 
vainly hoped to produce substantial realities by combining the 
precarious definitions of metaphysics with the elementary truisms 
of logic, and to these fruitless attempts he gave the aspiring titles 
of universal science, general science, and philosophical calculus. 
See Erdmann, pages 82—91, especially page 84. 


3 



WALLIS. 




47 . A discourse of comhinationSj alternations, and aliq^: 
parts is attached to the English edition of Wallis’s Algebra pi|i- 
lished in 1685. In the Latin edition of the Algebra, published in 
1693, this part of the work occupies pages 485 — 529. 

In referring to Wallis’s Algebra we shall give the pages of the 
Latin edition ; but in quoting from him we shall adopt his om 
English version. The English version was reprinted by Maseres in 
a volume of reprints which was published at London in 1795 under 
the title of The Doctrine of Permutations and Gomhinations, being 
an essential and fundamental part of the Doctrine of Chances. 

48. Wallis’s first Chapter is Of the variety of Elections, or 
Choise, in taking or leaving One or more, out of a certain Num-^ 
her of things proposed. He draws up a Table which agrees 
with Pascal’s Arithmetical Triangle, and shews how it may be 
used in finding the number of combinations of. an assigned set 
of things taken two, three, four, five,... at a time. Wallis does 
not add any thing to what Pascal had given, to whom however 
he does not refer ; and Wallis’s clumsy parenthetical style con^ 
trasts very unfavourably with the clear bright stream of thought 
and language which flowed from the genius of Pascal. The 
chapter closes with an extract from the Arithmetic of Buckley 
and an explanation of it ; to this we have already referred in 
Art. 38. 

49. Wallis’s second Chapter is Of Alternations, or the different 
change of Order, in any Number of things proposed. Here he 
gives some examples of what are now usually called permutations j 
thus if there are four letters a, 6, 0 , d, the number of permutations 
when they are taken all together is 4 x 3 x 2 x 1. Wallis accord- 
ingly exhibits the 24 permutations of these four letters. He forms 
the product of the first twenty-four natural numbers, which is the 
number of the permutations of twenty-four things taken all toge- 
ther. 

Waffis exhibits the 24 permutations of the letters in the word 
Roma taken all together ; and then he subjoins, “ Of which (in 
Latin) these seven are only useful; Roma, ramo, oram, mora, maro, 
armo, amor. The other forms are useless ; as affording no (Latin) 
word of known signification.” 
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Wallis tlieii considers tlie casein "wliicli tliere is some repetition 
among the quantities of which we require the permutations. He 
takes the letters which compose the word Messes. Here if there 
were no repetition of letters the number of permutations of the 
letters taken all together would be Ix2x3x4ix5x6, that is 
720 ; but as Wallis explains, owing to the occurrence of the letter 
e twice, and of the letter s thrice, the number 720 must be divided 
by 2 X 2 X 3, that is by 12. Thus the number of permutations is 
reduced to 60. Wallis exhibits these permutations and then sub- 
joins, ‘'^Of all which varieties, there is none beside messes itself, 
that affords an useful Anagram.” The chapter closes with Wallis’s 
attempt at determining the number of arrangements of the verse 

Tot tibi sunt dotes, virgo, quot sidera cselo. 

The attempt is followed by these words, I will not be posi- 
tive, that there may not be some other Changes : (and then, those 
may be added to these :) Or, that most of these be twice repeated, 
(and if so, those are to be abated out of the Number :) But I do 
not, at present, discern either the one and other.” 

Wallis’s attempt is a very bad specimen of analysis ; it involves 
both the errors he himself anticipates, for some cases are omitted 
and some counted more than once. It seems strange that he 
should have failed in such a problem considering the extraordinary 
powers of abstraction and memory which he possessed; so that 
as he states, he extracted the square root of a number taken at 
random with 53 figures, in tenebris decumbens, sola fretus 
memoria. See his Algebra, page 450. 

50. Wallis’s third Chapter is Of the Divisors and Aliquot 
parts, of a Number proposed. This Chapter treats of the resolu- 
tion of a number into its prime factors, and of the number of 
divisors which a given number has, and of the least numbers 
which have an assigned number of divisors. 

51. Wallis’s fourth Chapter is Mo^isieur Fermat s Problems con- 
cerning Divisors and Aliquot Parts. It contains solutions of two 
problems which Fermat had proposed as a challenge to Wallis and 
the English mathematicians. The problems relate to what is now 
called the Theory of Numbers. 


3—2 



36 


PRESTET. 


52. Thus tlie theory of combinations is not applied by WallS 
in any manner that materially bears upon onr subject. In fait 
the influence of Fermat seems to have been more powerful than 
that of Pascal • and the Theory of Numbers more cultivated than 
the Theory of Probability. 

■ The judgment of Montmort seems correct that nothing of any 
importance in the Theory of Combinations previous to his own 
work had been added to the results of Pascal. Montmort, on his 
page xsxy, names as writers on the subject Prestet, Tacquet, and 
Walks. I have not seen the works of Prestet and Tacquet ; 
Gouraud refers to Prestet's Nouveaux iUments de matheinatiques, 
2® ^d., in the following terms, Le p^re Prestet, enfin, fort habile 
geombtre;, avait explique avec infiniment de clartd, en 1689, les 
principaux artifices de cet art ingbnieux de composer et de varier 
les grandeurs. Oouraudj page 23. 



CHAPTER V. 

MORTALITY AND LIFE INSURANCE. 

53. The history of the investigations on the laws of mortality 
and of the calculations of life insurances is suflS.ciently important 
and extensive to demand a separate work; these subjects were 
originally connected with the Theory of Probability but may now 
be considered to form an independent kingdom in mathematical 
science: (we shall therefore confine ourselves to tracing their 
origin^ 

54. According to Gouraud the use of tables of mortality was 
not quite unknown to the ancients: after speaking of such a 
table as unknown until the time of John de Witt he subjoins 
in a note, 

Inconnue du moins des modemes. Car il paraitrait par un passage 
du Digeste, ad legem Falcidiam, xxxv. 2, 68, qne les Romains n’en 
ignoraient pas absohunent I’usage. ^oyez a ce siijet M. V, Leclerc, 
Des Journaux chez les Domains, p. 198, et une curiense dissertation: 
De ^rohabilitate mtcB ejusque usu forensi, etc., d’un certain Schmelzer 
(Goettingne, 1787, iii-8). Gouraud, page 14. 

55. The first name which is usually mentioned in connexion 
with our present subject is that of John Graunt: I borrow a 
notice of him from Lubbock and Drinl^water, page 44. After 
referrixg to the registers of the annual numbers of deaths in 
London^which began to be kept in 1592, and which with some 
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intermissions between 159-i and 1603 have since been regula]|f 
continued, they proceed thus, 

They were first intended to make known the progress of the plague; 
and it was not till 1662 that Captain Grannt, a most acute and intel- 
ligent man, conceived the idea of rendering them subservient to the 
ulterior objects of determining the population and growth of the me- 
tropolis; as before his time, to use his own words, ‘^most of them who 
constantly took in the weekly bills of mortality, made little or no use 
of them than so as they might take the same as a text to talk upon in 
the next company; and withal, in the plague time, how the sickness 
increased or decreased, that so the rich might guess of the necessity of 
their removal, and tradesmen might conjecture what doings they were 
like to have in theii* respective dealings.’^ Graunt was careful to pub- 
lish with his deductions the actual returns from which they were 
obtained, comparing himself, when so doing, to “a silly schoolboy, 
coming to say his lesson to the world (that peevish and tetchie master,) 
who brings a bundle of rods, wherewith to be whipped for every mistake 
he has commifcted.” Many subsequent writers have betrayed more fear 
of the punishment they might be liable to on making similar disclosures, 
and have kept entirely out of sight the sources of their conclusions. 
The immunity they have thus purchased from contradiction could not 
be obtained but at the expense of confidence in their results. 

GThese researches procured for Graunt the honour of being chosen a 
fellow of the E-oyal Society, . . . 

Gouraud says in a note on his page 16, 

...John Graunt, homme sans g^ometrie, mais qui ne manquait ni 
de sagacite ni de bon sens, avait, dans une sorte de traite d’Arithme- 
tique politique intitule : Natural and •political observations... made upon 
the hills of mortality^ etc., rassemble ces difierentes listes, et donne m^me 
ifyid. chap, xi.) un calcul, ^ la vfcte fort grossier, mais du moins fort 
original, de la mortality probable ^ chaque 4ge d^un certain nombre 
d’individus supposes n€s viables tons au m^me instant. 

See also the Aihenceum for October 31st, 1863, page 537. 

56. The names of two Dutchmen next present themselves, 
Yan Hudden and John de Witt. Montucla says, page 407, 

Le probl^me des rentes viagdres fut traits par Yan Hudden, qui 
quoique glometre, ne laissa pas que d’etre bourguemestre d’ Amsterdam, 
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et pat le c61ebre penBionnaire d’Hollande, Jean de Witt, un des pre- 
miers promotenrs de la geometric de Descartes. J’ignore le titre de 
I’ecrit de Hndden, mais celui de Jean de Witt 6toit intitule*. Bq vardye 
van de lif-renten na 'pro'portie van de los-renten, on la Valeur des rentes 
viageres en raison des rentes lihres on remhoursalles (La Haye, 1671). 
Ils etoient Tun et I’antre plus a port6e que personne d’en sentir I’impor- 
tance et de se procurer les depouillemens necessaires de registres de mor- 
talite; aussi Leibnitz, passant en Hollands quelques ann6es apres, fit 
tout son possible pour se procurer T^crit de Jean de Witt, mais il ne 
pent y parvenir j il n’6toit cependant pas absolument perdu, car M. Ni- 
colas Sbruyck {Inleiding tot het algemeine geography, (fee. Amst. 1740, 
in 4o. p. 345) nous apprend qu’il en a eu un exemplaire entre les mains; 
il nous en donne un precis, par lequel on voit combien Jean de Witt 
raisonnoit juste sur cette matiere. 

Le chevalier Petty, Anglois, qui s’occupa beaucoup de calculs poli- 
tiques, entrevit le probl^me, mais il n’etoit pas assez geom^tre pour le 
trait er fructueusement, en sorte que, jusqu’^ Halley, I’Angleterre et la 
Prance qui emprunt^rent tant et out tant emprunt6 depuis, le firent 
comme des aveugles ou comme de jeunes d6baucb4s. 

57. With respect to Sir William Petty, to whom Montucla 
refers, we may remark that his writings do not seem to have been 
very important in connexion with our present subject. Some 
account of them is given in the article AritkmStiqioe Politique of 
the original French Encydopidie ; the article is reproduced in 
the Encydopedie Methodique, Gouraud speaks of Petty thus in a 
note on his page 16, 

Apr^s Graunt, le chevalier W. Petty, dans difierents essais d’eco- 
nomie politique, ou il y avait, il est vrai, plus d’imagination que de 
jugement, s’etait, de 1682 ^ 1687, occupe de semblables recherches. 

58. With respect to Van Hudden to whom Montucla also 
refers we can only add that his name is mentioned with appro- 
bation by Leibnitz, in conjunction with that of John de Witt, 
for his researches on annuities. See Leibnitii Opera Omnia, ed. 
Butens, Yol. Ii. part 1, page 93 ; Vol. vi. part 1, page 217. 

59. With respect to the work of. John de Witt we have 
pome notices in the correspondence between Leibnitz and James 
.Bernoulli; but these notices do not literally confirm Montucla’s 
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statemeiit respecting Leibnitz : see Leihnizens Mathematisch 
Schriften herausgegehen von G. I. Oei'hardt, Erste Abtheilung, 
Band ill. Halle 1855. James Bernoulli says, page 78, 

Huper in Menstruis Excerptis Hanoverae impressis citatum inveni 
Tractatum quendam milii ignotum Pensionarii de Wit von Subtiler 
Ausrecbnung des valoris der Leib-Benten. Portasse is quaedam Luc 
facientia Labetj quod si sit, copiam ejus miLi alicunde fieri percuperem. 

In bis reply Leibnitz says, page 84, 

Pensionarii de Wit libellus exigiius est, ubi aestimatione ilia nota 
utitur a possibilitate casuum aequalium aequali et Line ostendit re- 
ditus ad vitam suf&cientes pro sorte a Batavis solvi. Ideo Belgice 
scripserat, ut aequitas in vulgus appareret. 

In bis next letter, page 89, James Bernoulli says that De 
Witt’s book wiU be useful to bim; and. as be bad in vain tried 
to obtain it from Amsterdam be asks for the loan of tbe copy 
wbicb Leibnitz possessed. Leibnitz replies, page 93, 

Pensionarii Wittii dissertatio, vel potius ScLeda impressa de re- 
ditibus ad vitam, sane brevis, extat quidem inter cLartas meas, sed cum 
ad Te mittere vellem, reperire nondum potui. Dabo tamen operam ut 
nanoiscare, ubi primum domi eniere licebit alicubi latitantem. 

J ames Bernoulli again asked for tbe book, page 95. Leibnitz 
rep bes, page 99, 

Pensionaru Wittii scriptum nondum satis quaerere licuit inter cLar- 
tas; non dubito tamen, quin sim tandem reperturus, ubi vacaverit. 
Sed vix aliquid in eo novum Tibi occurret, cum fundamentis iisdem 
ubique insistat, quibus cum alii viri docti jam erant usi, turn PascLalius 
in Triangulo AritLmetico, et Hugenius in diss. de Alea, nempe ut 
medium AritLmeticum inter aeque incerta sumatur; quo fundamento 
etiam rustici utuntur, cum praediorum pretia aestimant, et rerum Jds- 
cabum curatores, cum reditus praefecturarum Principis medios consti- 
tuunt, quando se offert conductor. 

In tbe last of bis letters to J ames Bernoulli v^bich is given, Leib- 
nitz impbes that be bas not yet found tbe book ; see page 103. 

We find from pages 767, 769 of tbe volume that Leibnitz 
attempted to procure a copy of De Witt’s dissertation by tbe aid 
of John Bernoulb, but without success. 

These letters were written in the years 1703, 1704, 1705. 
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60. The political fame of John de Witt has overpowered 
that which he might have gained from science, and thus his mathe- 
matical attainments are rarely noticed. We may therefore add 
that he is said to have published a work entitled Mementa Unea- 
rum curvarum, Leyden 1650, which is commended by Condorcet ; 
see Condorcet's jEssai,,,d'Analyse,,»^SLge CLXXXiv. 

61. We have now to notice a memoir by Halley, entitled An 
estimate of the Degrees of the Mortality of Mankind, drawn from 
curious Tables of the Births and Funerals at the City of Breslaw; 
with an Attempt to ascertain the Price of Annuities upon Lives. 

This memoir is published in VoL xvil. of the Philosophical 
Transactions, 1693 ; it occupies pages 596 — 610. 

This memoir is justly celebrated as having laid the foundations 
of a correct theory of the value of life annuities. 

62. Halley refers to the bills of mortality which had been 
published for London and Dublin ; but these bills were not suit- 
able for drawing accurate deductions. 

First, In that the Fumber of the People was wanting. Secondly, 
That the Ages of the People dying was not to be had. And Lastly, 
That both London and Dublin by reason of the great and casual 
Accession of Strangers who die therein, (as appeared in both, by the 
great Excess of the Funerals above the Births) rendered them incapable 
of being Standards for this purpose; which requires, if it were possible, 
that the People we treat of should not at all be changed, but die where 
they were bom, without any Adventitious Increase from Abroad, or 
Decay by Migration elsewhere. 

63. Halley then intimates that he had found satisfactory data 
in the Bills of Mortality for the city of Breslau for the years 
1687, 88, 89, 90, 91 ; which '‘had then been recently communi- 
cated by Neumann (probably at Halley’s request) through Justell, 
to the Koyal Society, in whose archives it is supposed that copies 
of the original registers are still preserved.” Lubbock and Drink- 
water, page 45. 

64. The Breslau registers do not appear to have been pub- 
lished themselves, and Halley gives only a very brief introduction 
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to the table whicli he deduced from them. 


following form: 


1 

2 

3 

4 


1000 

855 

798 

760 


Halley s table is in 


The left-hand number indicates ages and the right-hand num- 
ber the corresponding number of persons alive. We do not feel 
confident of the meaning of the table. Montucla, page 408, under- 
stood that out of 1000 persons born, 855 attain to the age of one 
year, then 798 out of these attain to the age of two years, and 
so on, 

Daniel Bernoulli understood that the number of infants born 
is not named, but that 1000 are supposed to reach one year, then 
855 out of these reach two years, and so on. Hist de I' Acad . ... 
Paris, 1760. 

65. Halley proceeds to shew the use of his table in the calcu- 
lation of annuities. To find the value of an annuity on the life of 

. a given person we must take from the table the chance that he 
will be ahve after the lapse of ti years, and multiply this chance 
by the present value of the annual payment due at the end of 
n years ; we must then sum the results thus obtained for all values 
of n from 1 to the extreme possible age for the life of the given 
person. Halley says that ''This will without doubt appear to 
be a most laborious Calculation.” He gives a table of the value 
of an annuity for every fifth year of age up to the seventieth. 

66. He considers also the case of annuities on joint lives, or 

on one of two or more lives. Suppose that we have two persons, 
an elder and a yoxmger, and we wish to know the probability 
of one or both being alive at the end of a given number of years. 
Let iV be the number in the table opposite to the present age of 
the younger person, and R the number opposite to that age in- 
creased by the given number of years ; and let + F, so that 

Y represents the number who have died out of H in the given 
number of years. Let n, r, y denote similar quantities for the 
elder age. Then the chance that both will be dead at the end 
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of the given number of years is ; the chance that the younger 

JRjij 

will be alive and the elder dead is ; and so on. 

Jyn ^ 


Halley gives according to the fashion of the tim^ a geometri- 
cal illustration. 



Let AB or CD represent JY, and DE or BH represent JB, 
so that EG or jEL 4 represents F. Similarly AG, AF, OF may 
represent n, r, y. Then of course the rectangle ECFG represents 
Yy, and so on. 

In like manner, Halley first gives the proposition relating to 
three lives in an algebraical form, and the^i a geometrical illus- 
tration by means of a parallelepiped. We find it difficult in 
the present day to understand how such simple algebraical pro- 
positions could be rendered more intelligible by the aid ‘of areas 
and solids. 


67. On pages 654 — 656 of the same volume of the Philoso- 
phical Transactions we have Some further Considerations on the 
Breslaw Bills of Mortality. By the same Hand, <&c. 

' 68. De Moivre refers to Halley’s memoir, and republishes 

the table; see De Moivre’s Doctrine of Chances, pages 261, 345. 




CHAPTER VL 

MISCELLANEOUS INVESTIGATIONS 
Between the yhois 1670 and 1700. 

60 . The present chapter will contain notices of various con- 
tributions to our subject, which were made between the publi- 
cation of the treatise by Huygens and of the more elaborate 
works by James Bernoulli,. Montmort, and De Moivre. 

70. A Jesuit named John Caramuel published in 1670, under 
the title of Mathesis Biceps, two folio volumes of a course of 
Mathematics ; it appears from the list of the author's works at the 
beginning of the first volume that the entire course was to have 
comprised four volumes. 

There is a section called Gombinatoria which occupies pages 
921 — 1036, and part of this is devoted to our subject. 

Caramuel gives first an account of combinations in the modem 
sense of the word; there is nothing requiring special attention 
here : the work contains the ordinary results, not proved by general 
symbols but exhibited by means of examples. Caramuel refers 
often to Clavius and Izquierdus as his guides. 

After this account of combinations in the modern sense Cara- 
muel proceeds to explain the Ars Lulliana, that is the method of 
affording assistance in reasoning, or rather in disputation, proposed 
by Raymond Lully. 

71. Afterwards we have a treatise on chances under the title 
of Kyheia, qum ComUnatorice genus est, de Alea, et Ludis Fortunce 
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serio disputans. This treatise includes a reprint of the treatise of 
Huygens, which however is attributed to another person. Cara- 
muel says, page 984, 

Dum hoc Syntagma Perillustri Domino K. Yiro eruditissimo com- 
mnnicarem, ostendit etiam mihi ingeniosam qnamdam de eodem argu- 
mento Diatribam, qnam ^ Christiano Severino Longomontano fuisse 
scriptam putabat, et, quia est curiosa, et brevis, debuit huic Qusestioni 
subjungi... 

In the table of contents to his work, page xxviii, Caramuel 
speaks of the tract of Huygens as 

Diatribe ingeniose ^ Longomontano, ut putatur, de hoc eodem argu- 
mento scripta : nescio an evulgata. 

Longomontanus was a Danish astronomer who lived from 1562 
to 1647. 

72. Nicolas Bernoulli speaks very severely of Caramuel. He 
says Un Jesuite nomm^ Caramuel, que j’ai cit^ dans ma These... 
mais comme tout ce qu’il donne n’est qu’un amas de paralogismes, 
je ne le compte pour rien. Montmort, p. 387. 

By his These Nicolas Bernoulli probably means his Specimina 
Artis conjectandi,.,, which will be noticed in a subsequent Chapter, 
but Caramuers name is not mentioned in that essay as reprinted 
in the Acta JErud.,,.Suppl, 

John BemouUi in a letter to Leibnitz speaks more favourably 
of Caramuel ; see page 715 of the volume cited in Art. 59. 

73. Nicolas BemouUi has exaggerated the Jesuit's blunders. 
Caramuel touches on the following points, and correctly: the 
chances of the throws with two dice ; simple cases of the Problem 
of Points for two players ; the chance of throwing an ace once at 
least in two throws, or in three throws ; the game of Passe-dix, 

He goes wrong in trying the Problem of Points for three 
players, which he does for two simple cases ; and also in two other 
problems, one of which is the fourteenth of Huygens's treatise, and 
the other is of exactly the same kind. 

Caramuel's method with the fourteenth problem of Huygens’s 
treatise is as follows. Suppose the stake to be 36 ; then A's chance 
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3 3 

at Ms first throw is ^ , and ^ x 36 = 5 ; thus taMng 5 from 36 we 

may consider 31 as left for B. Now B’s chance of success in a single 

throw is ^ ; thus x 31, that is may he considered the value 
o() oo 

of itis first tlirow. 

Thus Caramuel assigns 5 to -4. and 5^ to B, as the value of 

tlieir first tkrows respectively ; then the remaining 25^ he proposes 

to divide equally between A and B, This is wrong : he ought to 

have continued his process, and have assigned to A for his second 

5 6 

throw ^ of the 25f , and then to B for his second throw ^ of the 

remainder ; and so on. Thus he would have had for the shares of 
each player an infinite geometrical progression, and the result 
would have been correct. 

It is strange that Caramuel went wrong when he had the 
treatise of Huygens to guide him ; it seems clear that he followed 
this guidance in the discussion of the Problem of Points for two 
players, and then deserted it. 


74. In the Journal des Sgavans for Feb. 1679, Sauveur gave 
some formulae without demonstration relating to the advantage of 
the Banker at the game of Bassette. Demonstrations of the for- 
mulae will be found in the Ars Oonjectandi of J ames Bernoulli, 
pages 191 — 199. I have examined Sauveur’s formulae as given 
in the Amsterdam edition of the Journal. There are six series 
of formulae ; in the first five, which alone involve any difiSculty, 
Sauveur and Bernoulli agree : the last series is obtained by simply 
subtracting the second from the fifth, and in this case by mistake 
or misprint Sauveur is wrong. Bernoulli seems to exaggerate the 
discrepancy when he says, Qubd si quis D.ni Salvatoris TabeUas 
cum hisce nostris contulerit, deprehendet iUas in quibusdam locis, 
praesertim ultimis, nonnihil emendationis indigere. Montucla, 
page 390, and Gouraud, page 17, seem also to think Sauveur more 
inaccurate than he really is. 

An iloge of Sauveur by Fontenelle is given in the volume 
for 1716 of the Hist, de T Acad.,,, Paris. Fontenelle says that 
Bassette was more beneficial to Sauveur than to most of those who 
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played at it with so much fury ; it was at the request of the Marquis 
of Dangeau that Sauveur undertook the investigation of the 
chances of the game. Sauveur was in consequence introduced at 
court, and had the honour of explaining his calculations to the 
King and Queen. See also Montmort^ page xxxix. 

75. James Bernoulli proposed for solution two problems in 
chances in the Journal des 8gavans for 1685. They are as 
follows : 

1. A and JB play with a die, on condition that he who first 
throws an ace wins. First A throws once, then B throws once, 
then A throws twice, then B throws twice, then A throws three 
times, then B throws three times, and so on until ace is thrown. 

2. Or first A throws once, then B twice, then A three times, 
then B four times, and so on. 

The problems remained unsolved until James Bernoulli himself 
gave the results in the Acta JEruditorum for 1690. Afterwards in 
the same volume Leibnitz gave the results. The chances involve 
infinite series which are not summed. 

James Bernoulli’s solutions are reprinted in the collected 
edition of his works, Geneva, 1744 ; see pages 207 and 430, The 
problems are also solved in the Ars Conjectandi, pages 52 — 56. 

76. Leibnitz took great interest in the Theory of Probability 
and shewed that he was fully alive to its importance, although he 
cannot be said himself to have contributed to its advance. There 
was one subject which especially attracted his attention, namely 
that of games of all kinds ; he himself here found an exercise for 
his inventive powers. He believed that men had nowhere shewn 
more ingenuity than in their amusements, and that even those of 
children might usefully engage the attention of the greatest mathe- 
maticians. He wished to have a systematic treatise on games, 
comprising first those which depended on numbers alone, secondly 
those which depended on position, like chess, and lastly those 
which depended on motion, like billiards. This he considered 
would be useful in bringing to perfection the art of invention, or 
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as lie expresses it in another place, in bringing to perfection the 
art of arts, -which is the art of thinking. 

See Ldbnitii 0;pera Omnia, ed. Dutens, Vol. Y. pages 17, 22, 28, 
29, 203, 206. Vol. vi. part 1, 271, 804. Erdmann, page 175, 

See also Opera Om^iia, ed. Dutens, Vol. Yi. part 1, page 36, 
for the design which Leibnitz entertained of writing a work on 
estimating the probability of conclusions obtained by arguments. 

77. Leibnitz however furnishes an example of the liability to 
error which seems pecuhaiiy characteristic of our subject. He 
says, Opera Omnia, ed. Dutens, Vol. yi. part 1, page 217, 

...par exemple, avec deux des, il est aussi faisable de jetter douze 
points, que d’en jetter onze j car Tun et 1’ autre ne se peut faire que 
d’une seule mani^re; mais il est trois fois plus faisable d’en jetter 
sept; car cela se peut faire en jettant six et un, cinq et deux, quatre 
et trois; et une combinaison ici est aussi faisable que I’autre. 

It is true that eleYen can only be made up of six and five ; but 
the six may be on either of the dice and the five on the other, so 
that the chance of throwing eleven with two dice is twice as great 
as the chance of throwing twelve : and similarly the chance of 
throwing seven is six times as great as the chance of throwing 
twelve. 

78. A work entitled Of the Laws of Chanoe is said by Montu- 
cla to have appeared at London in 1692; he adds mais n’ayant 
jamais rencontrd ce livre, je ne puis en dire davantage. Je le 
soupoonne n^anmoins de Benjamin Motte, depuis secretaire de 
la societe royale. Montucla, page 391. 

Lubbock and Drinkwater say respecting it, page 43, 

This essay, which was edited, and is generally supposed to have 
been written by Motte, the secretary of the Royal Society, contains 
a translation of Huyghens’s treatise, and an application of his princi- 
ples to the determination of the advantage of the banker at pharaon, 
hazard, and other games, and to some questions relating to lotteries. 

A similar statement is made by Galloway in his Treatise on 
Probability, page 5. 

79. It does not appear however that there was any fellow 
of the Royal Society named Motte; for the name does not occur 
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in the list of fellows given in Thomson’s History of the- Royal 
Society. 

I have no doubt that the work is due to Arbuthnot. For 
there is an English translation of Huygens’s treatise by W. 
Browne, published in 1714 ; in his Advertisement to the Reader 
Browne says, speaking of Huygens’s treatise. 

Besides the Latin Editions it has pass’d thro’, the learned Dr 
Arbnthnott publish’d an English one, together with an Application 
of the General Doctrine to some particular Games then most in use; 
which is so intirely dispers’d Abroad, that an Account of it is all we 
can now meet with. 

This seems to imply that there had been no other transla- 
tion except Arbuthnot’s; and the words '^an Application of the 
General Doctrine to some particular Games then most in use” 
agree very well with some which occur in the work itself: '^It 
is easy to apply this method to the Games that are in use amongst 
us.” See page 28 of the fourth edition. 

"Watt’s Bibliotheca Britannica, under the head Arbuthnot, places 
the work with the date 1692. 

80. I have seen only one copy of this book, which was lent 
to me by Professor De Morgan. The title page is as follows: 

Of the laws of chance, or, a method of calcidation of the hazards 
of game, plainly demonstrated, and applied to games at present most 
in use; which may be easily extended to the most intricate cases of 
chance imaginable. The fourth edition, revis’d by John Ham. By 
whom is added, a demonstration of the gain of the banker in any 
circumstance of the game call’d Pharaon; and how to determine the 
•odds at the Ace of Hearts or Fair Chance; with the arithmetical 
solution of some questions relating to lotteries; and a few remarks 
upon Hazard and Backgammon. London. Printed for B. Motte and 
0. Bathurst, at the Middle-Temple Gate in Fleet-street^ M.ncc.xxxviii. 

81. I proceed to describe the work as it appears in the 
fourth edition. 

The book is of small octavo size ; it may be said to consist of 
two parts. The first part extends to page 49 ; it contains a trans- 
lation of Huygens’s treatise with some additional matter. Page 50 
is blank ; page 51 is in fact a title page containing a reprint 

4 
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of part of the title we have already given, namely from de- 
monstration” down to Backgammon” 

The words which have been quoted from Lubbock and Drint- 
water in Art. 78, seem not to distinguish between these two 
parts. There is nothing about the advantage of the banker 
at Pharaon” in the first part; and the investigations which are 
given in the second part could not, I believe, have appeared so 
early as 1692: they seem evidently taken from De Moivre. Be 
.Moivre says in the second paragraph of his preface, 

I had not at that time read anything concerning this Subject, hut 
Mr. Huygens’s Book, de Eatiociniis in Ludo Alese, and a little Eng- 
lish Piece (which was properly a Translation of it) done by a very in- 
genious Gentleman, who, tho’ capable of carrying the matter a great 
deal fc'ther, was contented to follow his Original; adding only to it 
the computation of the Advantage of the Setter in the Play called 
Hazard; and some few things more. 

82. The work is preceded by a Preface written with vigour 
but not free from coarseness. We will give some extracts, which 
show that the writer was sound in his views and sagacious in 
his expectations. 

It is thought as necessary to write a Preface before a Book, as 
it is judg’d civil, when you invite a Friend to Dinner to proffer him 
a Glass of Hock beforehand for a Whet: And this being maim’d 
enough for want of a Dedication, I am resolv’d it shall not want an 
Epistle to the Header too. I shall not take upon me to determine, 
whether it is lawful to play at Dice or not, leaving that to be dis2Duted 
betwixt the Eanatick Parsons and the Sharpers ; I am sure it is lawful 
to deal with Dice as with other Epidemic Distempers; 

A great part of this Discourse is a Translation from Mons. Huy- 
gens’s Treatise, De ratiociniis in ludo Alese ; one, who in his Improve-^ 
ments of Philosophy, has hut one Superior, and I think few or no 
equals. The whole I imdertook for my own Divertisement, next to 
the Satisfrction of some Friends, who would now and then he wram 
gling about the Proportions of Hazards in some Cases that are here 
decided. All it requir’d was a few spare Hours, and hut little Work 
for the Brain; my Design in publishing it, was to make it of more 
general Use, and perhaps persuade a raw Squire, hy it, to keep his 
Money in his Pocket; and if, upon this account, I should incur the 
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Clamours of the Sharpers, I do not much regard it, since they are 
a sort of People the World is not bound to provide for 

...It is impossible for a Die, with such determin'd force and di- 
rection, not to fall on such a determin'd side, and therefore I call that 
Chance which is nothing but want of Art; 

The Eeader may here observe the Porce of Numbers, which can 
be successfully applied, even to those things, which one would imagine 
are subject to no Eules, There are very few things which we know, 
which are not capable of being reduc’d to a Mathematical Eeasoning; 
and when they cannot, it s a sign our Enowledge of them is very small 
and confus’d ; and where a mathematical reasoning can be had, it’s as 
great folly to make use of any other, as to grope for a thing in the 
dark, when you have a Candle standing by you. I believe the Cal- 
culation of the Quantity of Probability might be improved to a very 
useful and pleasant Speculation, and applied to a great many Events 
which are accidental, besides those of Games; 

...There is likewise a Calculation of the Quantity of Probability 
founded on Experience, to be made use of in Wagers about any tiling; 
it is odds, if a Woman is with Child, but it shall be a Boy; and if 
you would know the just odds, you must consider the Proportion in 
the Bills that the Males bear to the Females: The Yearly Bills of 
Mortality are observ’d to bear such Proportion to the live People as 
1 to 30, or 26; therefore it is an even Wager, that one out of thir- 
teen dies within a Year (which may be a good reason, tho’ not the 
true, of that foolish piece of Superstition), because, at this rat^ if 1 
out of 26 dies, you are no loser. It is but 1 to 18 if you meet a 
Parson in the Street, that he proves to be a Non- Juror, because there 
is but 1 of 36 that are such. 

83. Pages 1 to 25 contain a translation of Huygens’s treatise 
including the five problems which he left unsolved, Eespecting 
these our author says 

The Calculus of the preceding Problems is left out by Mens. Huy- 
gens, on purpose that the ingenious Eeader may have the satisfaction of 
applying the former method himself; it is in most of them more labo- 
rious than difficult : for Example, I have pitch’d upon the second and 
third, because the rest can be solv’d after the same Method. 

Our author solves the second problem in the first of the 
three senses which it may bear according to the Ars Gonjectandi, 

4—2 
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aad lie arrives at the same result as J ames Bernoulli on page 58 
of the Ats Gonjectandi, Our author adds, 

I have suppos’d here the Sense of the Problem to he, that when ary 
one chns’d a Counter, he did not diminish their number ; but if he 
miss’d of a white one, put it in again, and left an equal hazard to him 
who had the following choice j for if it be otherwise suppos’d, -d’s share 


will be 


55 

123 


which is less than 


19 


55 

This result however is wrong in either of the other two 

senses which James Bernoulli ascribes to the problem, for which he 

77 101 

obtains irw;:: and respectively as the results ; see Art. 35. 
loo 


125 


84. Then follow some other calculations about games. We 
have some remarks about the Royal-Oak Lottery which are analo- 
gous to those made on the Play of the Royal Oak by De Moivre 
in the Preface to his Doctrine of Chances. 

A table is given of the number of various throws which can be 
made with three dice. Pages 34 — 39 are taken from Pascal ; they 
seem introduced abruptly, and they give very little that had not 
already occurred in the translation of Huygens’s treatise. 


85. Our author touches on Whist ; and he solves two problems 
about the situation of honours. These solutions are only approxi- 
mate, as he does not distinguish between the dealers and their 
adversaries. And he also solves the problem of comparing the 
chances of two sides, one of which is at eight and the other at 
nine; the same remark applies to this solution. He makes the 
chances as 9 to 7 ; De Moivre by a stricter investigation makes 
them nearly as 25 to 18. See Doctrine of Chances, page 176. 

86. Our author says on page 43, 

All the former Cases can be calculated by the, Theorems laid down 
hy Monsieur Huygens; but Cases more compos’d require other Prin- 
ciples; for the easy and ready Computation of which, I shall add one 
Theorem more, demonstrated after Monsieur Huygens’s method. 

The theorem is : 'rif I have p Chances for a, ^ Chances for J, 
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and r Chances for c, then my hazard is worth — + 

jP .+ y + 

author demonstrates this, and intimates that it may be extended 
to the case when there are also 5 Chances for dy &c. 

Our author then considers the game of Hazard. He gives an 
investigation similar to that in He Moivre, and leading to the 
same results; see Doctrine of Chances, page 160. 

87. The first part of the book concludes thus : 

All those Problems suppose Chances, which are in an equal proba- 
bility to happen; if it should be suppos’d otherwise, there will arise 
variety of Cases of a quite different nature, which, perhaps, ’twere not 
unpleasant to consider : I shall add one Problem of that kind, leaving 
the Solution to those who think it merits their pains. 

In Parallelipipedo cujus latera sunt ad invicem in ratione a, &, c: 
Invenire quot^ vice quivis suscipere potest, ut datum quodvis planum, 
v.g. 0^5 jaciat. 

The problem was afterwards discussed by Thomas Simpson ; it 
is Problem xxvii. of his Nature and Laws of Chance. 

88. It will be convenient to postpone an account of the second 
part of the book until after we have examined the works of De 
Moivre. 


89, We next notice An Arithmetical Paradox, concerning the 
Chances of Lotteries, by the Honourable Francis Eoberts, Esq. ; 
Fellow of the E. S. 

This is published in Vol xvii. of the Philosophical Trans- 

3 1693 ; it occupies pages 677 — 681. 

pose in one lottery that there are three blanks, and three 
ach of 16 pence ; suppose in another lottery that there are 
four blanks, and two prizes each of 2 shillings. How for one 
drawing, in the first lottery the expectation of 16 pence, and in 
the second it is J of 2 shillings ; so that it is 8 pence in each case. 

ara^x which Eoberts finds is this ; suppose that a, gamester 
pays a shillilrgN^r the chance in one of these lotteries; then 
although, as we h£^ just seen, the expectations are equal, yet the 
odds against him arq 3 to 1 in the first lottery, and only 2 to 1 in 
the second. 
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The parados is made hy Roberts himself, by his own arbitrary 
definition of odds. 

Supposing a lottery has a blanks and h prizes, and let eaci 
prize be r shillings ; and suppose a gamester gives a shilling for 
one drawing in the lottery; then Roberts says the odds against 

(t 1 

him are formed by the product of ^ and - — y > 

are as c& to J (r — 1). This is entirely arbitrary. 

The mere algebra of the paper is quite correct, and is a curious 
specimen of the mode of work of the day. 

The author is doubtless the same whose name is spelt Robartes 
in De Moivre’s Preface. 

90. I borrow from Lubbock and Drinkwater an account of a 
work which I have not seen ; it is given on their page 45. 

It is not necessary to do more than mention an essay, by Oraig, on 
the probability of testimony, which appeared in 1699, under the title 
of “Theologias Ohristianse Principia Mathematica.’^ This attempt to 
introduce mathematical language and reasoning into moral subjects can 
scarcely be read with seriousness; it has the appearance of an insane 
parody of Kewton^s Principia, which then engrossed the attention of the 
mathematical world. The author begins by stating that he considers 
the mind as a moyable, and arguments as so many moving forces, by 
which a certain velocity of suspicion is produced, &o. He proves 
gravely, that suspicions of any history, transmitted through the given 
time (cceteris paribios), vary in the duplicate ratio of the times taken 
from the beginning of the history, with much more of the same kind 
with respect to the estimation of equable pleasure, uniformly accele- 
rated pleasure, pleasure varying as any power of the time, <fcc. <feo. 

It is stated in biographical dictionaries that Craig’s work was 
reprinted at Leipsic in 1755, with a refutation by J. Daniel Titius ; 
and that some Animadversiones on it were published by Peterson 
in 1701. 

Prevost and Ihuilier notice Craig’s work in a memoir published 
in the M^moires de V Acad,,., Berlin, 1797. It seems that Craig con- 
cluded that faith in the Gospel so far as it depended on oral tra- 
dition expired about the year 800, and that so far as it depended 
on written tradition it would expire in the year 3150. Peterson 
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by adopting a different law of diminution concluded that faitb 
would expire in 1789. 

See Montmort, page XXXYIII. ; also the Athenceum for Nov. 7th, 
1863, page 611. 

91. A Calculation of the Or edibility of Human Testimony is 
contained in Vol. XXI. of the Philosophical Transactions; it is the 
volume for 1699 : the essay occupies pages 359 — 365. The essay 
is anonymous ; Lubbock and Drinkwater suggest that it may be 
by Craig. 

The views do not agree with those now received. 

First suppose we have successive witnesses. Let a report be 
transmitted through a series of n witnesses, whose credibilities are 
Pi> P 2 ’--Pn • tke essay takes the product as representing 

the resulting probability. 

Next, suppose we have concurrent witnesses. Let there be two 
witnesses ; the first witness is supposed to leave an amount of un- 
certainty represented by 1 —Pi, of this the second witness removes 
the fraction and therefore leaves the fraction (1 —p^ (1 — : 

thus the resulting probability is 1 — (1 — (1 — Similarly 

if there are three concurrent testimonies the resulting probability 
is 1 ~ (1 —pj) (1 —^ 2 ) (1 —jPg) I ^ greater number. 

The theory of this essay is adopted in the article ProbabilitS 
of the original French EnoyclopSdie, which is reproduced in the 
Encyclopedic MSthodique: the article is unsigned, so that we must 
apparently ascribe it to Diderot. The same theory is adopted by 
Bicquilley in his work Du Calcul des ProbabiliUs, 



CHAPTER VII. 

JAMES BEENOULLL 

92. We now propose to give an account of the Ars Conjee- 
tandi of James Bernoulli. 

James Bernoulli is the first member of the celebrated family 
of this name who is associated with the history of Mathematics. 
He was bom 27th December^ 1654, and died 16th August, 1705. 
For a most interesting and valuable account of the whole family 
we may refer to the essay entitled Die Maihematiker Bernoulli, . , 
von Prof, Dr, Peter Merian, Basel, 1860. 

93. Leibnitz states that at his request James Bernoulli studied 
the subject. Feu Mr. Bernoulli a cultiv^ cette mati^re sur mes 
exhortations; Leibnitii Opera Omnia, ed. Dutens, Yol. vi. part 1, 
page 217. But this statement is not confirmed by the correspond- 
ence between Leibnitz and James Bernoulli, to which we have 
already referred in Art. 59. It appears from this correspondence 
that James Bernoulli had nearly completed his work before he 
was aware that Leibnitz had heard any thing about it, Leibnitz 
says, page 71, 

Audio a Te doctrinam de aestimandis probabilitatibus (quam ego 
magni facio) non parum esse excultam. Yellem aliquis varia ludendi 
genera (in quibus pulchra hujus doctrinae specimina) mathematice trac- 
taret. Id simul amoenum et utile foret nec Te aut quocunque gra- 
vissimQ Mathematico indignum. 

James BemoulK in reply says, page 77, 

Scire libenter velim, Amplissime Yir, a quo habeas, quod Doctrina 
de probabilitatibus aestimandis a me excolatur. Yerum est me a plu- 
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ribiis retro annis bujusmodi speculationibtis magnopere delectari, nt vix 
putem, q^uemqTiam plura super bis meditatum esse. Animus etiam 
erat, Tractatum quendam conscribendi de bac materia; sed saepe per 
integros annos seposui, quia naturalis meus torpor, quein accessoria vale- 
tudinis meae infirmitas immane quantum auxit, facit ut aegerrime ad 
scribendum accedam ; et saepe mibi optarem amanuensem, qui cogitata 
mea leviter sibi indicata plene di\rinare, scrip tisque consignare posset. 
Absolvi tamen jam maximam Libri partem, sed deest adbuc praecipua, 
qua artis conjectandi principia etiam ad civilia, moralia et oeconomia 
applicare doceo... 

James Bernoulli then proceeds to speak of the celebrated 
theorem which is now called by his name. 

Leibnitz in his next letter brings some objections against the 
theorem; see page 83: and Bernoulli rephes; see page 87. Leib- 
nitz returns to the subject; see page 94: and Bernoulli briefly 
replies, page 97, 

Quod Y erisimilitudines spectat, et earum augmentum pro aucto sell, 
observationum numero, res onmino se babet ut scripsi, et certus sum 
Tibi placitur^m demonstration em, cum publicavero. 

94. The last letter from James Bernoulli to Leibnitz is dated 
3rd June, 1705. It closes in a most painful manner. We here see 
him, who was perhaps the most famous of all who have borne 
his famous name, suffering imder the combined sorrow arising from 
iUness, from the ingratitude of his brother John who had been 
his pupil, and from the unjust suspicions of Leibnitz who may 
be considered to have been his master : 

Si rumor vere narrat, redibit certe frater meus Basileam, non tamen 
Graecam (cum ipse sit dvaX^ficilBrjTos) sed meam potius stationem (quam 
brevi cum vita me derelicturum, forte non vane, existimat) occupaturus. 
De iniquis suspicionibus, quibus me immerentem onerasti in Tuis pe- 
nultimis, alias, ubi plus otii nactus fuero. bTimc vale et fave etc. 

95. The Ars Conjectandi was not published until eight years 
after the death of its author. The volume of the Hist de 
V Acad,,, Haris for 1705, published in 1706, contains Fontenelleh 
Eloge of James Bernoulli. Fontenelle here gave a brief notice, 
derived from Hermann, of the contents of the Ars Conjectandi 
then impublivshed. A brief notice is also give in another Eloge of 
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James Bernoulli wHcli appeared in the Journal des Sgavam 
for 1706: this notice is attrihnted to Saurin by Montmort; see his 
page W. 

Keferences to the work of James Bernoulli frequently occur in 
the correspondence between Leibnitz and John Bernoulli; see the 
work cited in Art. 59, pages 367, 377, 836, 845, 847, 922, 923, 
925, 931. 

96. The Ars Conjectandi was published in 1713. A preface 
of two pages was supplied by Nicolas Bernoulli, the son of a 
brother of James and John. It appears from the preface that 
the fourth part of the work was left unfinished by its author; the 
publishers had desired that the work should be finished by John 
Bernoulli, but the numerous engagements of this mathematician 
had been an obstacle. It was then proposed to devolve the task 
on Nicolas Bernoulli, who had already turned his attention to 
the Theory of Probability. But Nicolas Bernoulli did not con- 
sider himself adequate to the task ; and by his advice the work 
was finally published in the state in which its author had left it; 
the words of Nicolas Bernoulli are, Suasor itaque fui, ut Tractatus 
iste qui maxima ex parte jam impressus erat, in eodem quo eum 
Auctor reliquit statu cum publico communicaretur. 

The Ars Conjectandi is not contained in the collected edition 
of James Bernoulli’s works. 

97. The-4r5 Conjectandi, including a treatise on infinite series, 
consists of 306 small quarto pages besides the title leaf and the 
preface. At the end there is a dissertation in French, entitled 
LeUre d im Amy^ sur les Parties du Jeu de Paume which occu- 
pies 35 additional pages. Montucla speaks of this letter as the 
work of an anonymous author; see his page 391: but there can 
be no doubt that it is due to James Bernoulli, for to him Nicolas 
Bernoulli assigns it in the preface to the Ars Conjectandi, and 
in his correspondence with Montmort. See Montmort, page 333. 

98. The Ars Conjectandi is divided into four parts. The 
first part consists of a reprint of the treatise of Huygens Pe Pa- 
tiociniis in Ludo Alece, accompanied with a commentary by James 
Bernoulli, The second part is devoted to the theory of permu- 
tations and combinations. The third part consists of the solution 
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of various problems relating to games of chance. The fourth part 
proposed to apply the Theory of Probability to questions of interest 
in morals and economical science. 

We may observe that instead of the ordinaiy symbol of 
equality, =, James Bernoulli uses do, which Wallis ascribes to Bes 
Cartes; see Wallis’s 1693, page 138. 

99. A French translation of the first part of the Ars Con- 
jectandi was published in 1801, under the title of L’AH de 
ConjectuTeT, Traduit du Lcvtin de Jacques BeTnouUi; Avec des 
Observations, Bclairciasemens et Additions. Par L. Q. F. Yastel .. 
Caen. 1801. 

The second part of the Ars Gonjectandi is included in the 
volume of reprints which we have cited in Art. 47; Maseres in 
the same volume gave an English translation of this part. 

100. The first part of the Ars Gonjectandi occupies pages 
1 — 71 ; with respect to this part we may observe that the com- 
mentary by James Bernoulli is of more value than the original 
treatise by Huygens. The commentary supplies other proofs of 
the fundamental propositions and other investigations of the pro- 
blems; also in some cases it extends them. We will notice the 
most important additions made by James BemoiiUi 

101. In the Problem of Points with two players, James 
Bernoulli gives a table which furnishes the chances of the two 
players when one of them wants any number of points not 
exceeding nine, and the other wants any number of points not 
exceeding seven; and, as he remarks, this table may be prolonged 
to any extent; see his page 16. 

102. James Bernoulli gives a long note on the subject of 

the various throws which can be made with two or more dice, 
and the number of cases favourable to each throw. And we may 
especially remark that he constructs a large table which is equi- 
valent to the theorem we now express thus: the number of ways 
in which m can be obtained by throwing n dice is equal to the 
co-eflficient of af" in the development of \x + sd+F + af)" 

in a series of powers of x. See his page 24. 
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103. The tenth problem is to find in how many trials one 
may undertake to throw a six with a common die. James Bernoulli 
gives a note in reply to an objection which he suggests might 
be urged against the result; the reply is perhaps only intended 
as a popular illustration: it has been criticized by Prevost in the 
Nouveaux Memoires de V Acad..., Berlin for 1781. 


101. James Bernoulli gives the general expression for the 
chance of succeeding m times at least in n trials^ when the chance 
of success in a single trial is known. Let the chances of success 

h c 

and failure in a single trial be - and - respectively: then the 


required chance consists of the terms of the expansion of 



from 



to the term which involves 



both inclusive. 


This formula involves a solution of the Problem of Points for 
two players of unequal skill; but James Bernoulli does not ex 
plicitly make the application. 


105. James Bernoulli solves four of the five problems which 
Huygens had placed at the end of his treatise; the solution of the 
fourth problem he postpones to the third part of his book as it 
depends on combinations. 


106. Perhaps however the most valuable contribution to the 
subject which this part of the work contains is a method of solving 
problems in chances which James Bernoulli speaks of as his own, 
and which he frequently uses. We will give his solution of the 
problem which forms the fourteenth proposition of the treatise 
of Huygens; we have already given the solution of Huygens him- 
self; see Art 8L 

Instead of two players conceive an infinite number of players 
each of whom is to have one throw in turn. The game is to 
-end as soon as a player whose turn is denoted by an odd number 
throws a six, or a player whose turn is denoted by an even number 
throws a seven, and such player is to receive the whole sum at 
stake. lict h denote the number of ways in which six can be 
thrown, c the number of ways in which six can fail; so that 6 = 5, 
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and c = SI ; let e denote tlie number of ways in which seven can 
be thrown, and / the number of ways in which seven can fail, so 
that 6 = 6, and /= 30 ; and let a = 6 + c = 6 +/. 

Now consider the expectations of the different players; they 
are as follows: 


I. 

II. 

HI. 

lY. 

V. 

VI. 

YII. 

YIII. 

h 

ce 

hcf 

o^ef 

lef 

cV" 


c^ef 

a’ 

2 > 
a 

a!’ ’ 




a’ ’ 

d • 


For it is obvious that - expresses the expectation of the first 

player. In order that the second player may win, the first throw 
must fail and the second throw must succeed; that is there are ce 

favourable cases out of cases, so the expectation ^ . In 

order that the third player may win, the first throw must fail, 
the second throw must fail, and the third throw must succeed; 
that is there are c fh favourable cases out of a® cases, so the ex- 

pectation is . And so on for the other players. Now let a 


single player, A, be substituted in our mind in the place of the 
first, third, fifth,...; and a single player, B, in the place of the 
second, fourth, sixth,... We thus arrive at the problem proposed 
by Huygens, and the expectations of A and B are given by two 
infinite geometrical progressions. By summing these progressions 

we find that A’s expectation is expectation is 


ce 


the proportion 


the result in Art. 34. 


is that of 30 to 31, which agrees with 


107. The last of the five problems which Huygens left to be 
solved is the most remarkable of all; see Art. 35. It is the first 
example on the Duration of Play^ a subject which afterwards 
exercised the highest powers of He Moivre, Lagrange, and Laplace. 
James Bernoulli solved the problem, and added, without a demon- 
stration, the result for a more general problem of which that of 
Huygens was a particular case; see Ars Conjectandi page 71. 
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Suppose A to have m counters, and B to have n counters ; let their 
chances of winning in a single game be as a to 6 ; the loser in each 
game is to give a counter to his adversary : required the chance of 
each player for w innin g all the counters of his adversary. In the 
case taken by Huygens m and n were equal. 

It will be convenient to give the modern form of solution of 
the problem. 

Let denote A's chance of winning all his adversary’s count- 
ers when he has him self a) counters. In the next game A must 
either win or lose a counter; his chances for these two contin- 
a h 

gencies are and ^ respectively: and then his chances 

of winning aU his adversary’s counters are and respectively. 
Hence 

a , h 

a + o ^ 

This equation is thus obtained in the manner exemplified by 
Huygens in his fourteenth proposition; see Art. 34. 

The equation in Finite Differences may be solved in the or- 
dinary way; thus we shall obtain 

where (7^ and are arbitrary constants. To determine these 
constants we observe that A's chance is zero when he has no 
counters, and that it is unity when he has aU the counters. Thus 
is equal to 0 when a? is 0, and is equal to 1 when x is m + 
Hence we have 

/Z\«i+n 

^m+n 

therefore 0 ^=- • 



To determine jI’s chance at the beginning of the game we 
must put x = m; thus we obtain 



aridr-lf') 
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In precisely the same manner we may find B's chance at any 
stage of the game; and his chance at the beginning of the game 
will be 

lyVi+n * 

It will be observed that the sum of the chances of A and B at 
the beginning of the game is unity. The interpretation of this 
result is that one or other of the players must eventually win 
all the counters; that is, the play must terminate. This might 
have been expected, but was not assumed in the investigation. 

The formula which James Bernoulli here gives will next come 
before us in the correspondence between Nicolas Bemoulh and 
Montmort; it was however first published by De Moivre in his 
De Mensura Sortis, Problem ix., where it is also demonstrated. 

108. We may observe that Bernoulli seems to have found, 
as most who have studied the subject of chances have also found, 
that it was extremely easy to fall into mistakes, especially by 
attempting to reason without strict calculation. Thus, on his 
page 15, he points out a mistake into which it would have been 
easy to fall, nisi nos calculus aliud docuisset He adds. 

Quo ipso proin monemur, ut cauti simus in judicando, nec ratio- 
cinia nostra super quacimque statim analogic in rebus deprehensi fun- 
dare suescamus; quod ipsum tamen etiam ab iis, qui vel maxinid sapere 
videntur, -niTnia frequenter fieri solet. 

Again, on his page 27, 

Quae quidem eum in finem Me adduce, ut pal^m fiat, qukm parum 
fidendum sit ejusmodi ratiociniis, quae corticem tantum attingunt, nec 
in ipsam rei naturam altius penetrant; tametsi in toto vitae usu etiam 
apud sapientissimos quosque nihil sit frequentius. 

Again, on his page 29, he refers to the difficulty which Pascal 
says had been felt by M. de * * * whom James Bernoulli calls 
Anonymus quidam emter^ subacti judicii Yir, sed Geometrise 
expers. James BernouUi adds, 

Hac enim qui imbuti sunt, ejusmodi cvavrto^vctac minimi moran- 
tur, prob^ consch dari innumera, quae admoto calculo aliter se habere 
comperiuntur, quam initio apparebant ; ideoque sedulb cavent, juxtiu id 
quod semel iterumque monui, ne quioquam analogiis temer^ iadbuant. 
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109. The second part of the Ars Conjectandi occupies pages 
72 — 137 : it contains the doctrine of Permutations and Combina- 
tions. James Bernoulli says that others have treated this subject 
before him, and especially Schooten, Leibnitz, "Wallis and Prestet; 
and so he intimates that his matter is not entirely new. He con- 
tinues thus, page 73, 

...tanietsi qusedam non contemnenda de nostro adjecimus, inprimis 
demonstrationem generalem et facilem proprietatis numerorum figura- 
torum, cui csetera pleraque innituntur, et quam nemo quod sciam ante 
nos dedit eniitve. 

110. James Bernoulli begins by treating on permutations; 
he proves the ordinary rule for finding the number of permuta- 
tions of a set of things taken all together, when there are no 
repetitions among the set of things and also when there are. He 
gives a full analysis of the number of arrangements of the verse 
Tot tibi sunt dotes, Virgo, quot sidera coeli ; see Art. 40. He then 
considers combinations; and first he finds the total number of ways 
in which a set of things can be taken, by taking them one at a 
time, two at a time, three at a time, ...He then proceeds to find 
what we should call the number of combinations of n things taken 
r at a time; and here is the part of the subject in which he 
added most to the results obtained by his predecessors. He 
gives a figure which is substantially the same as Pascahs Arith- 
metical Triangle; and he arrives at two results, one of which 
is the well-known form for the Tzth term of the rth order of 
figurate numbers, and the other is the formula for the sum of 
a given number of terms of the series of figurate numbers of a 
given order ; these results are expressed definitely in the modem 
notation as we now have them in works on Algebra. The mode of 
proof is more laborious, as might be expected. Pascal as we have 
seen in Arts. 22 and 41, employed without any scruple, and indeed 
rather with approbation, the method of induction : James Bernoulli 
however says, page 95,... modus demonstrandi per inductionem 
parhm scientificus est. 

James BemoulK names his predecessors in investigations on 
figurate numbers in the following terms on his page 95 : 

IMulti, ut hoc in transitu notemus, numerorum figuratorum contem- 
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plationibus vac^ront (quos inter FanlhaberTis et E-emmelini ULmenses, 
Wallisius, Mercator in Logaritlimoteclinia, Prestetns, aliiqtte)... 

111. We may notice* that James Bernoulli gives incidentally 
on his page 89 a demonstration of the Binomial Theorem for the 
case of a positive integral exponent. Maseres considers this to 
be the first demonstration that appeared; see page 233 of the 
work cited in Art. 47. 


112. From the summation of a series of figurate numbers 
James Bernoulli proceeds to derive the summation of the powers 
of the natural numbers. He exhibits definitely 'tn, 
up to ; he uses the symbol / where we in modern books use S. 
He then extends his results by induction without demonstration, 
and introduces for the first time into Analysis the coefl&cients since 
so famous as the numbers of Bernoulli. His general formula is that 






c (c — 1) (c — 2) (c — 3) {<? — 4) 

2 . 3 . 4 . 5. 6 


Cn" 


where 


c(c-l)(o-2) (c-3)(c-4)(c-5)(c-6) ^ 

2 , 3 . 4 . 5 .‘ 6 . 7 . 8 

. 1 T> 1 (y L. 7) — —A 


30’ 


He gives the numerical value of the sum of the tenth powers 
of the first thousand natural numbers ; the result is a number 
with thirty-two figures. He adds, on his page 98, 

E quibus apparet, qusLm inutilis censenda sit opera Ismaelis Bul- 
quam conscribendo tarn spisso volumini Arithmeticse su* Infini- 
torum impendit, ubi nihil prsestitit aliud, quiim ut primarum tantum 
sex potestatum summas (partem ejus quod uiii«4 nos consecuti sumus 
paging) immenso labors demonstratas exhiberet. 

For some account of Bulliald’s spismm volwnen, see Wallis’s 
Algebra^ Chap. Lxxx. 

113. James Bernoulli gives in his fourth Chapter the rule 
now well known for the number of the combinations of n things 

5 
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taken o at a time. He also draws various simple inferences from 
the rule. He digresses from the subject of this part of his book to 
resume the discussion of the Problem of Points ; see his page 107. 
He gives two methods of treating the problem by the aid of 
the theory of combinations. The first method shews how the 
table which he had exhibited in the first part of the Ars Con- 
jectandi might be continued and the law of its terms expressed; 
the table is a statement of the chances of A and B for winning 
the game when each of them wants an assigned number of points. 
Pascal had himself given such a table for a game of six points ; 
an extension of the table is given on page 16 of the Ars Con- 
jectandij and now James Bernoulli investigates general expressions 
for the component numbers of the table. From his investigation 
he derives the result which Pascal gave for the case in which one 
player wants one point more than the other player. J ames Ber- 
noulli concludes this investigation thus ; Ipsa solutio Pascaliana, 
qum Auctori suo tantopere arrisit. 

James Bernoulli’s other solution of the Problem of Points is 
much more simple and direct, for here he does make the application 
to which we alluded in Art. 10-1. Suppose that A wants m points 
and B wants n points ; then the game will certainly be decided in 
-f n — 1 trials. As in each trial A and B have equal chances 
of success the whole number of possible cases is And 

A wins the game if B gains no point, or if B gains just one point, 
or just two points,... or any number up to — 1 inclusive. Thus 
the number of cases favourable to A is 

2 [3 

where — 1. 

Pascal had in effect advanced as far as this; see Art. 23: but 
the formula is more convenient than the Arithmetical Triangle, 

114. In his fifth Chapter James Bernoulli considers another 
question of combinations, namely that which in modern treatises is 
enunciated thus : to find the number of homogeneous products of 
the degree which can be formed of n symbols. In his sixth 
Chapter he continues this subject, and makes a slight reference to 
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the doctrine of the number of divisors of a given number; for 
more information he refers to the works of Schooten and Wallis, 
which we have already examined ; see Arts. 42, 47. 

115. In his seventh Chapter James Bernoulli gives the for- 
mula for what we now call the number of permutations of n things 
taken c at a time. In the remainder of this part of his book he 
discusses some other questions relating to permutations and com- 
binations, and illustrates his theory by examples. 

116. The third part of the Ars Conjectandi occupies pages 
138 — 209; it consists of twenty-four problems which are to illus- 
trate the theory that has gone before in the book. J ames Ber- 
noulli gives only a few lines of introduction, and then proceeds to 
the problems, which he says, 

...nullo fere habito select u, prout in adversariis reperi, proponam, prse- 
missis etiam vel interspersis nonnullis facilioribns, et in quibus nnUus 
combinationnm usus apparet. 

117. The fourteenth problem deserves some notice. There 
are two cases in it, but it will be sufficient to consider one of 
them. A is to throw a die, and then to repeat his throw as many 
times as the number thrown the first time. -4 is to have the 
whole stake if the sum of the numbers given by the latter set of 
throws exceeds 12; he is to have half the stake if the sum is 
equal to 12 ; and he is to have nothing if the sum is less than 
12. Eequired the value of his expectation. It is found to be 

wMcli is rather less than J. After giving the correct 
31104 ^ 

solution James Bernoulli gives another which is plausible but 
false, in order, as he says, to impress on his readers the necessity 
of caution in these discussions. The following is the false solution. 

A has a chance equal to g of throwing an ace at his first trial; 

in this case he has only one throw for the stake, and that throw 
may give bim with equal probability any number between 1 and 6 

inclusive, so that we may take ^ (1 + 2 + 34-4 + 5 + 6), that is 

34, for his mean throw. We may observe that is the Anth- 
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metical mean between 1 and 6. Again A has a chance equal to ^ 

of throwing a two at his first trial; in this case he has two throws 
for the stake, and these two throws may give him any number 
between 2 and 12 inclusive; and the probability of the number 
2 is the same as that of 12, the probability of 3 is the same as 

that of 11, and so on; hence as before we may take ^ (2 + 12), 

that is 7, for his mean throw. In a similar way if three, four, 
five, or six be thrown at the first trial, the corresponding means 
of the numbers in the throws for the stake will be respectively 
104 14, 17J, and 21, Hence the mean of all the numbers is 

g {'3J- + 7 + 10 J + 14 + 17^ + 21}, that is 12 ^ ; 

and as this number is greater than 12 it might appear that the 
odds are in favour of A, 

A false solution of a problem will generally appeal’ more plau- 
sible to a person who has originally been deceived by it than to 
another person who has not seen it until after he has studied the 
accurate solution. To some persons James Bernoulli’s false solu- 
tion would appear simply false and not plausible; it leaves the 
problem proposed and substitutes another which is entirely differ- 
ent. This may be easily seen by taking a simple example. 
Suppose that A instead of an equal chance for any number of 
throws between one and six inclusive, is restricted to one or six 
throws, and that each of these two cases is equally likely. Then, 

as before, we may take i {3^ + 21}, that is 12 J as the mean 

throw. But it is obvious that the odds are against him; for if 
he has only one throw he cannot obtain 12, and if he has six 
throws he will not necessarily obtain 12. The question is not 
what is the mean number he will obtain, but how many throws 
will give him 12 or more, and how many will give him less than 12. 

James Bernoulli seems not to have been able to make out 
more than that the second solution must be false because the first 
is unassailable; for after saying that from the second solution we 
might suppose the odds to be in favour of A, he adds, Hujus 
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autem contrarium ex priore solutione^ qiise sua luce radiat, ap- 
paret; ... 

The problem has been since considered by Mallet and by Fuss, 
who agree with James Bernoulli in admitting the plausibility of 
the false solution. 

118. James Bernoulli examines in detail some of the games of 
chance which were popular in his day. Thus on pages 167 and 168 
he takes the game called Oinq et neuf. He takes on pages 169 — 171^ 
a game which had been brought to his notice by a stroller at 
fairs. According to James Bernoulli the chances were against the 
stroller, and so as he says, istumque proin hoc alese genere, ni 
praemia minuat, non multum lucrari posse. We might desire to 
know more of the stroller who thus supplied the occasion of an 
elaborate discussion to James Bernoulli, and who offered to the 
public the amusement of gambhng on terms unfavourable to 
himself 

James Bernoulli then proceeds to a game called Trijaques. 
He considers that, it is of great importance for a player to main- 
tain a serene composure even if the cards are unfavourable, and 
that a previous calculation of the chances of the game will assist 
in securing the requisite command of countenance and temper. 
As James Bernoulli speaks immediately afterwards of ,wi^t he 
had himself formerly often observed in the game, we may perhaps 
infer that Trijaques had once been a favourite amusement with 
him. 

119. The nineteenth problem is thus enunciated, 

In quolibet Alese genere, si ludi Oeconomus sen Dispensator {le 
JBanquier du Jev) nonnihil habeat prserogativa in eo consistentis, ut panlo 
major sit casuum numeriis quibus vincit qiiam quibus perdit j et major 
simul casuum numerus, quibus in officio Oeconomi pro ludo sequent! 
confirmatur, qu^m quibus oeconomia in collusorem transfertur. Quaeritur, 
quanti privilegium hoc Oeconomi sit sestimandum h 

The problem is chiefly remarkable from the fact that James 
Bernoulli candidly records two false solutions which occurred to 
him before be obtained the true solution. 

120. The twenty-first problem relates to the game of Bassette; 
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James Bernoulli devotes eight pages to it, liis oDjeCT oeing to 
estimate the advantage of the banker at the game. See Art. 74. 

The last three problems which James Bernoulli discusses 
arose from his observing that a certain stroUer, in order to entice 
persons to play with him, offered them among the conditions of 
the game one which was apparently to their advantage, but 
which on investigation was shewn to be really pernicious, see his 
pages 208, 209. 

121. The fourth part of the Ars Conjectandi occupies pages 

210 239; it is entitled Pars Quarta, tradens mum et application 

Ticm prcBcodcTitis PoctriifiCB in GirilihuS) iMoralihm 6t OccoTiomicis. It 
was unfortunately left incomplete by the author; but nevertheless 
it may be considered the most important part of the whole work. 
It is divided into five Chapters, of which we wiU give the titles. 

I. Prceliminaria qucedam do GoTtitudiyio, ProhahilitatB, Neces- 
sitate, et Gontingentia Rerum, 

n. Be Scientia et Gonjectura, Be Arte Gonjectandi. Be 
Argumentis Conjecturarum, Axiomata qucedam generalia hue 
pertinentia, 

in. Be variis argumentorum generibus, et quomodo eorum 
pondera cestimentur ad supputandas rerum probabilitates, 

IV. Be duplici Modo investigandi numeros casuum. Quid 
seniiendvm de iUo, qui instituitur per experimenta, Problema 
swgvdare earn in rem propositum, &c. 

V. Bolutio Problematis prcecedentis, 

122. We will briefly notice the results of James Bernoulli 
as to the probability of arguments. He distinguishes arguments 
into two kinds, pure and mixed. He says. Pur a voco, quae in qui- 
busdam casibus ita rem probant, ut in aliis nihil positive probent : 
Mixta, quae ita rem probant in casibus nonnuUis, ut in caeteris 
probent contrarium rei. 

Suppose now we have three arguments of the pure kind lead- 
ing to the same conclusion; let their respective pi'obabilities be 
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1~~. Then the resulting probability of the con- 

elusion is 1 — This is obvious from the consideration that 
adg 

any one of the arguments would establish the conclusion^ so that 
the conclusion fails only when all the arguments fail. 

Suppose now that we have in addition two arguments of the 

O' i 

mixed kind: let their respective probabilities be T+u‘ 

Then James Bernoulli gives for the resulting probability 


1 - 


efiru 


adg (p,b + qt) 


But this formula is inaccurate. For the supposition g = 0 amounts 
to having one argument absolutely decisive against the conclusion, 
while yet the formula leaves still a certain probability for the 
coBjclusion. The error was pointed out by Lambert; see Prevost 
and Lhuilier, MSmoires de UAcad,*^ •Berlin for 1V97. 


123. The most remarkable subject contained in the fourth 
part of the Ars Conjectandi is the enunciation and investigation 
of what we now call Bernoulli's Theorem. It is introduced in 
terms which shew a high opinion of its importance : 

Hoc igitur est illud Problema, quod evulgandum hoc loco proposui, 
postquam jam per vicennium pressi, et cujus turn novitas, turn summa 
utilitas cum pari conjuncta dif&cultate omnibus reliquis hujus doc- 
trinse capitibus pondus et pretium superaddere potest. Ars Gonjectundiy 
page 227. See also De Moivre’s Doctrim of Chances, page 254. 

^We will now state the purely algebraical part of the theorem. 
Suppose that {r + sY is expanded by the Binomial Theorem, the 
letters all denoting integral numbers and t being equal to r + s. 
Let u denote the sum of the greatest term and the n preceding 
terms and the n following terms. Then by taking n large enough 
the ratio of u to the sum of aU the remaining terms of the expan- 
sion may be made as great as we please. 

If we wish that this ratio should not be less than c it will be 
sufficient to take n equal to the greater of the two following ex- 
pressions, 
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log c + log (s-1) 

fl+ * 

s 

log (r+1) -logr 


r-irl' 

log c + log (r — 1) 

fl + ^ 1 

r 

log (s+1)- logs 

V S + 1/ 

s + 1 


James BemoiiUi’s demonstration of this result is long but 
perfectly satisfactory; it rests mainly on the fact that the terms 
in the Binomial series increase continuously up to the greatest 
term, and then decrease continuously. We shall see as we proceed 
with the history of our subject that James Bernoulli’s demonstra- 
tion is now superseded by the use of Stirling’s Theorem. 


124. Let us now take the application of the algebraical result 
to the Theory of Probability. The greatest term- of (r + where 
t=r+s is the term involving Let r and s be proportional to 

the probability of the happening and failing of an event in a single 
trial. Then the sum of the 2?i-f 1 terms of (r+sY^ which have the 
greatest term for their middle term corresponds to the probability 
that in nt trials the number of times the event happens will lie 
between (r — 1) and n{r-^ 1), both inclusive ; so that the ratio 
of the number of times the event happens to the whole number of 
r+l r^l 

trials lies between — - — and — - — . Then, by taking for n the 
t t 

greater of the two expressions in the preceding article, we have 
the odds of c to 1 ,, that the ratio of the number of times the event 

happens to the whole number of trials lies between ^ and 

t 

r-\ 


As an example James Bernoulli takes 

r = 30, s=20, f=50. 


He finds for the odds to be 1000 to 1 that the ratio of the 
number of times the event happens to the whole number of trials 
31 29 

shall lie between ^ and — , it will be auflScient to make 25550 

trials ; for the odds to be 10000 to 1, it will be suflScient to make 
31258 trials ; for the odds to be 100000 to 1, it will be sufficient 
to make 36966 trials; and so on. 
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125. Suppose then that we have an um containing white halls 
and black balls, and that the ratio of the number of the former 
to the latter is known to he that of 3 to 2. We learn from the 
preceding result that if we make 25550 drawings of a single ball, 
replacing each ball after it is drawn, the odds are 1000 to 1 that 


31 29 

the white balls drawn lie between — and — of the whole num- 

50 50 


her drawn. This is the direct use of James Bernoulli’s theorem. 
But he himself proposed to employ it inversely in a far more 
important way. Suppose that in the preceding illustration we 
do not know anything beforehand of the ratio of the white balls 
to the black ; but that we have made a large number of drawings, 
and have obtained a white ball R times, and a black ball 8 times; 
then according to James Bernoulli we are to infer that the 
ratio of the white balls to the black balls in the um is approxi- 
R 

mately ^ . To determine the precise numerical estimate of the 


probability of this inference requires further investigation : we 
shall find as we proceed that this has been done in two ways, 
by an inversion of James Bernoulli’s theorem, or by the aid of 
another theorem called Bayes’s theorem ; the results approximately 
agree. See Laplace, ThSorie...des Proh.,.. pages 282 and 366. 


126. We have spoken of the inverse use of James Bernoulli’s 
theorem as the most important; and it is clear that he himself 
was fully aware of this. This use of the theorem was that which 
Leibnitz found it difficult to admit, and which James Bernoulli 
maintained against him; seethe correspondence quoted in Art. 59, 
pages 77, 83, 87, 94?, 97. 

127. A memoir on infinite series follows the Ars Oonjectandi, 
and occupies pages 24?1 — 306 of the volume ; this is contained in 
the collected edition of James Bernoulli’s works, Geneva, 1744 : it 
is there broken up into parts and distributed through the two 
volumes of which the edition consists. 

This memoir is unconnected with our subject, and we will 
therefore only briefly notice some points of interest which it 
presents. 
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128. James Bernoulli enforces the importance of the subject 
in the following terms, page 243, 

Cseterum quantse sit necessitatis pariter et utilitatis hsec serierum 
contemplatio, ei sane ignotum esse non poterit, qui perspectum habuerit, 
ejusmodi series sacram quasi esse anchoram, ad quain in maxime arduis 
et desperatse solutionis Problematibus, ubi omnes alias huinani ingenii 
vires naufragium passse, velut ultimi remedii loco confugiendum est. 

129. The principal artifice employed by James Bernoulli in 
this memoir is that of subtracting one series from another, thus 
obtaining a third series. For example, 

let s.l + ! + |+...+;^, 

then S= l + + - + J + 


therefore 0 = — 1 + + ... + 


+ 


(n -b 1) n + 1 ’ 


therefore -z — ^ ^ + o — 7 + • • • 4 — ? — rrr 

1.2 2.3 3.4 n{Ti + l) 


:^1 - 


n+l' 


Thus the sum of n terms of the series, of which the term is 
1 . n 

r (r -f 1) ^ 71 + 1 ’ 


130. James Bernoulli sajys that his brother first observed 

that the sum of the infinite series + •••is infinite : 

1 2 3 4 ’ 

and he gives his brother’s demonstration and his own; see his 

page 250. 

131. James Bernoulli shews that the sum of the infinite series 
1111 

1 2^'i' ^ confesses himself unable to give 

the sum. He says, page 254, Si quis inveniat nobisque commu- 
nicet, quod industriam nostram elusit hactenus, magnas de nobis 

gratias feret. The sum is now known to be ; this result is due 

to Euler : it is given in bis Introductio in Analysin Infinitorum, 
1748, Vol. I. page 130. 
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182. James Bernoulli seems to be on more familiar terms 
with infinity than mathematicians of the present day. On his 
page 262 we find him stating, correctly, that the sum of the infinite 


1111 

series ^ ^ ^ is infinite, for the series is greater 


than J + l + l + i + ■•• 


He adds that the sum of all the odd 


terms of the first series is to the sum of all the even terms as 
V2 — 1 is to 1 ; so that the sum of the odd terms would appear to 
be less than the sum of the even terms, which is impossible. But 
the paradox does not disturb James Bernoulli, for he adds, 

...cujus €vavTto<3f>av€6as rationem, etsi ex infiniti natura finito intel- 
lectui comprehendi non posse videatur, nos tamen satis perspectam 
habemus. 


133. At the end of the volume containing the Ars Conjectaiidi 
we have the Lettre ct un Amy, $ur les Parties du Jeu de Paume, 
to which we have alluded in Art. 97. 

The nature of the problem discussed may be thus stated. 
Suppose A and B two players ; let them play a set of games, say 
five, that is to say, the player gains the set who first wins five 
games. Then a certain number of sets, say four, make a match. 
It is required to estimate the chances of A and B in various states 
of the contest. Suppose for example that A has won two sets, 
and B has won one set ; and that in the set now current A has 
won two games and B has won one game. The problem is thus 
somewhat similar in character to the Problem of Points, but more 
complicated. James Bernoulli discusses it very fully, and presents 
his result in the form of tables. He considers the case in which the 
players are of unequal skill ; and he solves various problems arising 
from particular circumstances connected with the game of tennis 
to which the letter is specially devoted. 

On the second page of the letter is a very distinct statement 
of the use of the celebrated theorem known by the name of Ber- 
noulli ; see Ai*t. 123. 

134. One problem occurs in Lettre d un Amy,., which 
it may be interesting to notice. 

Suppose that A and B engage in play, an<i that each in turn 
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by the laws of the game has an advantage over his antagonist. Thus 
suppose that A's chance of winning in the 1st, 3rd, 5th... games is 
always p, and his chance of losing and in the 2nd, 4th, 6th... 
games suppose that A's chance of winning is ^ and his chance of 
losing p. The chance of B is found by taking that of A from 
unity ; so that B's chance is p or ^ according as -i’s is q or p. 

Now let A and B play, and suppose that the stake is to be 
assigned to the player who first wins n games. There is however to 
be this peculiarity in their contest : If each of them obtains ~ 1 
games it will be necessary for one of them to win two games in 
succession to decide the contest in his favour \ if each of them 
wins one of the ne^t two games, so that each has scored n games, 
the same law is to hold, namely, that one must win two games in 
succession to decide the contest in his favour ; and so on. 

Let us now suppose that n = 2, and estimate the advantage of 
A. Let X denote this advantage, S the whole sum to be gained. 

Now -4 may win the first and second games ; his chance for 
this is pq^, and then he receives 8, He may win the first game, 
and lose the second ; his chance for this is p^. He may lose the 
first game and win the second; his chance for this is gl In the 
last two cases his position is neither better nor worse than at first ; 
that is he may be said to receive x. 


Thus 

therefore 


x^pq 

pq 8 


X — 


2 ' 


8 


Hence of course jB’s advantage is also ^ • Thus the players 


are on an equal footing. 

James Bernoulli in his way obtains this result. He says that 
whatever may be the value of n, the players are on an equal foot- 
ing; he verifies the statement by calculating numerically the 
chances for n = 2, 3, 4 or 5, taking = 2^. See his pages 18, 19. 

Perhaps the following remarks may be suflScient to shew that 
whatever n may be, the players must be on an equal footing. By 
the peculiar law of the game which we have explained, it follows 
that the contest is not decided until one player has gained at least 
n games, and is at least two games in advance of his adversary. 
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Thus the contest is either decided in an even number of games, 
or else in an odd number of games in which the victor is at least 
three games in advance of his adversary: in the last case no ad- 
vantage or disadvantage will accrue to either player if they play 
one more game and count it in. Thus the contest may be con- 
ducted without any change of probabilities under the following 
laws : the number of games shall be even, and the victor gain not 
less than n and be at least two in advance of his adversary. But 
since the number of games is to be even we see that the two 
players are on an equal footing. 

185. Gouraud has given the following summary of the merits 
of the Ars Gonjectandi ; see his page 28 : 

Tel est ce livi'e de VArs conjectandi, livre qui, si Ton consid^re le 
temps oil il fut compost, roriginalit6, I’^tendue et la penetration 
d’esprit qu’y montra son auteur, la fecondite etonnante de la constitution 
scientifique qu’il donna au Calcul des probabilites, rinfluence enfin qu'il 
devait exercer sur deux si^cles d’analyse, pourra sans exageration etre 
regarde comme un des monuments les plus impoi'tants de Thistoire des 
mathematiques. H a place ^ jamais le nom de Jacques Bernoulli parmi 
les noms de ces inventeurs, ^ qui la posterite reconnaissante reports tou- 
jours et ^ bon droit, le plus pur merite des decouvertes, que sans leur 
premier effort, elle n’aurait jamais su faire. 

This panegyric, however, seems to neglect the simple fact of 
the date of publication of the Ars Gonjectandi^ which was really 
subsequent to the first appearance of Montmort and De Moivre in 
this field of mathematical investigation. The researches of J ames 
Bernoulli were doubtless the earlier in existence, but they were 
the later in appearance before the world ; and thus the influence 
which they might have exercised had been already produced. The 
problems in the first three parts of the Ars Gonjectandi cannot be 
considered equal in importance or difficulty to those which we 
find investigated by Montmort and De Moivre ; but the memorable 
theorem in the fourth part, which justly bears its author s name, 
will ensure him a permanent place in the history of the Theory of 
Probability. 
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MONTMOET. 

136. The work wHck next claims attention is that of Mont- 
mort; it is entitled Essai Analyse sur les Jeux de Hazards. 

Fontenelle’s Eloge de M. de Montmort is contained in the 
volume for 1719 of the Hist, de T Acad... Paris, which was pub- 
lished in 1721 ; from this we take a few particulars. 

Pierre Eemond de Montmort was born in 1678. Under the 
influence of his guide, master, and friend, Malebranche, he devoted 
himself to religion, philosophy, and mathematics. He accepted 
with reluctance a canonry of N6tre-Dame at Paris, which he re- 
linquished in order to marry. He continued his simple and 
retired life, and we are told that, ^ar un honheur assez singulier 
le maHage lui rendit sa mcdson plus agreable. In 1708 he pub- 
lished his work on Chances, where with the courage of Columbus 
he revealed a new world to mathematicians. 

After Montmort’s work appeared De Moivre published his essay 
Pe Mensv/ra Sortis. Fontenelle says, 

Je ne dissimulerai point qni M. de Montmort fut vivement piqu6 
de cet ouvrage, qni Ini parnt avoir €t6 enti^rement fait snr le sien, et 
d’apr^s le sien. H est vrai, qn’il y 6toit lon6, et n’6toit-ce pas assez, 
dira-t-on 1 mais nn Seigneur de fief n’en qnittera pas pour des lonanges 
cehii qn’il pretend Ini devoir foi et hommage des terres qn’il tient de 
ini. Je parle selon sa .pretention, et ne decide nullement s’il etoit en 
efiet le Seigneur. 

Montmort died of small pox at Paris in 1719. He had been 
engaged on a work entitled Histoire de la Geometric, but had not 
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proceeded far with it; on this subject Foutenelle has some inter- 
esting remarks. See also Montucla’s Histoire des Mathematiques, 
first edition, Preface, page vii. 

137. There are two editions of ‘Montmort’s work; the first 
appeared in 1708; the second is sometimes said to have appeared 
in 1713, but the date 1714 is on the title page of my copy, which 
appears to have been a present to 's Gravesande from the author. 
Both editions are in quarto; the first contains 189 pages with 
a preface of XXIV pages, and the second contains 414 pages with 
a preface and advertisement of XLil pages. The increased bulk 
of the second edition arises, partly from the introduction of a 
treatise on combinations which occupies pages 1 — 72, and partly 
from the addition of a series of letters which passed between 
Montmort and Nicholas Bernoulli with one letter from John 
Bernoulli. The name of Montmort does not appear on the title 
page or in the work, except once on page 338, where it is used 
with respect to a place. 

Any reference which we make to Montmort’s work must be 
taken to apply to the second edition unless the contrary is stated. 

Montucla says, page 394, speaking of the second edition of 
Montmort’s work, Cette Edition, ind^pendamment de ses aug- 
mentations et corrections faites a la premiere, est remarquable par 
de belles gravures a la t^te de chaque partie. These engravings 
are four in number, and they occur also in the first edition, and of 
course the impressions will naturally be finer in the earlier edition. 
It is desirable to correct the error implied in Montucla’s state- 
ment, because the work is scarce, and thus those who merely wish 
for the engravings may direct their attention to the first edition, 
leaving the second for mathematicians. 

138. Leibnitz corresponded with Montmort and his brother; 
and he records a very favourable opinion of the work we are now 
about to examine. He says, however, J'aurois souhait^ les loix 
des Jeux un pen mieux decrites, et les termes expliqu^s en faveur 
des strangers et de la postdrit^. Leibnitii Opera Omnia, ed. 
Dutens, Vol. v. pages 17 and 28. 

Eeference is also made to Montmort and his book in the cor- 
respondence between Leibnitz and J ohn and Nidbolas Bernoulli ; 
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see tlie work cited in Art. 59,- pages 827, 836, 837, 842, 846, 903, 
985, 987, 989. / * . 

139. We will now give a detailed account of Montmorfs 
work 5 we will take the second edition ,as our standard, and point 
out as occasion may require when our remarks do not apply to 
the first edition also. 

140. The preface occupies xxiv pages. Montmort refers to 
the fact that James Bernoulli had been engaged on a work entitled 
De arte conjectandi, which his premature death had prevented him 
from completing. Montmort’s introduction to these studies had 
arisen from the request of some friends that he would determine 
the advantage of the banker at the game of Pharaonj and he had 
been led on to compose a work which might compensate for the 
loss of Bernoulli’s. 

Montmort makes some judicious observations on the foolish 
and superstitious notions which were prevalent among persons 
devoted to games of chance, and proposes to check these by shew- 
ing, not only to such persons but to men in general, that there 
are rules in chance, and that for want of knowing these rules 
mistakes are made which entail adverse results; and these results 
men impute to destiny instead of to their own ignorance. Per- 
haps however he speaks rather as a philosopher than as a gambler 
when he says positively on his page YIII, 

On joueroit sans donte avec plus d’agrement si Ton pouvoit s^avoir 
k chaque coup I’esperance qu’on a de gagner, ou le risque que Ton court 
de perdre. On seroit plus tranquile sur les 6venemens du jeu, et on 
sentdroit mieux le ridicule de ces plaintes continuelles ausquelles se 
laissent aller la plupart des Joueurs dans les rencontres les plus com- 
munes, lorsqu’elles leur sont contraires. 

141. Montmort divides his work into four parts. The first 
part contains the theory of combinations ; the second part discusses 
certain games of chance depending on cards; the third part dis- 
cusses certain games of chance depending on dice; the fourth 
part contains the solution of various problems in chances, including 
the five problems proposed by Huygens. To these four parts 
must be added the letters to which we have alluded in Art. 137. 
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Montmort gives his reasons for not devoting a part to the appli- 
cation of his subject to political, economical, and moral questions, 
in conformity with the known design of James Bernoulli; see his 
pages XIII — XX. His reasons contain a good appreciation of the 
difficulty that must attend all such applications, and he thus states 
the conditions under which we may attempt them with advantage: 
I"", borner la question que Ton se propose h, un petit nombre de 
suppositions, ^tablies sur des faits certains; 2° faire abstraction de 
toutes les circonstances ausquelles la liberte de I’homme, cet 
dcueil perpetuel de nos connoissances, pourroit avoir quelque part. 
Montmort praises highly the memoir by Halley, which we have 
already noticed ; and also commends Petty’s Political Arithmetic; 
see Arts. 57, 61. 

Montmort refers briefly to his predecessors, Huygens, Pascal, 
and Fermat. He says that his work is intended principally for 
mathematicians, and that he has fully explained the various games 
which he discusses because, pour Tordinaire les S 9 avans ne sont 
pas Joueurs; see his page xxill. 

142. After the preface follows an Avertissemefiit which was not 
in the first edition. Montmort says that two small treatises on 
the subject had appeared since his first edition; namely a thesis 
by Nicolas Bernoulli De arte conjectandi in Jure, and a memoir 
by De Moivre, De mensura sortis. 

Montmort seems to have been much displeased with the 'terms 
in which reference was made to him by De Moivre. De Moivre 
had said, 

Hugenius, primus quod sciam regulas tradidit ad istius generis Pro- 
blematum Solutionem, quas nuperrimus autor Gallus variis exemplis 
pulchre illustravit ; sed non videntur viri clarissimi ea simplicitate ac 
generalitate usi fuisse quam natura rei postulabat : etenim dum plures 
quantitates incognitas usurpant, ut varias Collusorum conditiones re- 
praesentent, calculum suum nimis perplexum reddunt ; dumque Collu- 
sorum dexteritatem semper aequalem ponunt, doctrinam hanc ludorum 
intra limites nimis arctos continent. 

Montmort seems to have taken needless offence at these words ; 
he thought his own performances were undervalued, and accord- 
ingly he defends his own claims : this leads him to give a sketch^ 

6 
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of the history of the Theory of Probability from its origin. He 
attributes to himself the merit of having explored a subject which 
had been only slightly noticed and then entirely forgotten for 
sixty years; see his page XXX. 

143. The first part of Montmort’s work is entitled TraiU des 

CoWjhiuo/isous it occupies pages 1 72. Montmort says, on his 

page xxv, that he has here collected the theorems on Combina- 
tions which were scattered over the work in the first edition, and 
that he has added some theorems. 

Montmort begins by explaining the properties of Pascal’s Arith- 
metical Triangle. He gives the general expression for the term 
which occupies an assigned place in the Arithmetical Triangle. He 
shews how to find the sum of the squares, cubes, fourth powers,... 
of the first n natural numbers. He refers, on his page 20, to a 
book called the New introduction to the Mathematics written by 
M. Johnes, S 9 avant Geometre Anglois. The author here meant is 
one who is usually described as the father of Sir William Jones. 
Montmort then investigates the number of permutations of an 
assigned set of things taken in an assigned number together. 

144. Much of this part of Montmort’s work would however 
be now considered to belong rather to the chapter on Chances 
than to the chapter on Combinations in a treatise on Algebra. 
We have in fact numerous examples about drawing cards and 
throwing dice. 

We will notice some of the more interesting points in this 
part. We may remark that in order to denote the number of 
combinations of n things taken r at a time, Montmort uses the 
symbol of a small rectangle with n above it and r below it. 

145. Montmort proposes to establish the Binomial Theorem; 
see his page 32. He says that this theorem may be demonstrated 
in various ways. His own method will be seen from an example. 
Suppose we require {a 4- 6)^ Conceive that we have four counters 
each having two faces, one black and one white. Then Montmort 
has already shewn by the aid of the Arithmetical Triangle that 
if the four counters are thrown promiscuously there is one way 
in which all the faces presented will be black, four ways in which 
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three faces will be black and one white, six ways in which two 
faces will be black and two white; and so on. Then he reasons 
thus: we know by the rules for multiplication that in order to 
raise a + hio the fourth power (1) we must take the fourth power 
of a and the fourth power of 6, which is the same thing as taking 
the four black faces and the four white faces, (2) we must take 
the cube of a with 6, and the cube of h with a in as many ways as 
possible, which is the same thing as taking the three black faces 
with one white face, and the three white faces with one black 
face, (3) we must take the square of a with the square of 6 in 
as many ways as possible, which is the same thing as taking the 
two black faces with the two white faces. Hence the coefficients 
in the Binomial Theorem must be the numbers 1, 4, 6, which we 
have already obtained in considering the cases which can arise 
with the four counters. 

146. Thus in fact Montmort argues ^ priori that the coeffi- 
cients in the expansion of {a + 6)" must be equal to the numbers of 
cases corresponding to the different ways in which the white and 
black faces may appear if n counters are thrown promiscuously, 
each counter having one black face and one white face. 

Montmort gives on his page 84 a similar interpretation to 
the coefficients of the multinomial theorem. Hence we see that 
he in some cases passed from theorems in Chances to theorems in 
pure Algebra, while we now pass more readily from theorems in 
pure Algebra to their application to the doctrine of Chances. 

147. On his page 42 Montmort has the following problem: 
There are p dice each having the same number of faces; find the 
number of ways in which when they are thrown at random we can 
have a aces, h twos, c threes, . . . 

The result will be in modern notation 

\2 

He then proceeds to a case a little more complex, namely 
where we are to have a of one sort of faces, h of another sort, c 
of a third sort, and so on, without specifying whether the. a ffices 

6—2 
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are to be aces, or twos, or tlirees, and similarly without specify- 
ing for the b faces, or the c faces, . . . 

He had given the result for this problem in his first edition, 
page 137, where the factors B, O, must however be 

omitted from his denominator ; he suppressed the demonstration 
in his first edition because he said it would be long and abstruse, 
and only intelligible to such persons as were capable of discovering 
it for themselves. 

148. On his page 46 Montmort gives the following problem, 
which is new in the second edition : There are n dice each having 
/faces, marked with the numbers from 1 to /; they are thrown at 
random; determine the number of ways in which the sum of the 
numbers exhibited by the dice will be equal to a given number^. 

We should now solve the problem by finding the coefldcient 
of in the expansion of 

fl — a/Y 

that is the coefficient of in the expansion of L - 1 , that is 

in the expansion of (1 — x)’^ (1 — a/)". Let p — n — s; then the 
required number is 

n{n+l) ... (tj + 5 —1) n(n + l) ... ( n-\-s—f— 1) 

k 1 ^-/ 

(n — 1) n (n + 1) .. . (?^ 4- 5 — 2/— 1) 



The series is to be continued so long as all the factors which 
occur are positive. Montmort demonstrates the formula, but in a 
much more laborious way than the above. 

149. The preceding formula is one of the standard results of 
the subject, and we must now trace its history. The formula was 
first published by De Moivre without demonstration in the Be 
Mensura Sortis. Montmort says, on his page 364, that it was derived 
from page 141 of his first edition; but this assertion is quite un- 
founded, for aU that we have in Montmort’s first edition, at the 
place cited, is a table of the various throws which can be made 
with any number of dice up to nine in number. Montmort how- 
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ever shews by the evidence of a letter addressed to John Bernoulli, 
dated 15th November, 1710, that he was himself acquainted with 
the formula before it was published by De Moivre; see Montmort, 
page 307. De Moivre first published his demonstration in his 
Miscellanea Analytica, 1730, where he ably replied to the asser- 
tion that the formula had been derived from the first edition of 
Montmort’s work; see Miscellanea Ancdytica, pages 191 — 197. 
De Moivre's demonstration is the same as that which we have 
given. 

150, Montmort then proceeds to a more difficult question. 
Suppose we have three sets of cards, each set containing ten cards 
marked with the numbers 1, 2, ... 10. If three cards are taken 
out of the thirty, it is required to find in how many ways the 
sum of the numbers on the cards will amount to an assigned 
number. 

In this problem the assigned number may arise (1) from three 
cards no two of which are of the same set, (2) from three cards 
two of which are of one set and the third of another set, (3) from 
three cards all of the same set. The first case is treated in the 
problem, Article 148 ; the other two cases are new. 

Montmort here gives no general solution ; he only shews how a 
table may be made registering all the required results. 

He sums up thus, page 62 ; Cette methode est un peu longue, 
mais j’ai de la peine a croire qu'on puisse en trouver une plus 
courte. 

The problem discussed here by Montmort may be stated thus : 
We require the number of solutions of the equation ic + 2 / + 
under the restriction that y, z shall be positive integers lying 
between 1 and 10 inclusive, and p a positive integer which has an 
assigned value lying between 3 and 30 inclusive. 

151. In his pages 63 — 72 Montmort discusses a problem in 
the summation of series. We should now enunciate it as a general 
question of Finite Differences : to find the sum of any assigned 
number of terms of a series in which the Finite Differences of a 
certain order are zero. 

In modem notation, let denote the term and suj^c^ 
that the (m + 1)^^ Finite Difference is zero. 
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Then it is shewn in works on Finite Differences;, that 

. n On — 1) A 2 

= + ^ ••• 

-I- jn-m+l) ^ 

\m ° 

This formula Montmort gives, using Aj B, (7,... for Ai^^, A\, 

By the aid of this formula the summation of an assigned 
number of terms of the proposed series is reduced to depend on the 


summation of series of which 


yi (n — 1) ... ('/i — r + 1) 


may be 


taken as the type of the general term ; and such summations have 
been already effected by means of the Arithmetical Triajigle and 
its properties* 


152. Montmort naturally attaches great importance to this 
general investigation, which is new in the second edition. He 
says, page 65, 

Ce Problem e a, comme Ton voit, toute r6tendue et toute I’universa- 
lit4 possible, et semble ne rien laisser a d6sirer sur cette matiere, qui ff a 
encore 6t6 trait^e par personne, que je sgache : j’en avois obmis la de- 
monstration dans le Journal des Sgavans du mois de Mars 1711. 

De Moivre in his Doctrine of Chances uses the rule which 
Montmort here demonstrates. In the first edition of the Doctrine 
of Chances, page 29, we are told that the ''Demonstration may 
be had from the Methodus Differentialis of Sir Isaac Newton, 
printed in his Analysis! In the second edition of ■ the Doctrine 
of Chances, page 52, and in the third edition, j)age 59, the origin 
of the rule is carried further back, namely, to the fifth Lemma of 
the Principia, Book iii. See also Miscellanea Analytica, page 152. 

De Moivre seems here hardly to do full justice to Montmort ; 
for the latter is faiiiy entitled to the credit of the first explicit 
enunciation of the iizle, even though it may be implicitly contained 
in Newton's Principia and Methodus Differentialis. 

153. Montmort's second part occupies pages 73 — 172 ; it re- 
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lates to games of chance involving cards. The first game is that 
called Pharaon, 

This game is described by De Moivrej and some investigations 
given by him relating to it. De Moivre restricts himself to the 
case of a common pack of cards with four suits ; Montmort sup- 
poses the number of suits to be any number whatever. On the 
other hand De Moivre calculates the percentage of gain of the 
banker, which he justly considers the most important and difiScult 
part of the problem ; see Doctrine of Ohances, pages ix, 77, 105. 

Montmort’s second edition gives the general results more 
compactly than the first. 


154. We shall make some remarks in connection with Mont- 
mort’s investigations on Pharaon, for the sake of the summation of 
certain series which present themselves. 


155. Suppose that there are p cards in the pack, which the 
Banker has, and that his adversary’s card occurs times in the 
pack. Let denote the Banker’s advantage, A the sum of money 
which his adversary stakes. Montmort shews that 


?(?-!) 1 4 . (p-g) (p-g-1) 


X^-1) 2 




M, 




supposing that — 2 is greater than q. That is Montmort should 

3 

have this ; but he puts — on his page 89, 

by mistake for q{(i — l)-^A\ he gets right on his page 90. Mont- 
mort is not quite full enough in the details of the treatment of 
this equation. The following results will however be found on 
examination. 

If ^ is even we can by successive use of the formula make 
depend on u ^. ; and then it follows from the laws of the game that 

is equal to ^ if is equal to 2, and to A ii q is greater 

than 2. Thus we shall have, if q is an even number greater 
than 2, 
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„ g(g-i) 1 1 1 , (p-g) 

(ff-g) (j?-y-l) (i>-g-2) 

(_p-2) (j 5-3) (p-4) (i3-5j 

(^-g)(p-g-l)--l I 

^ ^(i>-2)(iP-3)...(2-l)j- 

If ^ = 2 the last term within the brackets should be doubled. 
Again if ^ is odd we can by successive use of the fundamental 
formula make depend on and if j is greater than unity it 

can be shewn that = - — r vr . Thus we shall have, if q is an 

odd number greater than unity, 

^ = g(g-i) 1 ^ f 1 . (p-<i) 

(y-g)(j>-g-l)(j?-g-2)(^-g-S) 
(jj-2) (i)-3) (^-4) {p-5) 

, . (j>-g) {p-q-l) ...2 I 

■^(p-2)(jp-3) gj- 


g(g-l) 1 . 

’ J’(P-1)2 


Thus we shall have, if q is an 


If 2 = 1 we have by a special investigation — — , 

If we suppose q even and p — q not less than q — 1, ox q odd 
P than 2 ', some of the terms within the brackets 

may be simplified. Montmort makes these suppositions, and con- 
sequently he finds that the series within the brackets may be 
expressed as a fraction, of which the common denominator is 

{p-2) (p-3) ...(p-g + 1); 

the numerator consists of a series, the first term of which is the 
same as the denominator, and the last term is 

fe-2) (5^-3) ...2,1, or (?-l)(^~2)...S.2, 
according as is even or odd. 


The matter contained in the present article was not given 
by Montmort in his first edition; it is due to John Bernoulli: 
see Montmort’s, page 287. 
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156, We are thus naturally led to consider the summation of 
certain series. 

T + I rn «(« + !) (« + 2)...(w + »--l) 

Let <}> (n, r) = ^ 

so tliat ^ (n, r) is tlie number of tbe (?• + 1)“* order of figurate 
numbers. 

Let 8^ {n, r) stand for (n, r) + (j> (n--2,r) +<f) (n — 4i, r) + 
so that 8(f> (uj r) is the sum of the alternate terms of the series of 
figurate numbers of the (r + 1)^ order, beginning with the and 
going backwards. It is required to find an expression for 8^ (n, r). 
It is known that 

^ (w, r) + <^ (^ - 1, r) + ^ (n - 2, r) + ^ - 3, r) 4- ^ (n, r + 1) ; 

and by taking the terms in pairs it is easy to see that 
<j> (n, r)--’(f) (n -- Ij r) (f) (n — 2, r) ’-~(f> (n — 3, r) + , , , = 8(f> (n, r 1) I 
therefore, by addition, 

S<f) (n, r)=^^(n,r + l)+^8(f)(n,r~ 1). 

Hence, continuing the process, we shall have 

1 11 
8^ (n,r) =-^(f> (n,r (n, r) + - ^ r - 1) + 

... + |^(r^,2)+J>8^(«,0); 

and we^must consider 8<j) (n, 0) = ^ if be even, and = -i (w+1), 
if n be odd. 

We may also obtain another expression for 8(p {n, r). For 
change n into w + 1 in the two fundamental relations, and subtract, 
instead of adding as before ; thus 

8(p {n, r) = (n + 1, r+1) — 8(p (n + 1, r — 1). 

Hence, continuing the process, we shall have 
8(f> {n, r) = {n + 1, r + 1) — ^(f> {n + 2, r) (n -^-S, r—1) 

- ^(n + r, 2)+^^^^ S<f>(n + r, 0). 
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157. Montmort’s own solution of the problem respecting 
Pharaon depends on the first mode of summation explained in Art. 
156, which coincides with Montmort’s own process. The fact that 
in Montmort’s result when q is odd, ^ — 1 terms are to be taken, 
and when ^ is even, ^ terms are to be taken and the last doubled, 
depends on the different values we have to ascribe to B<l> (n, 0) ac- 
cording as 01 is even or odd ; see Montmort’s page 98. 

Montmort gives another form to his result on his page 99 ; 
this he obtained, after the publication of his first edition, from 
Nicolas Bemoulh. It appears however that a wrong date is here 
• assigned to the communication of Nicolas Bernoulli j see Mont- 
mox-t’s page 299. This form depends on the second mode of sum- 
mation explained in Art. 156. It happens that in applying this 
second mode of summation to the problem of Pharaon n + r is 
always odd ; so that in Nicolas Bernoulli’s form for the result 
we have only one case, and not two cases according as j is even 
or odd. 

There is a memoir by Euler on the game of Pharaon in the 
Hist de H Acad.... Berlin iox 1764, in which he expresses the ad- 
vantage of the Banker in the same manner as Nicolas Bernoulli. 

158. Montmort gives two tables of numerical results respect- 
ing Pharaon. One of these tables purports to be an exact exhibi- 
tion of the Banker s advantage at any stage of the game, supposing 
it played with an ordinary pack of 52 cards ; the other table is an 
approximate exhibition of the Banker’s advantage. A remark may 
be made with respect to the former table. The table consists of 
four columns ; the first and third are correct. The second column 

should be calculated from the formula , by putting for n 

in succession 50, 48, 46, ... 4. But in the two copies of the second 
edition of Montmort’s book which I have seen the column is given 

3117 26 

incorrectly ; it begins with instead of , and of the re- 

maining entries some are correct, but not in their simplest forms, 
and others are incorrect. The fourth column should be calculated 
2n — 5 

from the formula tt-? — , by putting for n in succession 
2 (ti — 1) (w - 3) ^ ^ ^ 

50, 48, 46 ... 4 ; but there are errors and unreduced results in it; 
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it begins with a fraction having twelve figures in its denominator, 
which in its simplest form would only have four figures. 

In the only copy of the first edition which I have seen these 
columns are given correctly ; in both editions the description given 
in the text corresponds not to the incorrect forms but to the cor- 
rect forms. 

159. Montmort next discusses the game of Lansquenet; this 
discussion occupies pages 105 — 129. It does not appear to present 
any point of interest, and it would be useless labour to verify the 
complex arithmetical calculations which it involves. A few lines 
which occurred on pages 40 and 41 of Montmort’s first edition are 
omitted in the second j while the Articles 84 and 95 of the second 
edition are new. Article 84 seems to have been suggested to 
Montmort by John Bernoulli ; see Montmort’s page 288 : it relates 
to a point which James Bernoulli had found difficult, as we have 
already stated in Art, 119. 

160. Montmort next discusses the game of Treize; this dis- 
cussion occupies pages 130 — 143. The problem involved is one of 
considerable interest, which has maintained a permanent place in 
works on the Theory of Probability. 

The following is the problem considered by Montmort. 

Suppose that we have thirteen cards numbered 1, 2, 3 ... up to 
13 ; and that these cards are thrown promiscuously into a bag. 
The cards are then drawn out singly ; required the chance that, 
once at least, the number on a card shall coincide with the number 
expressing the order in which it is drawn. 

161. In his first edition Montmort did not give any demon- 
strations of his results ; but in his second edition he gives two 
demonstrations which he had received from Nicolas Bernoulli ; 
see his pages 301, 302. We will take the first of these demon- 
strations. 

Let a, &, c, (^, e, . . . denote the cards, n in number. Then the num- 
ber of possible cases is [w. The number of cases in which a is first 
is I n — 1. The number of cases in which I is second, but a not first, 
is I n — 1 — I — 2. The number of cases in which c is third, but a 
not first nor h second, is [ n — 1 - |n — 2 — | |n — 2 — | n ~ 3 |^ 
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that is |n~l -2 |^-2 + |n--3. The number of cases in 
which d is fourth, hut neither a, by nor c in its proper place is 
|n-.l - 2 |n-2 + + that is 

I — 1 - 3 \ n-2 + 3 I n — 3 - [n — 4 . And generally the number ‘ 
of cases in which the card is in its proper place, while none 
of its predecessors is in its proper place, is 

\n — l — (w — 1) 1 72 — 2 + I 3 


(m — 1) (-m — 2) (m — 3) 
[3 


n — 4 + 




We may supply a step here in the process of Nicolas Bernoulli, 
by shewing the truth of this result by induction. Let a/t (m, n) 
denote the number of cases in which the card is the first that 
occurs in its right place ; we have to trace the connexion between 
(rriy n) and (m + 1, n). The number of cases in which the 
(m 4- 1)**^ card is in its right place while none of the cards between 
h and the card, both inclusive, is in its right place, is (m, w). 
From this number we must reject all those cases in which a is in its 
right place, and thus we shall obtain ^ (m + 1, w). The cases to 
be rejected are in number i/r (m, — 1). Thus 

(on 4- 1, 72) = (on, n) — 'xjr (on, oi — 1). 


Hence we can shew that the form assigned by Nicolas Bernoulli 
to 'yjr (m, n) is universally true. 


Thus if a person undertakes that the on*^ card shall be the first 
that is in its right place, the number of cases favourable to him is 

(on, n), and therefore his chance is . 

\n 

If he undertakes that at least one card shall be in its right 
place, we obtain the number of favourable cases by summing 
^ (on, n) for all values of 7?2 from 1 to n both inclusive : the chance 
is found by dividing this sum by [n. 

Hence we shall obtain for the chance that at least one card is 
in its right place. 


1 - 


11 

2 ■'■[3 [i 


+ 


(- 1 )"" 
\n 
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We may observe that if we subtract the last expression from 
unity we obtain the chance that no card is in its right place. Hence 
if (j> (n) denote the number of cases in which no card is in its right 
place, we obtain 



162. The game which Montmort calls Treize has sometimes 
been called Rencontre. The problem which is here introduced for 
the first time has been generalised and discussed by the following 
writers : De Moivre, Doctrine of Chances, pages 109 — 117. Euler, 
Hist, de H Acad.... Berlin, for 1751. Lambert, Houveawe Memoires 
de V Acad. ... Berlin, for 1771. Laplace, Thiorie ... des Prob. 
pages 217 — 225. Michaelis, MSmoire sur la probahilitS du jeu de 
rencontre, Berlin, 1846. 

163. Pages 148 — 156 of Montmort relate to the game of 
sette. This is one of the most celebrated of the old games ; it 
bears a great resemblance to Pharaon. 

As we have already stated, this game was discussed by James 
Bernoulli, who summed up his results in the form of six tables ; 
see Art. 119. The most important of these tables is in the fourth, 
which is in effect also reproduced in De Moivre’s investigations. 
The reader who wishes to obtain a notion of the game may con- 
sult De Moivre’s Doctrine of Chances, pages 69 — 77. 

164. James Bernoulli and De Moivre confine themselves to 
the case of a common pack of cards, so that a particular card, an 
ace for example, cannot occur more than four times. Montmort 
however, considers the subject more generally, and gives formulse 
for a pack of cards consisting of any number of suits. Montmort 
gives a general formula on his page 153 which is new in his second 
edition. The quantity which De Moivre denotes by y and puts 
equal to is taken to be | by Montmort. 

Montmort gives a numerical table of the advantage of the 
Banker at Bassette. In the second edition some fractions are 
left unreduced which were reduced to their lowest terms in the 
first edition, the object of the change being probably to allow 
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the law of formation to be more readily perceived. The last 
fraction, given in the table was wrong in the first edition ; see 
Montmort’s page S03. It would be advisable to multiply both 
numerator and denominator of this fraction by 12 to maintain 
uniformity in the table. 

165. Montmort devotes his pages 157 — 172 to some pro- 
blems respecting games which are not entirely games of chance. 
He gives some preliminary remarks to shew that the complete 
discussion of such games is too laborious and complex for our 
powers of analysis ; he therefore restricts himself to some special 
problems relating to the games. 

The games are not described, so that it would be difficult to 
undertake an examination of Montmort’s investigations. Two of 
the problems, namely, those relating to the game of Piquet, are 
given by De Moivre vdth more detail than by Montmort ; see 
Doctrine of Chances, page 179. These problems are simple exer- 
cises in combinations; and it would appear that all Montmort’s 
other problems in this part of his book are of a similar kind, pre- 
senting no difficulty except that arising from a want of familiarity 
with the undescribed games to which they belong. 

166. Montmort’s third paiis occupies pages 178 — 215; it 
relates to games of chance involving dice. This part is almost 
identically repeated from the first edition. 

The first game is called Quinquenove ; it is described, and a 
calculation given of the disadvantage of a player. The second 
game is called Hazard; this is also described, and a calculation 
given of the disadvantage of the player who holds the dice. This 
game is discussed by De Moivre; see his pages 160—166. The 
third game is cePied Esqyerance ; it is described and a particular 
case of it with three players is calculated. The calculation is 
extremely laborious, and the chances of the three players are 
represented by three fractions, the common denominator being a 
number of twenty figures. Then follow games called Trois Dez, 
Passe-diXy Pafle ; these are described somewhat obscurely, and 
problems respecting them are solved ; Raffling is discussed by De 
Moivi’e; see pages 166—172 of the Doctrine of Chances, 
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167. The last game is called Le Jeu des Noyaiix, which 
Montmort says the Baron de la Hontan had found to be in use 
among the savages of Canada ; see' Montmort’s pages Xll and 213. 
The game is thus described. 

On y joue avec huit noyaux noirs d’un c6t6 et blancs de Tautre : on 
jette les noyanx en fair : alors si les noirs se trouvent impairs, celni qui 
a jette les noyaux gagne ce que I’autre Joueur a mis an jeu : S’ils se 
trouvent ou tons noirs on tons blancs, il en gagne le double j et hors de 
ces deux cas il perd sa mise. 

Suppose eight dice each having only two faces, one face black 
and one white ; let them be thrown up at random. There are 
then 2®, that is 256, equally possible cases. It will be found that 
there are 8 cases for one black and seven white, 56 cases for thi’ee 
black and five white, 28 cases for two black and six white, and 
70 cases for four black and four white ; and there is only one case 
for all black. Thus if the whole stake be denoted by the chance 
of the player who throws the dice is 

^|(8 + 8 + 56 + 56 )^ + 2 (^ + i ^)}, 

and the chance of the other player is 

^|(28 + 28 + 70 )^+ 2 ( 0 - i ^)|. 

131 125 

The former is equal to A, and the latter to A, 

Montmort says that the problem was proposed to him by a 
lady who gave him almost instantly a correct solution of it ; but 
he proceeds very rudely to depreciate the lady’s solution by in- 
sinuating that it was only correct by accident, for her method was 
restricted to the case in which there were only two faces on each 
of the dice : Montmort then proposes a similar problem in which 
each of the dice has four faces. 

Montmort should have recorded the name of the only lady who 
has contributed to the Theory of Probability. 
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168. The fourtli part of Montmort’s book occupies pages 
216 — 282 ; it contains the solution of various problems respecting 
chances, and in particular of the five proposed by Huygens in 
1657 ; see Art. 35. This part of the work extends to about double 
the length of the corresponding part in the first edition. 

169. Montmort’s solution of Huygens’s first problem is similar 
to that given by James Bernoulli. The first few lines of Mont- 
mort’s Remarque on his page 217 are not in his first edition ; they 
strongly resemble some lines in the Ars Conjectandij page 51. 
But Montmort does not refer to the latter work, either in his 
preface or elsewhere, although it appeared before his own second 
edition; the interval however between the two publications may 
have been very small, and so perhaps Montmort had not seen the 
Ars Gonjectandi until after his own work had been completely 
printed. 

The solution of Huygens’s fifth problem is very laborious, and 
inferior to that given by James Bernoulli; and Montmort him- 
self admits that he had not adopted the best method ; see his 
page 223. 

The solutions of Huygens’s problems which Montmort. gave 
in his first edition received the benefit of some observations by 
John Bernoulli ; these are printed in Montmort’s fifth part, 
pages 292 — 294, and by the aid of them the solutions in the second 
edition were improved: but Montmort’s discussions of the pro- 
blems remain still far less elaborate than those of James Bernoulli. 

170. Montmort next takes two problems which amount to 
finding the value of an annuity, allowing compound interest. 
Then he proceeds to the problem of which a particular example 
is to find in how many throws with a single die it will be an 
even chance to throw a six. 

171. Montmort now devotes his pages 232 — 248 to the Pro- 
blem of Points. He reprints Pascal’s letter of August 14th, 1654, 
to which we have alluded in Art. 16, and then he adds, page 241, 

Le respect que nous avons pour la reputation et pour la memoire de 
M. Pascal, ne nous permet pas de faire remarquer ici en detail toutes 
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les fautes de raisonnement qui sont dans cette Lettre ; il nous suffira 
d’avertir que la cause de son erreur est de n’avoir point d’%ard anx 
divers arrangemens des lettres. 

Montmort's words seem to imply that Pascal’s letter contains 
a large amount of error ; we have, however, only the single fun- 
damental inaccuracy which Fermat corrected, as we have shewn in 
Art. 19, and the inference that it was not allowable to suppose 
that a certain number of trials will necessarily be made; see Art. 18. 


172. Montmort gives for the first time two formulae either of 
which is a complete solution of the Problem of Points when there 
are two players, taking into account difference of skill. We will 
exhibit these formulae in modern notation. Suppose that A wants 
m points and B wants n points ; so that the game will be neces- 
sarily decided in m + — 1 trials ; let m -}- ti — 1 = r. Let p denote 
A's skill, that is his chance of winning in a single trial, and let 
q denote B’s skill ; so that j = L 
Then A’s chance of winning the game is 




'2* + - 




and B's chance of winning the game is 

gr- + + 

1 V . 

This is the first formula. According to the second formula A’s 
chance of winning the game is * ■ 


[n 1 

It 


p 9. ; 


qp 




|r — 1 


^ — lln — l 




and jys chance of winning the game is. 


g"|l+Wj3 + - 


+ 


Ir — 1 


m — 1 In — 1 




-} 


Montmort demonstrates the truth of these formulae, but we 
need not give the demonstrations here as they will be found in 
elementary works ; see A IgehTa, Chapter LIIL 

173. In Montmort’s first edition he had confined himself 
to the case of equal skill and had given only the first formula, 
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SO that lie had not really advanced beyond Pascal, although the 
formula would be more convenient than the use of the Arith- 
metical Triangle; see Art. 23. The first formula for the case 
of unequal skill was communicated to Montmort by John Ber- 
noulli in a letter dated Mar(?h 17th, 1710; see Montmort’s page 295. 
As we have already stated the formula was known to James 
Bernoulli ; see Art 113. The second formula for the Problem of 
Points must be assigned to Montmort himself, for it now appears 
before us for the first time. 


174. It will be interesting to make some comparison between 
the two formulae given in Art. 172. 

It may be shewn that we have identically 


-?>■{(? + ?)"* + •»(? + 1)"*-? + afc+i (y + 5 )™-* j" + 


... 4-, 


I r — 1 


771—1 n — 1 


This may be she-wn by picking out the coefficients of the 
Tarious powers of in the expression on the right-hand side, 
making use of the relations presented by the identity 

Thus we see that p + q be equal to unity the two expres- 
sions given in Art. 172 for chance are numerically equal. 


175 . If however p +q'bQ not equal to unity the two expres- 
sions given in Art. 172 for A’s chance are not numerically equal. 
If we suppose p + q less than unity, we can give the following in- 
terpretation to the formula. Suppose that A ’s chance of winning 
in a single trial is p, and £’s chance is q, and that there is the 
chance 1 —p — q that it is a drawn contest. 

Then the formula 




+ 1 


Lili 

— n-1 ) 

I 77^ — 1 

n-\^ ] 
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expresses the chance that A shall win m points before either a 
single drawn contest occurs, or B wins n points. 

This is easily seen by examining the reasoning by which the 
formula is established in the case when p + ^ is equal to unity. 

But the formula 

f + T-'i + + •.. + V- 

expresses the chance that A shall win m points out of r, on the 
condition that r trials are to be made, and that A is not to be con- 
sidered to have won if a drawn contest should occur even after he 
has won his m points. 

This follows from the fact that if we expand ( 2 ? + g' + 1 — — $')’* 
in powers of y), 1 —p — q, sl term such as Op^q‘'(l —p — q)’" ex- 

presses the chance that A wins p points, B wins cr points, and t 
contests are drawn. 

Or we may treat this second case by using the transformation 
in Art. 174 . Then we see that {pAf)™ expresses the chance 
that there shall be no drawn contest after the m points which A is 
supposed to have won ; {p-\- expresses the chance that there 

shall be no drawn contest after the m points which A is supposed 
to have won, and the single point which B is supposed to have 
won ; and so on. 

176. Montmort thinks it might be easily imagined that the 
chances of A and B, if they respectively want hm and Ten points, 
would be the same as if they respectively wanted m and n points ; 
but this he says is not the case ; see his page 247. He seems to 
assert that as h increases the chance of the player of greater skill 
necessarily increases with it. He does not however demonstrate this. 

We know by Bemoullfs theorem that if the number of trials 
be made large enough, there is a very high probability that the 
number of points won by each player respectively will be nearly in 
the ratio of his skill ; so that if the ratio of to to n he less than that 
of the shill of A to the shill of B, we can, by increasing h, obtain as 
great a probability as we please that A will win hm points before 
B wins Ten points. 

Montmort probably imphes, though he does not state, the con- 
dition which we have put in Italics. 


7—2 
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177. Montmort devotes his pages 248 — 257 to the discussion 
of a game of Bowls, which leads to a problem resembling the Pro- 
blem of Points. The problem was started by De Moivre in his 
De Mensura Sortis ; see Montmort, page 366, and the Doctrine of 
Chances, page 121. De Moivre had supposed the players to be of 
equal skill, and each to have the same number of balls ; Montmort 
generalised the problem by supposing players of unequal skill and 
having unequal numbers of balls. Thus the problem was not in 
MontmorPs first edition. 


Montmort gives on his page 256 a simple example of a solution 
of a problem which appears very plausible, but which is incorrect. 
Suppose A plays with one bowl and B with two bowls ; required 
their respective chances in one trial, assuming equal skill. 
Considering that any one of the three bowls is as likely as the 


2 1 

others to be first, the chance of jB is ^ and that of ^4 is ^ • But by 

o o 


the incorrect solution Montmort arrives at a different result. For 
suppose A to have delivered his bowl. Then B has the chance 

2 with his first bowl of beating A ; and the chance g ^ ^ failing 

with his first bowl and being successful with his second. Thus B^^ 

3 

chance appears to be ^ . Montmort considers the eiTor of this so- 


lution to lie in the assumption that when B has failed to beat A 
with his first bowl it is still an even chance that he will beat A with 
his second bowl : for the fact that B failed with his first bowl 
suggests that A ’s bowl has a position better than the average, so 
that B^s chance of success with his second bowl becomes less than 
an even chance. 


178. Montmort then takes four problems in succession of 
trifling importance. The first relates to a lottery which was started 
in Paris in 1710, in which the projector had offered to the public 
terms which were very disadvantageous to himself. The second is 
an easy exorcise in combinations. The third relates to a game 
called Le Jeu des Ouhlieux. The fourth is an extension of 
Huygens s eleventh problem, and is also given in the Ars Conjee- 
tandi, page 34. These four problems are new in the second edition. 
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179. Montmort now passes to a problem of a more important 
character which occupies his pages 268 — 277, and which is also 
new in the second edition ; it relates to the Duration of Play ; 
see Art. 107. 

Suppose A. to have m counters and B to have n counters ; let 
their chances of winning a single game be as a to & ; the loser in 
each game is to give a counter to his adversary : required the chance 
that A will have won all B's counters on or before the game. 

This is the most difficult problem which had as yet been solved 
in the subject. Montmort’s formula is given on his pages 268^ 269. 

180. The history of this problem up to the current date will 
be found by comparing the following pages of Montmort’s book, 
275, 809, 315, 324, 344, 368, 375, 380. 

It appears that Montmort worked at the problem and also 
asked Nicolas Bernoulli to try it. Nicolas Bernoulli sent a 
solution to Montmort, which Montmort said he admired but 
could not understand, and he thought his own method of investi- 
gation and that of Nicolas Bernoulli must be very different : but 
after explanations received from Nicolas Bernoulli, Montmort 
came to the conclusion that the methods were the same. Before 
however the publication of Montmort’s second edition, De Moivre 
had solved the problem in a different manner in the De Mensura 
Sortis. 

181. The general problem of the Duration of Play was studied 
by De Moivre with great acuteness and success ; indeed his inves- 
tigation forms one of his chief contributions to the subject. 

He refers in the following words to Nicolas Bernoulli and 
Montmort : 

Monsieur de Moninort, in the Second Edition of his Book of Chances, 
having given a very handsom Solution of the Problem relating to the 
duration of Play, (which Solution is coincident with that of Monsieur 
JSFicolas Bernoully, to be seen in that Book) and the demonstration of it 
being very naturally deduced from our first Solution of the foregoing 
Problem, I thought the Eeader would be well pleased to see it trans- 
ferred to this place. 

Doctrine of Chances; first edition, page 122. 
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...the Bolntion of Mr Nicolas Bernoulli being very much crouded 
with Symbols, and the verbal Explication of them too scanty, I own 
I did not understand it thoroughly, which obliged me to consider Mr. 
de Monmort's Solution with very great attention ; I found indeed that 
he was very plain, but to my great surprize I found him very erroneous; 
still in my Doctrine of Chances I printed that Solution, but rectified 
and ascribed it to Mr. de Monmort^ without the least intimation of any 
alterations made by me ; but as I had no thanks for so doing, I resume 
my right, and now print it as my own. ... 

Doctrine of Chances; second edition page 181, third edition, page 211. 

The language of De Moivre in .his second and third editions 
would seem to imply that the solutions of Nicolas Bernoulli and 
Montmort are different; but they are really coincident, as De 
Moivre had himself stated in his first edition. The statement that 
Montmort's solution is very erroneous, is unjustly severe ; Mont- 
mort has given his formula without proper precaution, but his 
example which immediately follows shews that he was right him- 
self and would serve to guide his readers. The second edition of 
the Doctrine of Chances appeared nearly twenty years after the 
death of Montmort; and the change in De Moivre’s language 
respecting him seems therefore especially ungenerous. 

182. We shall not here give Montmort’s general solution of 
the Problem of the Duration of Play; we shall have a better 
opportunity of noticing it in connexion with De Moivre's investiga- 
tions. We will make three remarks which may be of service to 
any student who examines Montmort’s own work. 

Montmort’s general statement on his pages 268, 269, might 
easUy mislead ; the example at the end of page 269 is a safer 
guide. If the statement were literally followed, the second line in 
the example would consist of as many terms as the first line, the 
fourth of as many terms as the third, and the sixth of as many 
terms as the fifth; but this would be wrong, shewing that the 
general statement is not literally accurate. 

Montmort’s explanation at the end of his page 270, and the be- 
ginning of his page 271, is not satisfactory. It is not true as he 
intimates, that the four letters a and the eleven letters h must be 
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SO arranged that only a single I is to come among the four letters 
a : we might have such an arrangement as aaalhllhhbhlhla. We 
shall return to this point in our account of De Moivre’s in- 
vestigations. 

On his page 272 Montmort gives a rule deduced from his 
formula ; he ought to state that the rule assumes that the players 
are of equal skill : his rule also assumes that p — m is an even 
number. 

183. On his pages 275, 276 Montmort gives without demon- 
stration results for two special cases. 

(1) Suppose that there are two players of equal skill, and that 
each starts with two counters ; then 1 — ~ is the chance that the 

A 

match will be ended in 2x games at most. The result may be de- 
duced from Montmort’s general expression. A property of the 
Binomial Coefficients is involved which we may briefly indicate. 

Let ^^ 3 , ... denote the successive terms in the expansion 

of (1 -1- 1)^"®. Let 8 denote the sum of the following series 

-f 2w^^j+ ‘^33-2*+- 0 + ^^*-5+ ^a!-s+ 0 -h ... 

Then shall 8=- 2^^— 2"*^^ 

For let denote the term in the expansion of (1 4- 1)^'^ and 
the term in the expansion of (1 + 1)^^ Then 

Employ the former transformation in the odd terms of our pro- 
posed series, and the latter in the even terms ; thus we find that 
the proposed series becomes 

+ + ^03-2 +^03-3 +^03-4+ 

The first of these two series is equal to ^ (1 + 1)^ ^ ; and the 

second is a series of the same kind as that which we wish to sum 
with X changed into x — 1. Thus we can finish the demonstration 
by induction ; for obviously 

2 ^22a;-3 ^ 2*®^) d“ = 2 ““ 2^^. 
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(2) Next suppose that each, player starts with three counters ; 

then 1 - is the chance that the match will be ended in 2® + 1 
4 

games at most. This result had in fact been given by Montmort in 
his first edition, page 184. It may be deduced from Montmort’s 
general expression, and involves a property of the Binomial Coeffi- 
cients which we will briefly indicate. 

Let Mj, Mj, Mj, ... denote the successive terms in the expansion 
of (1 + Let S denote the sum of the following series 

M, + -1- m*_5 + 0 -I- 0 -I- + 2m^, +2m*..84- m*_s+ 0 + O-f . . . 

Then shaU S=2^- 3". 

If denote the r*** term in the expansion of (1 + 1)““* we can 
shew that 

“b -p 2vig^ -p 

= Wx + + + Wx.^ 

-h 3 {Wx.^ + 2wx^ -1- 2wx.i + “’x-J- 

By performing a similar transformation on every successive 
four si^uficant terms of the original series we transform it into 

i (1 -1- 1)“*^ -1- 3S, where S is a series like S with x changed into 

Jt 

a; — 1. Thus 

Hence by induction we find that 2^* — 3* 


184j. Suppose the players of equal skill, and that each starts 
with the same odd number ef counters, say m ; let /= . 

Jt 

Then Montmort says, on his page 276, that we may wager with 
advantage that the match will be concluded in 3/^ — Zf + 1 trials. 
Montmort does not shew how he arrived at this approximation. 

3 1 

The expression may be put in the form + De Moivre 


spoke favourably of this approximation on page 148 of his first edi- 
tion; he says, ^‘^Now Mr de Montmort having with great Sagacity 
discovered that Analogy, in the case of an equal and Odd number 
of Stakes, on supposition of an equality of Skill between the 
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Gamesters . . In his second and third editions De Moivre with- 
drew this commendation, and says respecting the rule ''Which tho* 
near the Truth in small numbers, yet is very defective in large 
ones, for it may be proved that the number of Games found by his 
Expression, far from being above what is requisite is really below 
it/' Doctrine of Chances, third edition, page 218. 

De Moivre takes for an example m = 45 ; and calculates by his 
own mode of approximation that about 1531 games are requisite 
in order that it may be an even chance that the match will be 
concluded ; Montmort's rule would assign 1519 games. We should 
differ here with De Moivre, and consider that the results are 
rather remarkable for their near agreement than for their dis- 
crepancy. 

The problem of the Duration of Play is fully discussed by 
Laplace, TMorie.^.des Frol, pages 225-;~238. 

185. Montmort gives some numerical results for a simple 
problem on his page 277. Suppose in the problem of Art. 107 that 
the two players are of equal skill, each having originally n counters. 
Proceeding as in that Article, we have 

= I (^ 04 . 1 + 0 - 

Hence we find w,, = Cb + where C and are arbitrary con- 
stants. To determine them we have 

cc 

hence finally, ^ ' 

Montmort's example is forn = 6 ; he gave it in his first edition, 
page 17B. He did not however appear to have observed the gene- 
ral law, at which John Bernoulli expressed his surprise ; see Mont- 
mort's page 295. 

186. Montmort now proposes on pages 278 — 282 four pro- 
blems for solution ; they were originally given at the end of the 
first edition. 

The first problem is sur le Jeu du Treize. It is not obvious 
why this problem is repeated, for Montmort stated the results on 
his pages 130 — 143, and demonstrations by Nicolas Bernoulli are 
given on pages 301, 302. 
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The second problem is sur le Jeu appelli le Her; a discussion 
respecting this problem runs through the correspondence between 
Montmort and Nicolas Bernoulli. See Montmort’s pages 321, 334, 
338, 348, 361, 376, 400, 402, 403, 409, 413. We will return to 
this problem in Art. 187. 

The third problem is sur le Jeu de la Ferme; it is not referred 
to again in the book. 

The fourth Problem is sur le Jeu des Tas. We will return to 
this problem in Art. 191. 

Montmort’s language in his Avertissement, page xxv, leads to the 
expectation that solutions of all the four problems will be found 
in the book, whereas only the first is solved, and indeed Montmort 
himself seems not to have solved the others ; see his page 321. 

187. It may be advisable to give some account of the discus- 
sion respecting the game called Her. The game is described by 
Montmort as played by several persons ; but the discussion was 
confined to the case of two players, and we will adopt this 
limitation. 

Peter holds a common pack of cards ; he gives a card at random 
to Paul and takes one himself; the main object is for each to 
obtain a higher card than his adversary. The order of value is 
acSj two, three , ... ten, Knave, Queen, King. 

Now if Paul is not content with his card he may compel Peter 
to change with him ; but if Peter has a King he is allowed to 
retain it. If Peter is not content with the card which he at first 
obtained, or which he has been compelled to receive from Paul, he 
is allowed to change it for another taken out of the pack at 
random ; but if the card he then draws is a King he is not allowed 
to have it, but must retain the card with which he was dissatisfied. 
If Paul and Peter finally have cards of the same value Paul is 
considered to lose. 

188. The problem involved amounts to a determination of the 
relative chances of Peter and Paul; and this depends on their 
using or declining their rights of changing their cards. Montmort 
communicated the problem to two of his friends, namely W'alde- 
grave, of whom we hear again, and a person who is called some- 
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times M. TAbb^ de Monsoiiry and sometimes M. TAbb^ d'Orbais. 
These two persons differed with Nicolas Bernoulli respecting a 
point in the problem ; Nicolas Bernoulli asserted that in a certain 
contingency of the game each player ought to take a certain course 
out of two which were open to him ; the other two persons com 
tended that it was not certain that one of the courses ought to be 
preferred to the other. 

Montmort himself scarcely interfered until the end of the cor- 
respondence, when he intimated that his opinion was contrary to 
that of Nicolas Bernoulli; it would seem that the latter intended 
to produce a fuller explanation of his yiews, but the correspondence 
closes without it. 

189. We will give some details in order to shew the nature of 
the dispute. 

It will naturally occur to the reader that one general principle 
must hold, namely, that if a player has obtained a high card it will 
be prudent for him to rest content with it and not to run the 
risk involved in changing that card for another. For example, it 
appears to be tacitly allowed by the disputants that if Paul has 
obtained an eight, or a higher card, he will remain content with it, 
and not compel Peter to change with him ; and, on the other 
hand, if Paul has obtained a six, or a lower card, he will compel 
Peter to change The dispute turns on what Paul should do if 
he has obtained a seven. The numerical data for discussing this 
case will be found on Montmort's page 339 ; we will reproduce 
them with some explanation of the process by which they are 
obtained. 

I. Paul has a seven ; required his chance if he compels Peter 
to change. 

Supposing Paul to change, Peter will know what Paul has and 
will know that he himself now has a seven ; so he remains content 
if Paul has a seven, or a lower card, and takes another card if Paul 
has an eight or a higher card. Thus Pauls chance arises from the 
hypotheses that Peter originally had Queen, Knave, ten, nine, or 
eight Take one of these cases, for example, that of the ten. The 

4 

chance that Peter had a ten is — ; then Paul takes it, and Peter 

Di 
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gets tHe seven. There are 50 cards left and Peter takes one of 
these instead of his seven ; 39 cards out of the 60 are favour- 
able to Paul, namely 3 sevens, 4 Kings, 4 nines, 4 eights, 4 sixes, 
... 4 aces. 

Proceeding in this way we find for Paul’s chance 

4, 47 + 43 + 39 + 35+31 W ^ 

51* 50 ^ 51.50 

In this case Paul’s chance can he estimated without speculating 
upon the conduct of Peter, because there can he no doubt as to 
what that conduct will be. 

TT. Paul has a seven; required his chance if he retains the 
seven. 

The chance in this case depends upon the conduct of Peter. 
Now it appears to be tacitly allowed by the disputants that if 
Peter has a nine or a higher card he will retain it, and if he has a 
seven or a lower card he will take another instead. The dispute 
turns on what he will do if he has an eight. 

(1) Suppose that Peter’s rule is to retain an eight. 

Paul’s chance arises from the hypotheses that Peter has a seven^ 
six, five, four, three, two, hr ace, for which he proceeds to take 
another card. 

We shall find now, by the same method as before, that Paul’s 
chance is 

3 24 4 ^ 4_ ^ ?? 4. A ^4.± ?L 

^ • 50 61 ■ 60 51 ■ 50 51 ■ 50 51 • 50 51 ■ 50 51 ■ 60 ’ 


tkat is 


720 

61.50‘ 


(2) Suppose that Peter’s rule is to change an dght. 

4 24 

We have then to add cT • vw to the preceding result ; and thus 


we obtain for Paul’s chance 


51 ■ 50 
816 


51.50' 


*780 

Thus we find that in Case I. Paul’s chance is ^ ^ , and that 

ol . oU 

in Case IE. it is either or • If it be an even chance 

51.50 51.50 
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1 / *720 816 \ 

which rule Peter adopts we should take -g f ^ - gQ + g]”^] > 

T68 

is, ^ as Pa-uls chance in Case II. Thus in Case II. Paul’s 
51 . 50 

chance is less than in Case L ; and therefore he should adopt the 
rule of changing when he has a seven. This is one of the argu- 
ments on which Nicolas Bernoulli relies. 

On the other hand his opponents, in effect, deny the correctness 
of estimating it as an even chance that Peter will adopt either 
of the two rules which have been stated. 

We have now to estimate the following chance. Peter has an 
eight and Paul has not compelled him to change ; what is Peter s 
chance t Peter must argue thus : 

I. Suppose Paul’s rule is to change a seven; then he now 
has an eight or a higher card. That is, he must have one out of a 
certain 23 cards. 


(1) If I retain my eight my chance of beating him arises only 
from the hypothesis that his card is one of the 3 eights; that is, my 


chance is 


2. 

23* 


(2) If I change my eight my chance arises from the five hypo- 
theses that Paul has Queen^ Kwme, ten, nine, or eight; so that my 
chance is 


that is 


£ £ ± ± £:_l£ 1^4.1 5? 

23 ' 50 23 ' 50 "^23 * 50 23 * 50 23 ‘ 50 ’ 

210 


23.50' 


II. Suppose Paul’s rule is to retain a seven. Then, as before, 

(1) If I retain my eight my chance is ^ . 

(2) If I change my eight my chance is 


£ £ A ^ £ n ^ .£ 

27' 50"^ 27^ 50 “^27* 50"^ 27 ' oO"^ 27 ‘ 50 


that is 


314 

27 . 50 * 


£ ^ 
27*50’ 
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190. These numerical results were accepted by the disputants. 
We may sum them up thus. The question is whether Paul should 
retain a certain card, and whether Peter should retain a certain 
card. If Paul knows his adversary’s rule, he should adopt the con- 
trary, namely retaining when his adversaiy changes, and changing 
when his adversary retains. If Peter knows his adversary’s rule he 
should adopt the same, namely, retaining when his adversary re- 
tains and changing when his adversary changes. 

Now Nicolas Bernoulli asserted that Paul should change, and 
therefore of course that Peter should. The objection to this is 
briefly put thus by Montmort, page 405, 

En un mot, Monsieur, si je sgai qne voiis ^tes le conseil de Pierre, 
il est 4vident que je dois moi Paul me tenir au sept ; et de m4me 
si je suis Pierre, et qui je s^ache que vous 4tes le conseil de Paul, 
je dois changer au huit, auquel cas vous aurls donii4 un mauvais con- 
seil Il Paul. 

The reader will be reminded of the old puzzle respecting the 
veracity of the Cretans, since Epimenides the Cretan said they 
were liars. 

The opponents of Nicolas Bernoulli at &st contended that it 
was indifferent for Paul to retain a seven or to change it, and also 
for Peter to retain an eight or to change it ; and in this Montmort 
considered they were wrong. But in conversation they explained 
themselves to assert that no absolute rule could be laid down for 
the players, and in this Montmort considered that they were right ; 
see his page 403. 

The problem is considered by Trembley in the Mimoires de 
T Acad.,., Berlin, for 1802. 

191. The fourth problem which Montmort proposed for solu- 
tion is sur le Jeu des Tas. The game is thus described, page 281, 

Pour comprendre de quoi il s’agit, il faut sgavoir qu’apr^s les reprises 
d’hombre un des Joueurs s’ amuse souvent parfcager le jeu en dix tas 
composes chacun de quatre cartes couvertes, et qu’ensuite retournant la 
premiere de' cbaque tas, il 6te et met part deux ^ deux toiites celles 
qui se trouvent semblables, par example, deux Bois, deux valets, deux 
six, (fee. alors il retoume les cartes qui suivent imm4diatement celles 
qui yiennent de lui donner des doublets, et il continue d’6ter et de 
mettre a part celles qui viennent par doublet jusqu’l, ce qu’il en soit 
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venu ^ la derniere de chaqne tas, apr^s les avoir enlev4 toutes deux k 
deux, auquel cas seulement il a gagn6. 

The game is not entirely a game of pure chance, because the 
player may often have a choice of various methods of pairing and 
removing cards. In the description of the game forty cards are 
supposed to be used, but Montmort proposes the problem for solu- 
tion generally without limiting the cards to forty. He requires 
the chance the player has of winning and also the most ad- 
vantageous method of proceeding. He says the game was rarely 
played for money, but intimates that it was in use among ladies. 

192. On his page 321 Montmort gives, without demonstration, 
the result in a particular case of this problem, namely when the 
cards consist of n pairs, the two cards in each pair being numbered 
alike ; the cards are supposed placed at random in n lots, each of 
two cards. He says that the chance the player has of winning is 

— 1 

^ . On page 334 Nicolas Bernoulli says that this formula is 

correct, but he wishes to know how it was found, because he him- 
self can only find it by induction, by putting for n in succession 
2, 3, 4,5, ...We may suppose this means that Nicolas Bernoulli veri- 
fied by trial that the formula was correct in certain cases, but could 
not give a general demonstration. Montmort seems to have 
overlooked Nicolas Bernoulli’s inquiry, for the problem is never 
mentioned again in the course of the correspondence. As the result 
is remarkable for its simplicity, and as Nicolas Bernoulli found the 
problem difficult, it may be interesting to give a solution. It will 
be observed that in this case the game is one of pure chance, as the 
player never has any choice of courses open to him. 

193. The solution of the problem depends on our observing 
the state of the cards at the epoch at which the player loses, that 
is at the epoch at which he can make no more pairs among the 
cards exposed to view ; the player may be thus an*ested at the 
very beginning of the game, or after he has already taken some 
steps : at this epoch the player is left with some number of lots, 
which are all unbroken, and the cards exposed to vieiu present no 
pairs. This will be obvious on reflection. 
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We must now determine (1) the whole number of possible 
cases, and (2) the whole number of cases in which the player is 
arrested at the very beginning. 

(1) We may suppose that 2n cards are to be put in 2n 
places, and thus 1 2ri will be the whole number of possible cases. 

(2) Here we may find the number of cases by supposing that 

the n upper places are first filled and then the n lower places. 
We may put in the first place any card oat of the 2;^, then in the 
second place any card of the 2?i — 2 which remain by rejecting the 
companion card to that we put in the first place, then in the third 
place any card of the which remain by rejecting the two 

companion cards, and so on. Thus the n upper places can be 
filled in. 2^ [n ways. Then the n lower places can be filled in \n 
ways. Hence we get 2*\n\n cases in which the player is arrested 
at the very beginning. 

' We may divide each of these expressions by [t?; if we please 
to disregard the different order in which the n lots may be sup- 

\2n 

posed to be arranged. Thus the results become and 2^ [ti 

respectively; we shall use these forms. 

Let Un denote the whole number of unfavourable cases, and let 
ft. denote the whole number of favourable cases when the cards 
consist of r pairs. Then 

M.= 2'‘[n + S : f— fr In-rTZ 
^ r I n — r ^ ' 

the summation extending from r = 2 to r = n — 1, both inclusive. 

For, as we have stated, the player loses by being left with some 
number of lots, all unbroken, in which the exposed cards contain 
no pairs. Suppose he is left with % — r lots, so that he has got rid 

[n 


of r lots of the original n lots. The factor 


l: 


n — r 


gives the num- 


ber of ways in which r pairs can be selected from n pairs ; the 
factor f gives the number of ways in which these pairs can be so 
arranged as to enable the player to get rid of them ; the factor 
I n — r 2’'*^ gives the number of ways in which the remaining n — r 
pairs can be distributed into n — r lots without a single pair occur- 
ring among the exposed cards. 
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It is to be observed that the case in which r = l does not 
occur, from the nature of the game ; for the player, if not arrested 
at the very beginning, will certainly be able to remove two pairs. 
We may however if we please consider the summation to extend 
from 9- = ltor = w— 1, since^ = 0 when r = l. 

We have then 




[rf 

The summation for extends to one term less ; thus we 
shall find that 

Un==^nu„_^+ 

. I 2 -71 - 2 

L+J^_l = - 


But 


|n-l ’ 


■therefore 

Hence 


2n I 2 ^ 2 , -- 2 
1 — 1 


j2n 2 1 27^ - 2 


(j!?_ w-i 

2n—l* 


This is Montmort’s result. 


194. We now arrive at what Montmort calls the fifth part 
of his work, which occupies pages 283 — 414. It consists of the 
correspondence between Montmort and Nicolas Bernoulli, together 
with one letter from John Bernoulli to Montmort and a reply 
from Montmort. The whole of this part is new in the second 
edition. 

John Bernoulli, the friend of Leibnitz and the master of Euler, 
was the third brother in the family of brothers of whom J ames 
Bernoulli was the eldest. John was bom in 1667, and died in 
1748. The second brother of the family was named Nicolas ; his 
son of the same name, the friend and correspondent of Montmort, 
was bom in 1687, and died in 1759, 

195. Some of the letters relate to Montmort’s first edition, 
and it is necessary to have access to this edition to study the 
letters with advantage; because although Montmort gives re- 
ferences to the corresponding passages in the second edition, yet 

8 
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as these passages have been modified or cori’ected in accordance 
with the criticisms contained in the letters^ it is not always ob- 
vious what the original reading was. 

196. The first letter is from John Bernoulli; it occupies 
pages 283 — 298 ; the letter is also reprinted in the collected 
edition of John Bernoulli's works, in four volumes, Lausanne and 
Geneva, 1742 ; see YoL l. page 453. 

John Bernoulli gives a series of remarks on Montmort’s first 
edition, correcting some errors and suggesting some improvements. 
He shews that Montmort did not present his discussion relating 
to Pharaon in the simplest form; Montmort however did not 
modify this part of his work. John Bernoulli gave a general 
formula for the advantage of the Banker, and this Montmort did 
adopt, as we have seen in Art. 155. 

197. John Bernoulli points out a curious mistake made 
by Montmort twice in his first edition; see his pages 288, 296. 
Montmort had considered it practically impossible to find the 
numerical value of a certain number of terms of a geometrical 
progression ; it would seem that he had forgotten or never known 
the common Algebraical formula which gives the sum. The 
passages cited by John Bernoulli are from pages 35 and 181 of 
the first edition ; but in the only copy which I have seen of the 
first edition the text does not correspond with John Bernoullfs 
quotations : it appears however that in each place the original page 
has been cancelled and replaced by another in order to correct 
the mistake. 

After noticing the mistake, John Bernoulli proceeds thus in. 
his letter: 

...mais pour le reste, vous faites bien d’employer les logarithm es, 
je m’en suis servi utilement dans une pareille occasion il y a bien 
douze ans, on il s’agissoit de determiner combien il restoit de vin et 
d’eau m^l6 ensemble dans un tonneau, lequel 6tant au commencement 
tout plein de vin, on en tireroit tons les jours pendant une ann^e 
une certaine mesure, en le remplissant incontinent apr^s chaque ex- 
traction avec de Peau pime. Yous trouver6s la solution de cette ques- 
tion qui est ass6s curieuse dans ma dissertation De Nutritione^ que Mr 
Yarignon vous pourra communiquer. Je fis cette question pour faire 
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comprendre comment on pent determiner la quantite de vieille ma- 
tiere qni reste dans nos corps mei6e avec de la nonvelle qni nous 
vient tons les jours par la nourriture, pour r^parer la perte que nos 
corps font insensiblement par la transpiration continuelle. 

The dissertation Be Nutritione will be found in the collected 
edition of John Bernoulli s works ; see Yol. I. page 275. 


198. John Bernoulli passes on to a remark on Montmort's 
discussion of the game of Treize. The remark enunciates the 
following theorem. 

Let + 

and let 

thenehall ^ (») - l + ]| + [| + j|+ ^ . 

We may prove this by induction. For we may write (^) in 
the following form, 




1 f 1 1 1 1 > 

“2i^+I + [2 + ^+ + 1^1 

1,1 11 

■^[3r+i+^+L3 + I^} 


Hence we can shew that 

1 

'«/r(w+l) = -.|r(w)+ 

199. John Bernoulli next adverts to the solutions which 
Montmort had given of the five problems proposed by Huygens ; 
see Art. 35, 

According to John Bernoulli’s opinion, Montmort had not 
understood the second and third problems in the sense which 
Huygens had intended ; in the fifth problem Montmort had 

8—2 
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changed the enunciation into another quite different, and yet had 
really solved the problem according to Huygens’s enunciation. By 
the corrections which he made in his second edition, Montmort 
shewed that he admitted the justice of the objections urged against 
his solutions of the second and fifth problems; in the case of 
the thii'd problem he retained his original opinion; see his 
pages 292, 305. 

John Bernoulli next notices the solution of the Problem of 
Points, and gives a general formula, to which we have referred in 
Art. 173. Then he adverts to a problem which Montmort had 
not fully considered; see Art. 185. 

200. John Bernoulli gives high praise to Montmort’s work, 
but urges him to extend and enrich it. He refers to the four 
problems which Montmort had proposed for investigation; the 
first he considers too long to be finished in human life, and the 
fourth he cannot understand : the other two he thinks might be 
solved by great labour. This opinion seems singularly incorrect. 
The first problem is the easiest of all, and has been solved without 
difficulty; see Article 161 : perhaps however John Bernoulli took 
it in some more general sense; see Montmort’s page 308. The 
fourth problem is quite intelligible, and a particular case of it is 
simple ; see Art. 193. The third and fourth problems seem to be 
far more intractable. 

201. A letter to Montmort from Nicolas Bernoulli occupies 
pages 299 — 303. This letter contains corrections of two mistakes 
which occurred in Montmort’s first edition. It gives without de- 
monstration a formula for the advantage of the Banker at Pharaon, 
and also a formula for the advantage of the Banker at Bassette ; 
Montmort quoted the former in the text of his second edition ; 
see Art. 157. Nicolas Bemoulh gives a good investigation of the 
formulae which occur in analysing the game of Treize ; see Art. 161. 
He also discusses briefly a game of chance which we will now 
explain. 

202. Suppose that a set of players A, B, C, JD ^ undertake 
to play a set of I games with cards. A is at first the dealer, there 
are m chances out of m-hn that he retains the deal at the next 
game, and n chances out of -}- n that he loses it ; if he loses the 
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deal the player on his right hand takes it ; and so on in order. 
B is on the left of A, G is on the left of B, and so on. Let the 
advantages of the players when A deals be a, h, c, d, respec- 
tively; these advantages are supposed to depend entirely on 
the situation of the players, the game being a game of pure 
chance. 

Let the chances of A, B, 0, I ), be denoted by y, 
and let s = m + n. 

Then Nicolas Bernoulli gives the following values : 


ma+nh 

z = a “j 1- 


m^a -h 2m7i h 4* 


I 7ri?a-\-^rri?nT)-\'^mri^C’\-r^d 
“1 Is h • 


, m'b-\-nc m^hA-^mnc-^-Ti^d rr^h’\‘Zrir?nc-\-2>mr?d’\-r^e 

y=5 + ^— + f + f +..., 


mQ-\-nd ^ m^c-\-2mnd-\-'n^e m^c+Zm^nd^2finn^e-{-n^f 
a, = c + + ^ ^ + 


u 


_ 7 md + ne yr^d-V 

a -i 1 3j 1 3 : b •••} 


and so on. 

Each of these series is to continue for I terms. If there are 
not so many as I players, the letters in the set a, 5, c, d, e, . 
will recur. For example, if there are only four players, then 
e = /=5, g^c,,... 

It is easy to see the meaning of the separate terms. Take, for 
example, the value of A deals ; the advantage directly arising 
from this is a. Then there are on chances out of s that A will have 
the second deal, and n chances out of s that the deal will pass on 
to the next player, and thus put A in the position originally held 

by jB. Hence we have the term — . Again, for the third 

s 

deal; there are {m-brif, that is, possible cases; out of these 
there are cases in which A will have the third deal, 2mn cases 
in which the player on the right of A will have it, and cases in 
which the player next on the right will have it. Hence we 
m?a + ^mnh + 


have the term 


And so on. 
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Nicolas BemoTiUi then gives another form for these expressions ; 
we will exhibit that for z from which the others can be deduced. 


q — -> ^ = 

^ n 


35 =-. Then 
m 


g? = (1 — r) + 5^ |l — r [1 -f |l — r j^l + ^^ H ^ ^ ~ 


this series is to be continued for I terms. 

The way in which this transformation is effected is the follow- 
ing: suppose for example we pick out the coefficient of c in the 
value of Zy we shall find it to be 

where the series in brackets is to consist of Z — 2 terms. 

We have then to shew that this expression is equal to 

.f, .r, 1)11 


We will take the general theorem of which this is a particular 
case. Let 


where 


[ p -j" ^ — 1 

IT^- 


^ m m TTC 

“-^ + 7 + 7 + + 7 ’-’ 


then 


[X drri}^' 






m 1 — 
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_ jX 1 — \ 1^ — 1 

dm^ s^ (1 — 1 6*^ (1 — 

X(X-l) \\-2 l(l-l)fj}-^ 

1.2 

X(\^l)(X-. 2) 1^-3 1(1^1) (1^2) fi^- 
1 . 2.3 5 ^ 


\ -\- tZ -\~ 


flQ^l) 

1.2 


1 . 2.3 



where the series between square brackets is to extend to X + 1 
terms. 


We may observe that by the nature of the problem we have 
a + 5 + c + ...=0, and also ;2? + y + ic+...=0. 

The problem simplifies very much if we may regard I as infinite 
or very great. For then let z denote the advantage oi A \ if .4 ob- 
tains the next deal we may consider that his advantage is stiU z ; if 
A loses the next deal his advantage is the same as that of B 
originally. Thus 

mz-\-ny 

z=^a^ ^ . 

s 


Multiply by s and transpose ; therefore 
z = y + 

Similarly we have 

y^x^l^y x — u^cq^y 

Hence we shall obtain 

3 =1 |a (i? - 1) + 5 (i> - 2) + 0 (jJ - S) + , 

where p denotes the number of players ; and the values of £c, ... 
may be obtained by symmetrical changes in the letters. 

We may also express the result thus, 

z = — “ "I 05 -1- 25 -f 3c 4“ ... I" . 
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203. The next letter is from Montmort to J ohn Bernoulli ; it 
occupies pages 303 — 307. Montmort makes brief observations on 
the points to which John Bernouilli had drawn his attention ; he 
suggests a problem on the Duration of Play for the consideration 
of Mcolas Bernoulli. 


204. The next letter is from Nicolas Bernoulli to Montmort ; 
it occupies pages 308 — 314. 

Nicolas Bernoulli first speaks of the game of Treize, and gives 
a general formula for it ; but by accident he gave the formula in- 
correctly, and afterwards corrected it when Montmort drew his 
attention to it ; see Montmort’s pages 31o-, 323. 

We will here investigate the formula after the manner given by 
Nicolas Bernoulli for the simple case already considered in Art. 161. 

Suppose there are n cards divided into ^ sets. Denote the 
cards of a set by 5, c, ... in order. 

The whole number of cases is \n. 

The number of ways in which a can stand first is 

The number of ways in which I can stand second without a 
standing first is p \n — \ — 

The number of ways in which c can stand third without a 
standing first or h second is p \n — l — 2p^ \n — 2 Arp^ 

And so on. 


Hence the chance of winning by the first card is ; the chance 

of winning by the second card is 7 '^— tv \ chance of win- 

® n n{n—i) 

• 7 ) 2n^ 7 )^ 

ning by the third card is ^ y — - 1 — 7 qr-? rr 5 so on. 

^ ^ n n(n—l) n(n-l) (n-2)' 

Hence the chance of winning by one or other of the first m 

cards is 


mp m (w — 1) p^ m(in — 1) (m — 2) p^ 

h O 17273 ~ 1) (7^ - 2) " 


And the entire chance of winning is found by putting 

m = -, so that it is 
P 
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• 1 n —p (n —p) (n — 2p) 

l~TT¥(^r^‘’'l.2.3 (w-1) (w-2) 

(n-jp) (7i~3p) 

1.2.3.4(^^-l) (72-2) (72-3) 

205. Nicolas Bernoulli tten passes on to another game in 
which he objects to Montmort’s conclusion. Montmort had found 
a certain advantage for the first player, on the assumption that the 
game was to conclude at a certain stage ; Nicolas Bernoulli thought 
that at this stage the game ought not to terminate, hut that the 
players should change their positions. He says that the advantage 
for the first player should be only half what Montmort stated. 
The point is of little interest, as it does not belong to the theory of 
chances but to the conventions of the players ; Montmort, however, 
did not admit the justice of the remarks of Nicolas Bernoulli ; see 
Montmort’s pages 309, 317, 827. 

206. Nicolas Bernoulli then considers the problem on the 
Duration of Play which had been suggested for him by Mont- 
mort. Nicolas Bernoulli here gives the formulae to which we have 
already alluded in Art. 180 ; but the meaning of the formulae was 
very obscure, as Montmort stated in his reply. Nicolas Bernoulli 
gives the result which expresses the chances of each player when 
the number of games is unlimited ; he says this may be deduced 
from the general formulae, and that he had also obtained it pre- 
viously by another method. See Art. 107. 

207. Nicolas Bernoulh then makes some remarks on the 
summation of series. He exemplifies the method which is now 
common in elementary works on Algebra. Suppose we require 
the sum of the squares of the first n triangular numbers, that is, the 

sum of n terms of the series of which the term is 

Assume that the sum is equal to 

an^ + bn^ + cn? -1- dn^ + en 

and then determine a, 6, c, d, e,f by changing n into 7z+ 1 in 
the assumed identity, subtracting, and equating coefficients. This 
method is ascribed by Nicolas Bernoulli to his uncle John. 


'r (r + 1)) ® 

[ 1.2 f‘ 
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Nicolas Bemoiilli also indicates another method ; he resolves 
r (r + l)r^ 


1.2 


into 


^ r (r-f 1) (r+2) (r + 3) ^ r (r + 1) (r + 2) r Crd- 1) 

^ 1.2. 3.4 1.2.3 1.2 ^ 

and thus finds that the required sum is 

^ n (n+1) (?i+2) (?i+3) (n + 4) n(n + l) (n + 2) (n + 3) 
^ 1.2.3. 4.0 ^ 1.2. 3.4 

n{n-\-V) {n + 2) 


+ ■ 


1.2.3 


208. It seems probable that a letter from Montmort to 
Nicolas Bernoulli, which has not been preserved, preceded this 
letter from Nicolas Bernoulli. For Nicolas Bernoulli refers to the 
problem about a lottery, as if Montmort had drawn his attention 
to it ; see Art. 180 : and he intimates that Montmort had offered 
to undertake the printing of James BemouUi’s unpublished Ars 
Conjectandi Neither of these points had been mentioned in 
Montmort’s preceding letters as we have them in the book. 

209. The next letter is from Montmort to Nicolas Bernoulli ; 
it occupies pages 315 — 323. The most interesting matter in this 
letter is the introduction for the first time of a problem which has 
since been much discussed. The problem was proposed to Mont- 
mort, and also solved, by an English gentleman named Waldegrave ; 
see Montmort’s pages 318 and 328. In the problem as originally 
proposed only three players are considered, but we will enunciate 
it more generally. Suppose there are + 1 players ; two of them 
play a game ; the loser deposits a shilling, and the winner then 
plays with the third player; the loser deposits a shilling, and 
the winner then plays with the fourth player ; and so on. The 
player who lost the first game does not enter again until after the 
(7^4-l)^ player has had his turn. The process continues until 
one player has beaten in continued succession all the other players, 
and then he receives all the money which has been deposited. 
It is required to determine the expectation of each of the players, 
and also the chance that the money will be won when, or before, 
a certain number of games has been played. The game is sup- 
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posed a game of pure cliaiice, or which is the same thing, the 
players are all supposed of equal skill. 

Montmort himself in the case of three players states all the 
required results, but does not give demonstrations. In the case 
of four players he states the numerical probability that the money 
will be won in any assigned number of games between 3 and 13 
inclusive, but he says that the law of the numbers which he 
assigns is not easy to perceive. He attempted to proceed further 
with the problem, and to determine the advantage of each player 
when there are four players, and also to determine the pro- 
babihty of the money being won in an assigned number of games 
when there are five or six players. He says however, page 320, 
mais cela m’a paru trop difficile, ou pltit6t j'ai manqu^ de courage, 
car je serois stir d’en venir a bout. 


210. There are references to this problem several times in 
the correspondence of Montmort and Nicolas Bernoulli; see Mont- 
mort’s pages 328, 345, 350, 366, 375, 380, 400. Nicolas Bernoulli 
succeeded in solving the problem generally for any number of 
players ; his solution is given in Montmort's pages 381 — 387, and 
is perhaps the most striking investigation in the work. The 
following remarks may be of service to a student of this solution. 


(1) On page 386 Nicolas Bernoulli ought to have stated 
how many terms should be taken of the two series which he gives, 
namely, a number expressed by the greatest integer contained 

^ ^ where he does advert to this point 


he puts by mistake 


n 

n 


instead of 


n+p — 1 
n 


(2) The expressions given for a, J, c, ... on page 386 are 

2 

correct, except that given for a\ the value of a is and not 
~ , as the language of Nicolas Bernoulli seems to imply. 

Ji 

(3) The chief results obtained by Nicolas Bernoulli are stated 
at the top of page 329 ; these results agree with those afterwards 
given by Laplace. 
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211. Although the earliest notice of .the problem occurs in 
the letter of Montmort’s which we are now examining, yet the 
earliest puhlication of it is due to De Moivre ; it is Problem xy. 
of the De Mensura Sortis, We shaU however speak of it as 
Waldegrave's Prohlem, from the person whose name we have found 
first associated with it. 

The problem is discussed by Laplace, Theorie , . . des ProK 
page 238, and we shall therefore have to recur to it. 

212. Montmort refers on page 320 to a book entitled Traite 
du Jen, which he says he had lately received from Paris. He says 
it is un Livre de morale. He praises the author, but considers 
him to be wrong sometimes in his calculation of chances, and 
gives an example. Nicolas Bernoulli in reply says that the 
author of the book is Mr Barbeyrac. Nicolas Bernoulli agrees 
with Montmort in his general opinion respecting the book, but 
in the example in question he thinks Barbeyrac right and Mont- 
mort wrong. The difference iu result arises from a difference in 
the way of understanding the rules of the game. Montmort 
briefly replied ; see pages 332, 346. 

Montmort complains of a dearth of mathematical memoirs ; he 
says, page 322, 

Je suis 6toim6 de voir les Journeaux de Leipsio si degarnis de 
morceaux de Matkematiqnes : ils doivent en partie leur reputation aux 
excelLens Memoires que Messieurs vos Oncles y envoyoient souvent : les 
Geometres n’y trouvent plus depuis cinq ou six ans les monies richesses 
qu’ autrefois, faites-en des reproches h, M. votre Oncle, et permettes-moi 
de vous en faire aussi, Luceat lux vestra coram hominibus, 

213. The next letter is from Nicolas Bernoulli to Montmort ; 
it occupies pages 323 — 337. It chiefly relates to matters which 
we have already sufficiently noticed, namely, the games of Treize, 
Her, and Tas, and Waldegrave's Problem. Nicolas Bernoulli ad- 
verts to the letter by his uncle James on the game of Tennis, 
which was afterwards published at the end of the Ars Conjectandi, 
and he proposes for solution four of the problems which are con- 
sidered in the letter in order to see if Montmort’s results will 
agree with those of J ames Bernoulli. 
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JSricolas Bernoulli gives at tlie end of Ms letter an example 
of summation of series. He proposes to sum p terms of the 
series 1, 3, 6, 10, 15, 21, ... He considers the series 

1 + So: + 6x^ + \Qa? + 15a3* + 21a:® + . . . 

which he decomposes into a set of series, thus : 

l + 2x+3x'‘ + 4a:® + 5a:^ + . . , 

+ a: + 2 £c® 4- 3a:® + 4a;‘+ ... 

+ x^ + 2x^ + Sx^+ ... 

+ x^ + 2x^+... 

+ x*+... 

+ . .. 

T1i 6 s6riGs in Gnch. liorizontal row is Ga^sily sumrnod to p torms j 

the expression obtained takes the form ~ when a? = 1, and Nicolas 

Bernoulli evaluates the indeterminate form, as he says, ...en me 
servant de la regie de mon Oncle, que feu Monsieur le Marquis 
de 1 Hopital a insert dans son Analyse des infiniment petits, , , , 

The investigation is very inaccurately printed. 

214. The next letter is' from Montmort to Nicolas Bernoulli; 
it occupies pages 387 — 347. Besides remarks on the game of Her 
and on Waldegrave’s Problem, it contains some attempts at the 
problems which Nicolas Bernoulli had proposed out of his uncle’s 
letter on the game of Tennis. But Montmort found the problems 
difficult to understand, and asked several questions as to their 
meaning. 

215. Montmort gives on his page 342 the following equation 
as the result of one of the problems, 

4m® — 8m® + + 6 = 

and he says that this is satisfied approximately by m = 5^ ; but 
there is some mistake, for the equation has no root between 
5 and 6. The correct equation should apparently be 

8m® — 12m® + 16m + 6 = 3’^^^ 
which has a root between 51 and 5*2. 
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216. One of the problems is the following. The skill of A, 
that is his chance of snccess in a single trial, is p, the skill of B 
is q. and 5 are to play for victory in two games out of three, 
each game being for two points. In the first game B is to have 
a point given to him, in the second the players are to be on an 
equality, and in the third also B is to have a point given to 
Bitu Eequired the skill of each player so that on the whole 
the chances may be equal. A’s chance of success in the first 
game or in the third game is /, and B’s chance is + 2qp. 
A’s chance of success in the second game is p^ + 3p‘q, and B’s 
chance is + Sq^p. Hence A’s chance of success in two games 
out of three is 

/ Cp' + 3 / 2 ) +/ (2" + %j») (/ + Sp^q) +/ (q^ + 3 q^p) ; 
and this by supposition must equal 

This agrees with Montmort’s result by putting for p 

a.rn l — for q, allowing for a mistake which was afterwards 

corrocted ; see Montmort’s pages S43, 350, 352. 

217. The letter closes with the following interesting piece of 
literary history. 

Je ne s^ai si vous sgav^s qu^on reimprime la Recherche de la verity. 
Le "R. F. Malhranche m’a dit que cet Ouvrage pai-oitroit au commence- 
ment d’Avril. II y aura nn grand nombre d’additions snr des snjets 
tres importans. Tons y yerr^s entr’antres noiiyeaiit6s une Disserta- 
tion snr la cause de la pesanteur, qni apparemment fixera les dontes 
de tant de Sgavans hommes qni ne sgayent ^ qnoi s’en tenir snr 
cette matiere. II pronye d’nne maniere inyincible la necessity de ses 
petits tonrbiUons ponr rendre raison de la canse de la pesantenr, de la 
dnret6 et flnidit6 des corps et des principaux phenomenes tonchant la 
Inmiere et les coulenrs; sa theorie s’accorde le mieux du monde ayec 
les belles experiences que M. Hewton a rapport6 dans son beau Traite 
De Hatura Lucis et Colorum, Je peux me glorifier anpr^s dn Pub- 
lic que mes prieres ardentes et rliterles depnis plusieurs ann^es, ont 
contribn6 h determiner cet incomparable Philo sophe ^ ^crire snr cette 



MONTMORT* 


127 


matiere qtii renferme toute la Physique generale. Yous verres avec 
admiration que ce grand homme a port6 dans ces matieres obscures 
cette nettet^ d’id^es, cette sublimite de genie et d’inyention qui bril- 
lent avec tant d’^clat dans ses Traites de JMetaphysique. 

Posterity has not adopted the high opinion which Montmort 
here expresses respecting the physical speculations of his friend 
and master ; Malebranche is now remembered and honoured for 
his metaphysical works alone, which have gained the following 
testimony from one of the greatest critics : 

As a thinker, he is perhaps the most profound that Prance has 
ever produced, and as a writer on philosophical subjects, there is not 
another European author who can be placed before him. 

Sir William Hamilton’s Lectures on Metaphysics, Yol. i. page 262 ; 
see also his edition of Reid's Works, page 266. 

218. The next letter is from Montmort to Nicolas Bernoulli ; 
it occupies pages 352 — 360. We may notice that Montmort here 
claims to be the first person who called attention to the theorem 
which is now given in elementaiy treatises on Algebra under the 
following enunciation : To find the number of terms in the expan- 
sion of any multinomial, the exponent being a positive integer. 
See Montmorfs page 355. 

219. Montmort gives in this letter some examples of the recti- 
fication of curves ; see his pages 356, 357, 359, 360. In particular 
he notices one which he had himself discussed in the early days 
of the Integral Calculus, when, as he says, the subject was well 
known only by five or six mathematicians. This example is the 
rectification of the curve called after the name of its inventor De 
Beaune; see John Bernoulli’s works, Yol. I. pages 62, 63. What 
Montmort gives in this letter is not intelligible by itself, but it can 
be understood by the aid of the original memoir, which is in the 
Journal des Sgavans, Yol. xxxi. 

These remarks by Montmort on the rectification of curves are 
of no great interest except to a student of the history of the Inte- 
gral Calculus, and they are not free from errors or misprints. 
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220. Montmort quotes the following sentence from a letter 
written by Pascal to Fermat. 

Pour YOTis parler franchement de la Geometrie, je la trouve le plus 
haut exercice de Tespritj mais en m^me temps je la connois pour si 
inutile, que je fais peu de difference entre un homme qui n’est que 
Geometre et un habile Artisan; aussi je I’appelle le plus beau metier 
dumonde; mais enfin ce n’est qu’un metier: et j’ai souvent dit qffelle 
est bonne pour faire Tessai, mais non pas I’emploi de notre force. 

Montmort naturally objects to this decision as severe and humi- 
liating, and probably not that which Pascal himself would have 
pronounced in his earlier days. 

221. The next letter is also from Montmort to Nicolas Ber- 
noulli; it occupies pages 361 — 370. Montmort says he has just 
received De Moivre’s book, by which he means the memoir De 
Mensura Sortis, published by De Moivre in the Philosophical 
Transactions; and he proceeds to analyse this memoir. Montmort 
certainly does not do justice to De Moivre. Montmort in fact 
considers that the first edition of his own work contained im- 
plicitly all that had been given in the De Mensura Sortis; and he 
seems almost to fancy that the circumstance that a problem had 
been discussed in the correspondence between himself and the 
Bemoullis was sufficient ground to deprive De Moivre of the credit 
of originality. The opinion of Nicolas Bernoulli was far more favour- 
able to De Moivre ; see Montmort's pages 362, 375, 378, 386. 

De Moivre in his Miscellanea Analytica replied to Montmort, 
as we shall see hereafter. 

222. On his page 365 Montmort gives some remarks on the 
second of the five problems which Huygens proposed for solution ; 
see Art. 35. 

Suppose there are three players; let a be the number of 
white balls, and I of black balls ; let c = a -f 5. The balls are 
supposed not to be replaced after being drawn ; then the chance of 
the first player is 

g , 5(5^1) {h^2 )a , 5(S-l)...(5-5)a . 

c c(c-l)(c-2)(c-S)'^ c(c-l) ... (c-6) 
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Montmort takes credit to himself for summing this series, so as 
to find its value when a and h are large numbers ; but, without 
saying so, he assumes that a = k Thus the series becomes 


4|5 ( |c-l |c-4 |c-7 

IT 



Let ^ = 5 + 3, then c H- 1 ; thus the series within brackets 
becomes 


y>(^-l) (p-2)4-(i7-3) (i?-4) (i?-5) 

+ (j> - 6) - 7) (j5 - 8) + ... 

Suppose we require the sum of n terms of the series. The 
term is 


(^ — 3r + 3) ~ 3r + 2) (^ - 3r + 1) ; 

assume that it is equal to 


where A, B, C, D are to be independent of r. 
We shall find that 


{p-l) (i?-2), 
B=— (9j?® — 45y> + 60), 
(7=54^-216, 

Z> = - 162. 


Hence the required sum of n terms is 
np (p - 1) (i? - 2) - ^ ~ (9/- 45j) + 60) 


+ 


n{n — l)(n— 2) 

17273 


(54^7 - 216) 


n{n-l) (w-2) (w-3) _ 

1 . 2 . 3. 4 


This result is sufficiently near Montmort*s to shew that he must 
have adopted nearly the same method; he has fallen into some 
mistake, for he gives a different expression for the terms inde- 
pendent ofj^. 

In the problem on chances to which this is subservient we 

. . u 

should have to put for n the gi-eatest integer m . 


9 
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Montmort refers on Hs page 364 to a letter dated J-une 8^^ 
1710, wbich does not appear to have been preserved. 

223. The next letter is from Nicolas Bernoulli to Montmort ; 
it occupies pages 371 — 375. Nicolas Bernoulli demonstrates a 
property of De Beaune’s curve ; he also gives a geometrical recti- 
fication of the logarithmic curve; but his results are very in- 
correct. He then remarks on a subject which he says had been 
brought to his notice in Holland, and on which a memoir had been 
inserted in the Philosophical Transactions. The subject is the 
argument for Divine Providence taken from the constant regu- 
larity observed in the births of both sexes. The memoir to which 
Bernoulli refers is by Dr John Axbuthnot ; it is in VoL xxvii. of 
the Philosophical Transactions , and was published in 1710. Nicolas 
Bernoulli had discussed the subject in Holland with ’s Gravesande. 

Nicolas Bernoulli says that he was obliged to refute the argu- 
ment. "What he supposes to be a refutation amounts to this ; he 
examined the registers of births in London for the years from 1629' 
to 1710 inclusive; he found that on the average 18 males were 
bom for 17 females. The greatest variations from this ratio were 
in 1661, when 4748 males and 4100 females were born, and in 
1703, when 7765 males and 7683 females were born. He says 
then that we may bet 300 to 1 that out of 14,000 infants the ratio 
of the males to the females will fall within these limits ; we shall 
see in Art. 225 the method by which he obtained this result. 

224. The next letter is also from Nicolas Bernoulli to Mont- 
mort ; it occupies pages 375 — 387. It contains some remarks on 
the game of Her, and some remarks ' in reply to those made by 
Montmort on De Moivre’s memoir De Mensura Sortis. The most 
important part of the letter is an elaborate discussion of Walde- 
grave’s problem ; we have already said enough on this problem, 
and so need only add that Nicolas Bernoulli speaks of this discus- 
sion as that which he preferred to every thing else which he had 
produced on the subject; see page 381. The approbation which 
he thus bestows on his own work seems well deserved. 

225. The next letter is also from Nicolas Bernoulli to Mont- 
mort ; it occupies pages 388 — 393. It is entirely occupied with 
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the question of the ratio of male infants to female infants. "We 
have already stated that Nicolas Bernoulli had refused to see any 
argument for Divine Providence in the fact of the nearly constant 
ratio. He assumes that the prohahility of the birth of a male is to 
the probability of the birth of a female as 18 to 17 ; he then shews 
that the chances are 43 to 1 that out of 14,000 infants the males 
will lie between 7037 and 7363. His investigation involves a 
general demonstration of the theorem of his uncle James called 
Bernoulli’s Theorem. The investigation requires the summation 
of terms of a binomial seines ; this is effected approximately by a 
process which is commenced in these words : Or comme ces termes 
sont furieusement grands, il faut un artifice singulier pour trouver 
ce rapport : voici comment je my suis pris. 

The whole investigation bears some resemblance to that of 
J ames Bernoulli and may have been suggested by it, for Nicolas 
Bernoulli says at the end of it, Je me souviens que feu mon Oncle 
a ddmontr^ une semblable chose dans son Traits Be Arte Con- 
jectandi, qui s’imprime ^ present a B^le, ... 

226. *^The next letter is from Montmort to Nicolas Bernoulli ; 
it occupies pages 395 — 400. Montmort records the death of the 
Duchesse d’Angoul^me, which caused him both grief and trouble ; 
he says he cannot discuss geometrical matters, but will confine 
himself to literary intelligence. 

He mentions a work entitled Fremotion Physique, ou Action 
de Dieu sur les Creatures demontree par raisonnement. The 
anonymous author pretended to follow the method of mathe- 
maticians, and on every page were to be found such great words 
as Definition, Axiom, Theorem, Demonstration, Corollary, &c. 

Montmort asks for the opinion of Nicolas Bernoulli and his 
uncle respecting the famous Commercium Epistolicum which he 
says M^ de la Society Boyale out fait imprimer pour assurer k 
M. Newton la gloire d’avoir invente le premier et seul les nou- 
velles methodes. 

Montmort speaks with approbation of a little treatise which’ 
had just appeared under the title of Mechanique du Feu. 

Montmort expresses his strong admiration of two investigations 
which he had received from Nicolas Bernoulli ; one of these was 

9—2 
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the solution of Waldegrave's problem, and the other apparently 
the demonstration of J ames Bernoulli’s theorem : see Arts. 224, 225. 
Montmort says, page 400, 

Tout cela ^toit en verity bien difficile et d’un grand travail. 
Vous ^tes un terrible homme; je croyois que pour avoir pris les de- 
vants je ne serois pas si-t6t ratrappe, mais je vois bien que je me suis 
trompe : je suis ^ present bien derriere vous ; et force de mettre toute 
mon ambition ^ vous suivre de loin. 

227. This letter from Montmort is interesting, as it records 
the perplexity in which the writer found himself between the 
claims of the rival systems of natural philosophy, the Cartesian 
and the Newtonian. He says, page 397, 

Derange comme je le suis par Tautorit^ de M. Newton, et d’un 
si grand nombre de sgavans G-eometres Anglois, je serois presque tent6 
de renoncer pour jamais ^ I’^tude de la Physique, et de remettre K 
s^avoii* tout cela dans le Cielj mais non, I’autoritl des plus grands 
espiits ne doit point nous faire de loi dans les choses ou la raison 
doit decider. 

228. Montmort gives in this letter his views respecting a 
History of Mathematics ; he says, page 399, 

II seroit ^ souhaiter que quelqu’un voulut prendre la peine de 
nous apprendre comment et en quel ordre les d^couvertes en Mathe- 
matiques se sont succed^es les unes aux autres, et h, qui nous en avons 
Tobligation. On a fait THistoire de la Peinture, de la Musique, de 
la Medecine, &c. Dne bonne Histoire des Mathematiques, et en par- 
ticulier de la Geometrie, seroit un Ouvrage beaucoup plus curieux et 
plus utile: Quel plaisir n’auroit-on pas de voir la liaison, la connexion 
des methodes, I’enchainement des differentes theories, ^ commencer 
depuis les premiers temps jusqu’au n6tre ou cette science se trouve 
portee a un si haut degre de perfection. II me semble qu’un tel 
Ouvrage bien fait pourroit ^tre en quelque sorte regard^ comme I’his- 
toire de Tesprit humain; puisque c’est dans cette science plus qu’eu 
toute autre chose, que Thomme fait connoitre 1’ excellence de ce don 
d’intelligence que Dieu lui a accorde pour I’^lever au dessus de toutes 
les autres Creatures. 
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Montmort himself had made some progress in the work which 
he here recommends ; see Art. 137. It seems however that his 
manuscripts were destroyed or totally dispersed ; see Montucla^ 
Histoire des Mathematiques first edition, preface, page IX. 

229. The next letter is from Nicolas Bernoulli to Montmort ; 
it occupies pages 401, 402. Nicolas Bernoulli announces that the 
Ars Conjectandi has just been published, and says, II n'y aura 
gueres rien de nouveau pour vous. He proposes five problems to 
Montmort in return for those which Montmort had proposed to 
him. He says that he had already proposed the first problem in 
his last letter ; but as the problem does not occur before in the 
correspondence, a letter must have been suppressed, or a portion 
of it omitted. 

The third problem is as follows. A and B play with a com- 
mon die, A deposits a crown, and B begins to play ; if B throws 
an even number he takes the crown, if he throws an odd number 
he deposits a crown. Then A throws, and takes a crown if he 
throws an even number, but does not deposit a crown if he 
throws an odd number. Then B throws again, and so on. Thus 
each takes a crown if he throws an even number, but B alone 
deposits a crown if he throws an odd number. The play is to 
continue as long as there is any sum deposited. Determine the 
advantage of A or B, 

The fourth problem is as follows. A promises to give to B 
a crown if B with a common die throws six at the first throw, 
two crowns if B throws six at the second throw, three crowns 
if B throws six at the third throw ; and so on. 

The fifth problem generalises the fourth, A promises to give 
B crowns in the progression 1, 2, 4, 8, 16, ... or 1, 3, 9, 27, ••• or 
1, 4, 9, 16, 25, ... or 1, 8, 27, 64, ... instead of in the progression 
1, 2, 3, 4, 5, as in the fourth problem. 

230. The next letter is the last; it is from Montmort to 
Nicolas Bernoulli, and it occupies pages 403 — 412. It enters 
largely on the game of Her, With respect to the five problems 
proposed to him, Montmort says that he has not tried the first 
and second, that the fourth and fifth present no difficulty, but 
that the third is much more difficult. He says that it took him 
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a long time to convince Mmself that there would he neither 
advantage nor disadvantage for B, hut that he had come to this 
conclusion^ and so had Waldegrave, who had worked with him 
at the problem. It would seem however, that this result is 
obvious, for B has at every trial an equal chance of winning or 
losing a crown. 

Montmort proposes on his page 408 a problem to Nicolas 
^Bernoulli, but the game to which it relates is not described. 

231. In the fourth problem given in Art. 229, the advantage 
of B is expressed by the series 

12 3 4 

g + ^2 + g 3 + gi + ••• infinitum. 

This series may be summed by the ordinary methods. 

We shall see that a problem of the same kind as the fourth 
and fifth of those communicated by Nicolas Bernoulli to Mont- 
mort, was afterwards discussed by Daniel Bernoulli and others, and 
that it has become famous under the title of the Petersburg 
Problem. 

232. Montmort’s work on the whole must be considered 
highly creditable to his acuteness, perseverance, and energy. The 
courage is to be commended which led him to labour in a field 
hitherto so little cultivated, and his example served to stimulate 
his more distinguished successor. De Moivre was certainly far 
superior in mathematical power to Montmort, and enjoyed the 
great advantage of a long life, extending to more than twice the 
duration of that of his predecessor ; on the other hand, the 
fortunate circumstances of Montmort’s position gave him that 
abundant leisure, which De Moivre in exile and poverty must 
have found it impossible to secure. 
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233 . Abeaham De Moivre was born at Vitri, in Champagne, 
in 1667. On account of the revocation of the edict of Nantes, 
in 1685, be took shelter in England, where he supported himself 
by giving instruction in ' mathematics and answers to questions 
relating to chances and annuities. He died at London in 1754. 

John Bernoulli speaks thus of De Moh^re in a letter to 
Leibnitz, dated 26 Apr. 1710; see page 847 of the volume cited 
in Art. 59 : 

...Dominus Moyvraeus, insignis certe Geometra, qui baud dubie 
adhnc haeret Londini, luctarLS, ut audio, cum fame et miseria, quas ut 
depellat, victum quotidianum ex informationibus adolescentum petere 
cogitur. O duram sortem hominis! et parum aptam ad excitauda 
ingenia nobilia; quis non tandem succumberet sub tarn iniquae fortunae 
vexationibus ? vel qiiodnam ingenium etiam fervidissimum non algeat 
tandem ? Miror certe Moyvraeum tantis angustiis pressum ea tamen 
adhuc praestare, quae praestat. 

De Moivre was elected a Fellow of the Boyal Society in 1697 ; 
his portrait, strikingly conspicuous among those of the great 
chiefs of science, may be seen in the collection which adorns the 
walls of the apartment used for the meetings of the Society. It 
is recorded that Newton himself, in the later years of his life, 
used to reply to inquirers respecting mathematics in these words : 

Go to Mr De Moivre, he knows these things better than I do.” 
In the long list of men ennobled by genius, virtue, and mis- 
fortune, who have found an asylum in England, it would b^ 
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difficult to name one who has conferred more honour on his 
adopted country than De Moivre. 

234. Number 329 of the Philosophical Transactions consists 
entirely of a memoir entitled De Mensura SortiSj seu, de Probahili- 
tate Pventuum in Ludis a Casu Fortuito Pendentibus. Autore 
Abr. De Molyre, K.S.S. 

The number is stated to be for the months of J anuary, 
Febmary, and March 1711 ; it occupies pages 213 — 264 of Vo- 
lume XXVII. of the Philosophical Transactions. 

The memoir was afterwards expanded by De Moivre into his 
work entitled The Doctrine of Chances: or, a Method of Calculating 
the Probahilities of Events in Play. The first edition of this work 
appeared in 1718 ; it is in quarto and contains xiv + 175 pages, 
besides the title-leaf and a dedication. The second edition appeared 
in 1738 ; it is in large quarto, and contains xiv + 258 pages, 
besides the title-leaf and a dedication and a page of corrections. 
The third edition appeared in 1756, after the author’s death ; it is 
in large quarto, and contains xii + 348 pages, besides the title-leaf 
and a dedication. 

235. I propose to give an account of the memoir De Mensura 
Sortis, and of the third edition of the Doctrine of Chances. In my 
account of the memoir I shall indicate the corresponding parts of 
the Doctrine of Chances; and in my account of the Doctrine of 
Chances I shall give such remarks as may be suggested by compar- 
ing the third edition of the work with those which preceded it ; 
any reference to the Doctrine of Chances must be taken to apply to 
the third edition, unless the contrary is stated. 

236. It may be observed that the memoir De Mensura Sortis 
is not reprinted in the abridgement of the Philosophical Transac- 
tions up to the year 1800, which was edited by Hutton, Shaw, and 
Pearson. 

The memoir is dedicated to Francis Eobartes, at whose recom- 
mendation it had been drawn up. The only works of any import- 
ance at this epoch, which had appeared on the subject, were the 
treatise by Huygens, and the first edition of Montmort’s book. 
De Moivre refers to these in words which we have already quoted 
in Art. 142. 
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De Moivre says that Problems 16, 17, 18 in his memoir were 
proposed to him by Robartes. In the Preface to the Doctrine of 
Chances, which is said to have been written in I7l7, the origin of 
the memoir is explained in the following words : 

’ Tis now about Seven Years, since I gave a Specimen in the Philo- 
sophical Transactions j of what I now more largely treat of in this Book. 
The occasion of my then undertaking this Subject was chiefly owing to 
the Desire and Encouragement of the Honourable Francis Rohartes Esq. 
(now Earl of Radnor); who, upon occasion of a Erench Tract, called 
JO Analyse des Jeux de JEazard^ which had lately been published, was 
pleased to propose to me some Problems of much greater difficulty than 
any he had found in that Book ; which having solved to his Satisfaction, 
he engaged me to methodize those Problems, and to lay down the Rules 
which had led me to their Solution. After I had proceeded thus far, it 
was enjoined me by the Royal Society, to communicate to them what I 
had discovered on this Subject: and thereupon it was ordered to be pub- 
lished in the Transactions, not so much as a matter relating to Play, but 
as containing some general Speculations not unworthy to be considered 
by the Lovers of Truth. 

237. The memoir consists of twenty-six Problems, besides 
a few introductory remarks which explain how probability is 
measured. 

238. The first problem is to find the chance of throwing an 
ace twice or oftener in eight throws with a single die ; see Doctrine 
of Chances^ 13. 

239. The second problem is a case of the Problem of Points. 
A is supposed to want 4 points, and B to want 6 points ; and A's 
chance of winning a single point is to B's as 3 is to 2 ; see Doctrine 
of Chances, page 18. It is to be remembered that up to this date, 
in all that had been published on the subject, the chances of the 
players for winning a single point had always been assumed equal ; 
see Art. 173. 

240. The third problem is to determine the chances of A and B 
for winning a single game, supposing that A can give B two games 
out of three ; the fourth problem is of a similar kind, suppostug 
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that A can give -B one game out of three : see Problems i. and ii. 
of the Doctrine of Chances, 

24}1. The fifth problem is to find how many trials must be 
made to have an even chance that an event shall happen once at 
least. Montmort had already solved the problem ; see Art. 170. 

De Moivre adds a useful approximate formula which is now one 
of the permanent results in the subject; we shall recur to it in 
noticing Problem in. of the Doctrine of Chances, where it is repro- 
duced. 

242. De Moivre then gives a Lemma : To find how many 
Chances there are upon any number of Dice, each of them of the 
same number of Faces, to throw any given number of points ; see 
Doctrine of Chances, page 39. We have already given the history 
of this Lemma in Art. 149. 

243. The sixth problem is to find how many trials must be 
made to have an even chance that an event shall happen twice at 
least. The seventh problem is to find how many trials must be 
made to have an even chance that an event shall happen three 
times at least, or fonr times at least, and so on. See Problems iii. 
and rv. of the Doctrine of Chances. ' 

244. The .eighth problem is an example of the Problem of 
Points with three players ; it is Problem vi. of the Doctrine of 
Chances. 

245. The ninth problem is the fifth of those proposed for 
solution by Huygens, which Montmort had enunciated wrongly in 
his first edition ; see Art. 199. Here we have the first publication 
of the general formula for the chance which each of two players 
has of ruining the other in an unhmited number of games ; see 
Art. 107. The problem is Problem vii. of the Doctrine of 
Chances. 

246. The tenth problem is Problem Viil. of the Doctrine of 
Chances, where it is thus enunciated : 

Two Gamesters A and B lay by 24 Counters, and play with three 
Dice, on this condition; that if 11 Points come up, A shall take one 
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Counter out of the heap; if 14, ^ shall take out one; and he shall he 
reputed the winner who shall soonest get 12 Counters. 

This is a very simple problem. De Moivre seems quite un- 
necessarily to have imagined that it could he confounded with that 
which immediately preceded it ; for at the end of the ninth pro- 
blem he says, 

Maxime cavendum est ne Prohlemata propter speciem aliquam 
affinitatis inter se confundantur. Prohlema sequens videtur affine 
superiori. 

After enunciating his ninth problem he says, 

Prohlema istud a superiore in hoc diffiert, quod 23 ad plurimum 
tesserarum jactihus, ludus necessario finietur ; cum ludus ex lege supe- 
rioris problematis, posset in aeternum continuari, propter reciproca- 
tionem lucri et jacturse se invicem perpetuo destruentium. 

247. The eleventh and twelfth problems consist of the second 
of those proposed for solution by Huygens, taken in two mean- 
ings ; they form Problems x. and XL of the Doctrine of Chances, 
The meanings given by De Moivre to the enunciation coincide 
with the first and second of the three considered by James Ber- 
noulli; see Arts. 35 and 199. 

248. The thirteenth problem is the first of those proposed for 
solution by Huygens ; the fourteenth problem is the fourth of the 
same set : see Art. 35. These problems are very simple and are 
not repeated in the Doctrine of Chances. In solving the fourth of 
the set De Moivre took the meaning to be that A is to draw three 
white balls at least. Montmort had taken the meaning to be that 
A is to draw exactly three white balls. John Bernoulli in his 
letter to Montmort took the meaning to be that A is to di'aw three 
white balls at least. James Bernoulli had considered both mean- 
ings.' See Art. 199. 

249. The fifteenth problem is that which we have called 
Waldegrave's problem ; see Art. 211. De Moivre here discusses 
the problem for the case of three players : this discussion is re- 
peated, and extended to the case of four players, in the Doctrine of 
Chances, pages 132 — 159. De Moivre was the first mpMishing a 
solution of the problem. 
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250. The sixteenth and seventeenth problems relate to the 
game of bowls ; see Art. 177. These problems are reproduced in 
a more general form in the Doctrine of Chances, pages 117 — 123. 
Respecting these two problems Montmoii says, on his page 366, 

Les Problemes 16 et 17 ne sont que deux cas tr^s simples d^uu 
m^me Probl^me, c’est presque le seal qui m’ait ^chape de tons ceux que 
je trouve dans ce Livre. 

251. The eighteenth and nineteenth problems are Problems 
XXXIX. and XL. of the Doctrine of Chances, where we shall find 
it more convenient to notice them. 

252. The remaining seven problems of the memoir form 
a distinct section on the Duration of Play. They occur as 
Problems LYiii, LX, LXI, LXii, LXiii, LXV, LXVI, of the Doctrine 
of Chances; and we shall recur to them. 

253. It will be obvious from what we have here given that the 
memoir De Mensura Sortis deserves especial notice in the history 
of our subject. Many important results were here first published 
by De Moivre, although it is true that these results already existed 
in manuscript in the Ars Conjectandi and the correspondence 
between Montmort and the BemouUis. 

We proceed to the Doctrine of Chances. 

254. The second edition of the Doctrine of Chances contains 
an Advertisement relating to the additions and improvements 
effected in the work; this is not reprinted in the third edition. 
The second edition has at the end a Table of Contents which 
neither of the others has. The third edition has the following 
Advertisement : 

The Author of this Work, by the failure of his Eye-sight in extreme 
old age, was obliged to entrust the Care of a new Edition of it to one of 
his Friends ; to whom he gave a Copy of the former, with some marginal 
Corrections and Additions, in his own hand writing. To these the 
Editor has added a few more, where they were thought necessary : and 
has disposed the whole in better Order; by restoring to their proper 
places some things that had been accidentally misplaced, and by putting 
all the Problems concerning Annuities together; as they stand in the 
late improved edition of the Treatise on that Subject. An Appendix 
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of several useful Articles is likewise subjoined r the whole according 
to a Plan concerted with the Author^ above a year before his death. 

255. The following list will indicate the parts which are new 
in the third edition. The Remark pages 30—33 ; the Remark 
pages 48, 49 ; the greater part of the second Corollary, pages 64—66 ; 
the Examples, page 88; the Scholium, page 95; the Remark, 
page 116; the third Corollary, page 138; the second Corollary, 
page 149 ; the Remark, pages 151 — 159 ; the fourth Corollary, 
page 162 ; the second Corollary, pages 176 — 179 ; the Note 
at the foot of page 187 ; the Remark, pages 251 — 254. 

The part on life annuities is very much changed, according to 
the plan laid down in the jidvertisement. 

In the second and third editions the numbers of the Problems 
agree up to Problem xi ; Problem xii. of the third edition had 
been Problem lxxxix. of the second ; from Problem xil. to 
Problem Lxix. of the third edition inclusive, the number of each 
Problem exceeds by unity its number in the second edition ; Pro- 
blem LXIX. of the second edition is incorporated in the third 
edition with Problem vi; Problems LXX. and Lxxi. are the 
same in the two editions, allowing for a misprint of LXXI. for LXX. 
in the second edition. After this the numbering differs consider- 
ably because in the second edition Problems respecting life annui- 
ties are not separated from the other Problems as they are in the 
third edition. 

The first edition of the work was dedicated to Newton : the 
second was dedicated to Lord Carpenter, and the dedication of the 
second edition is reprinted at the beginning of the third ; the 
dedication to Newton is reprinted on page 329 of the third edition. 

256. The first edition of the Doctrine of Chances has a good 
preface explaining the design and utility of the book and giving an 
account of its contents; the preface is reproduced in the other 
editions with a few omissions. It is to be regretted that the fol- 
lowing paragraphs were not retained, which relate respectively to 
the first and second editions of Montmort’s work : 

However, had I allowed my self a little more time fco consider it, 
I had certainly done the Justice to its Author, to have owned that he 
had nob only illustrated Huygens's Method by a great variety of well 
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chosen Examples, but that he had added to it several curious things of 
Lis own Invention. 

Since tLe printing of my Specimen, Mr. de Monmort, AntLor of tie 
Analyse desjeux de Hazard, Published a Second Edition of that Book, 
in which he has particularly given many proofs of his singular Genius, 
and extraordinary Capacity ; which Testimony I give both to Truth, 
and to the Friendship with "which he is pleased to Honour me. 

The concluding paragraph of the preface to the first edition 
refers to the Ars Conjectandi, and invites Nicolas and J ohn Ber- 
noulli to prosecute the subject begun in its fourth part ; this 
paragraph is omitted in the other editions. 

We repeat that we are about to analyse the third edition of the 
Doctrine of Chances, only noticing the previous editions in cases of 
changes or additions in matters of importance. 

257. The Doctrine of Chances begins with an Introduction of 
S3 pages, which explains the chief rules of the subject and illus- 
trates them by examples ; this part of the work is very much fuller 
than the corresponding part of the first edition, so that our remarks 
on the hitrodnction do not apply to the first edition. De Moivre 
considers carefully the following fundamental theorem : suppose 
that the odds for the happening of an event at a single trial are as 
a to h, then the chance that the event will happen r times at least 
in n trials is found by taking the first n — terms of the expan- 
sion of {a + ly and dividing by (a + Z>)”. We know that the result 
can also be expressed in another manner corresponding to the 
second formula in Art. 172 ; it is curious that De Moivre gives 
this without demonstration, though it seems less obvious than 
that which he has demonstrated. 

To find the chance that an event may happen just r times, De 
Moivre directs us to subtract the chance that it will happen at least 
r — 1 times from the chance that it will happen at least r times. 
He notices, but less distinctly than we might expect, the modern 
method which seems more simple and more direct, by which we 
begin with finding the chance that an event shall happen just r 
times and deduce the chance that it shall happen at least r 
times. 
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258. De Moivre notices the advantage arising from employing 
a single letter instead of two or three to denote the probability of 
the happening of one event. Thus if x denote the probability of 
the happening of an event, 1 —x will denote the probability of its 
failing. So also y and z may denote the probabilities of the hap- 
pening of two other events respectively. Then, for example, 

*0 -y) ( 1 - 2 ) 

will represent the probability of the first to the exclusion of the 
other two. De Moivre says in conclusion, and innumerable cases 
of the same nature, belonging to any number of Events, may be 
solved without any manner of trouble to the imagination, by the 
mere force of a proper notation.” 

259. In his third edition De Moivre draws attention to the 
convenience of approximating to a fraction with a large numerator 
and denominator by continued fractions, which he calls “the 
Method proposed by Dr Wallis, Huygens, and others.” He gives 
the rule for the formation of the successive convergents which is 
now to be found in elementary treatises on Algebra ; this rule he 
ascribes to Cotes. 


260. The Doctrine of Chances contains 74 problems exclusive 
of those relating to life annuities ; in the first edition there were 
53 problems. 


261. We have enunciated Problems I. and il. in Art. 240. 
Suppose p and g to represent the chances of A and 5 in a single 
game. Problem I. means that it is an even chance that A will win 


three games before B wins one ; thus = 2 * 


Hence p = ^ , and 



Problem ii. means that it is an even chance that A 


will win three games before B wins two. Thus ^ ; which 


must be solved by trial. 

These problems are simple examples of the general formula in 
Art. 172. 


262. Problems ill, IV, and V. are included in the following 
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general enunciation. Suppose a the number of chances for the 
happening of an event in a single trial, and h the number of 
chances for its failing : find how many trials must be made to have 
an even chance that the event will happen r times at least. 

For example, let r = 1. 

Suppose X the number of trials. Then the chance that 


the event fails x times in succession is 


ia^W' 


And by suppo- 


sition this is equal to the chance of its happening once at least 
in X trials. Therefore each of these chances must be equal 

to i . Thus 
A 


v 1 


from tMs equation x may be found by logarithms. 

De Moivre proceeds to an approximation. Put ~ Thus 

03 log ^l + ij=log2. 

If 2 = 1, we have 1. If 2 be greater than 1, we have by 
expanding log ^ 1 ^ j , 

where log 2 will mean the logarithm to the Napierian base. Then 
if 2 be large we have approximately 

7 

a? = 2 log 2 = 2 ^oarly. 


De Moivi'e says, page 37, 

Thus we have assigned the very narrow limits within which the ratio 
of ic to 2 is comprehended ; for it begins with unity, and terminates at 
last in the ratio of 7 to 1 0 very near. 

But X soon converges to the limit 0.72, "^bis value of x may 

be assumed in all cases, let the value of 2 be what it will. 

The fact that this result is true when 2 is moderately large is the 
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element of tmtli in the mistake made by M. de M^re ; be assumed 
that such a result should hold for all values of ^ : see Art. 14. 

268. As another example of the general enunciation of 
Art. 262, let r == 8. 

The chance that the event will happen at least 3 times in x 
trials is equal to the first x — 2 terms of the expansion of 

\a + b^ a + bj’ 

and this chance by hypothesis is \ . Hence the last three terms 

jU 

of the expansion will also be equal to - , that is, 

Ji 

W + a + = I (a + f>T- 

If g' = 1 we find a; = 5. 

If be supposed indefiiiitely great, and we put ” = g^t 
6*' = 2 

where e is the base of the Napierian logarithms. 

By trial it is found that 0 = 2*675 nearly. Hence De Moivre 
concludes that x always lies between 5q and 2*6752'. 

264. De Moivre exhibits the following table of results ob- 
tained in the manner shewn in the two preceding Articles. 

A Table of the Limits. 

Tbe Value of x will always be 
For a single Event, between \q and O’GQSg'. 

For a double Event, between and 1*6782'. 

For a triple Event, between 5q and 2*6752- 
For a quadruple Event, between *Jq and 3*6722. 

For a quintuple Event, between 92 and 4*6702. 

For a sextuple Event, between II 2 a^d 5’668q. 

<kc. 


10 
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And if tlie nnmlDer of Events contended for, as 'W'ell as tlie nunfber 
q Tae pretty large in respect to Unity j tlie number of Trials requisite for 

those Events to happen n times will be — ^ S'? barely nq, 

De Moivre seems to have inferred the general result enun- 
ciated in the last sentence, from observing the numerical values 
obtained in the six cases which he had calculated, for he gives no 
further investigation. 

265. In Art. 263 we have seen that De Moivre concludes 

that - always lies between 5 and 2'675. This may appear very 

probable, but it is certainly not demonstrated. It is quite con- 
ceivable, in the absence of any demonstration to the contrary, that 

~ should at first increase with q, and so be greater than 5, and 

2 

then decrease and become less than 2 675, and then increase 
again to its limit 2*675. The remark applies to the general pro- 
position, whatever be the value of t*, as well as to the particular 
example in which r =• 3. 

It would not be very easy perhaps to shew from such an 
equation as that in Art. 263, that x increases continually with q] 
and yet from the nature of the question we may conclude that 
this must be the case. For if the chance of success in a single 
trial is dimmished, it appears obvious that the number of trials 
must be increased, in order to secure an even chance for the event 
to happen once at least. 

266. On pages 39 — 43 of the Doctrine of Chances, we have 
the Lemma of which we have already given an account; see 
Art. 242. 

267. Problem VI. of the Doctrine of Chances is an example 
of the Problem of Points with three players. De Moivre gives 
the same kind of solution as Fermat : see Arts. 16 and 18. In 
the third edition there is also a discussion of some simple cases 
according to the method which Pascal used for two players ; see 
Art. 12. De Moivre also gives here a good rule for- solving the 
problem for any number of players; the rule is founded on 



DE MOIVRE. 


147 


Fermat’s metliod, and is intended to lighten as much as possible 
the labour which must be incurred in applying the method to 
complex cases. The rule was first published in the Miscellanea 
Analytica, in 1780 j it is given in the second edition of the 
Doctrine of Chances on pages 191, 192. 

268. Problem VII. is the fifth of those proposed by Huygens 
for solution ; see Art. 35. We have already stated that He Moivre 
generalises the problem in the same way as James Bernoulh, 
and the result, with a demonstration, was first published in the 
De Mensura Sortis ; see Arts. 107, 245. De Moivre’s demon- 
stration is very ingenious, but not quite complete. For he finds 
the ratio of the chance that A will ruin B to the chance that 
B will ruin A ; then he assumes in effect that in the long run 
one or other of the players must be ruined : thus he deduces 
the absolute values of the two chances. 

See the first Appendix to Professor De Morgan’s Essay on 
Probabilities in the Cabinet Cyclopcedia, 

We have spoken of Problem viii. in Art. 246. 

269. Problem ix. is as follows. 

Supposing A and whose proportion of skill is as a to h, to play 
together, till A either wins the number q of Stakes, or loses the number 
p of them ; and that B sets at every Game the sum C to the sum A ; it 
is required to find the Advantage or Disadvantage of A, 

This was Problem XLIII. of the first edition of the Doctrine 
of Chances, in the preface to which it is thus noticed : 

The 43d Problem having been proposed to me by Mr. Thomas Wood- 
cock, a Gentleman whom I infinitely respect, I attempted its Solution 
with a very great desire of obtaining it; and having had the good 
Fortune to succeed in it, I returned him the Solution a few Days after 
he was pleased to propose it. This Problem is in my Opinion one of 
the most curious that can be pi'opos’d on this Subject ; its Solution 
containing the Method of determining, not only that Advantage which 
results from a Superiority of Chance, in a Play confined to a certain 
number of Stakes to be won or lost by either Party, but also that which 
may result from an unequality of Stakes; and even compares those two 
Advantages together, when the Odds of Chance being on one side, tibe 
Odds of Money are on the other. 


10—2 
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In the Miscellanea Analytica, page 204^ the problem is again 
said to have been proposed by Thomas Woodcock, spectatissimo 
viro, but he is not mentioned in the second or third edition of 
the Doctrine of Chances ; so that De Moivre’s infinite respect for 
him seems to have decayed and disappeared in a finite time. 

The solution of the problem is as follows : 


Let R and S respectively represent the Probabilities which A and B 
have of winning all the Stakes of their Adversary j which Probabilities 
have been determined in the vii*^ ProUem. Let ns fii’st suppose that 
the Sums deposited by A and B are equal, mz. G, and G : now since A 
is either to win the sum qG, or lose the sum pGj it is plain that the Gain 
of A ought to be estimated by RqG — SpG] moreover since the Sums 
deposited are G and G, and that the proportion of the Chances to win 
one Game is as a to 5, it follows that the Gain of A for each individual 

Game is ^ ; and for the same reason the Gain of each individual 
a + o 


Game would be ■ ^ , if the Sums deposited by A and B were re- 

spectively L and G. Let us therefore now suppose that they are L 
and G ; then in order to find the whole Gain of A in this second cir- 
cumstance, we may consider that whether A and B lay down equal 
Stakes or unequal Stakes, the Probabilities which either of them has 
of winning all the Stakes of the other, suffer not thereby any alter- 
ation, and that the Play will continue of the same length in both cir- 
cumstances before it is determined in favour of either; wherefore the 
Gain of each individual Game in the first case, is to the Gain of each 
individual Game in the second, as the whole Gain of the first case, to 
the whole Gain of the second; and consequently the whole Gain of the 

second case will be Rq^-^px or restoring the values of R and S 

Oj — 0 ^ 


qa^ xaF — h^—plf x — ¥ 


multiplied by 


aG-hL 
a — b 


270. In the first edition of the Doctrine of Chances, 
pages 136 — 142, De Moivre gave a very laborious solution of the 
preceding Problem. To this was added a much shorter solution, 
communicated by Nicolas Bernoulli from his uncle. This solution 
was founded on an artifice which De Moivre had himself used in 
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the ninth problem, of the Be Mensura Sortis. De Moivre how- 
ever renounces for himself the claim to the merit of the solu- 
tion. This renunciation he repeats in the Miscellanea Analytica, 
page 206, where he names the author of the simple solution 
which we have already given. He says. 

Ego vere illud ante libenter fassus sum, idque ipsum etianmum 
hbenter fateor, quamvis solutio Problematis mei noni causam fortasse 
dederit hujus solutionis, me tamen nihil juris in earn habere, eamque 
Cl. illius Autori ascribi sequum esse. 

Septem aut octo abhinc annis D. Stevens Int. Tempi. Socius, Yir 
ingenuus, singular! sagacitate praeditus, id sibi propositum habens ut 
Problema superius allatum solveret, hac ratione solutionem facile asse- 
cutus est, quam mihi his verbis exhibuit. 

Then follows the solution, after which De Moivre adds, 

Doctissimus adolescens D. Gmnmer, apud Genevenses Mathematicse 
Professor dignissimus, cujus recordatio aeque ac CoUegae ejus peritissimi 
D. Calandrin mihi est perjucunda, cum superiore anno Londini com- 
moraretui', narravit mihi se ex literis D. Fic. Bernoulli ad se datis acce- 
pisse Cl. Yii'um novam solutionem hujus Problematis adeptum esse, 
quam prioribus autor anteponebat; cum vero nibil de via solutionis 
dixerit, si mihi conjicere liceat qualis ea sit, hanc opinor eandem esse 
atque illam quam modo attuli. 

271 . We have already spoken of Problems x and XI. in 
Art. 247. In his solution of Problem X. De ■ Moivre uses the 
theorem for the summation of series to which we have referred 
in Art. 152. A corollary was added in the second edition and 
was expanded in the third edition, on which we wiU make a 
remark. 

Suppose that A, 5, and 0 throw in order a die of n faces, 
and that a faces are favourable to A, and 5 to Bj and c to 0, 
where + 5 + c = Kequired the chances which B, and Q 
have respectively of being the first to throw a corresponding face. 
It may be easily shewn that the chances are proportional to 
arl?, (h + c) hi, and (6 + c) {a + c) c, respectively. De Moivre, in 
his third edition, page 65, seems to imply that before the order 
was fixed, the chances would be proportional to a, 5, c. This 
must of course mean that such would be the case if there were 



150 


DE MOIVEE. 


no order at all; that is if the die were to he thrown and the 
stake awarded to A, B, or 0, according as the face which appeared 
was one of the a, h, c respectively. If there is to be an order, 
but the order is as likely to be one as another, the result will be 
difierent. The chance of A for example will be one sixth of the 
sum arising from six possible and equally hkely cases. It will be 
found that ^’s chance is 

g {6a° + 9a (5 + c) + 3 (P + Q + She} 

6 — (& + c) (c + a) {a + 5)} 

272. Problem xil. appeared for the first time in the second 

edition, page 248, with this preliminary notice. particular 

Friend having desired of me that to the preceding Problems I 
would add one more, I have thought fit to comply with his desire ; 
the Problem was this.” The problem is of no great importance ; 
it is solved by the method often used in the Ars Conjectandi, 
which we have explained in Art. 106, 

273. Problem xiii. relates to the game of Bassette, and 
Problem xrv. to the game of Pharaon; these problems occupy 
pages 69—82 of the work. We have already sufficiently noticed 
these games ; see Arts. 154, 163. De Moivre’s discussion is the 
same in aU his three editions, except that a paragraph on page 37 
of the first edition, extending from the words ‘‘ Those who are . . 
to the end of the page, is omitted in the following editions. 
The paragraph is in fact an easy example of the formulae for the 
game of Bassette. 

274. Problems xy. to xx. form a connected series. De Moivre 
solves simple examples in chances and applies his results to esta- 
blish a Theory of Permutations and Combinations ; in modem 
times we usually adopt the reverse order, establish the Theory of 
Permutations and Combinations first, and afterwards apply the 
theory in the discussion of chances. We will take an example of 
De Moivre’s method from his Problem XY. Suppose there are 
six things a, 5, c, e, fy and let two of them be taken at random ; 
required the chance that a shall stand first, and 5 second. The 
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chance of taking a first is ^ ; and there are then fire things left, 
and the chance of now taking ^ is Therefore the required 

chance is ^ . Then De Moivre says, 

Since the taking a in the first place, and 5 in the second, is but one 
single Case of those by which six Things may change their order, being 
taken two and two; it follows that the number of Changes or Permu- 
tations of six Things, taken two and two, must be 30, 


275. In his Preface De Moivre says. 

Having explained the common Rules of Combinations, and given a 
Theorem which may be of use for the Solution of some Problems re- 
lating to that Subject, I lay down a new Theorem, which is properly a 
contraction of the former, whereby several Questions of Chance are 
resolved with wonderful ease, tho’ the Solution might seem at first sight 
to be of insuperable difficulty. 

The nm Theorem amounts to nothing more than the simplifi- 
cation of an expression by cancelling factors, which occur in its 
numerator and denominator ; see Doctrine of Chances, pages ix. 89. 


276. Problems xxL to xxv. consist of easy applications to 
questions concerning Lotteries of the principles established in the 
Problems xv. to xx. ; only the first two of these questions con- 
cerning Lotteries appeared in the first edition. 

A Scholium is given on page 95 of the third edition which 
deserves notice. De Moivre quotes the following formula : Sup- 
pose a and n to be positive integers ; then 


n n-{-l 


+ ■ 


“h ••• 4- • 


7z-{- 2 ' * a — 1 

n 2n 2a 2 a*/ 4 a*) 

^ 6 U“ aV 


+ 



■wliere 
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As De Moivre says A, are tlie numbers of Mr. James 

Bernoulli in bis excellent Theorem for the Summing of Powers.” 
See Art. 112. De Moivre refers for the demonstration of the 
formula to the Supplement to the Miscellanea Analytical where 
the formula first appeared. We shall recur to this in speaking of 
the Miscellanea Amlytica. 

277. Problems XXYII. to xxxii. relate to the game of Quad- 
rille ; although the game is not described there is no difficulty in 
understanding the problems which are simple examples of the 
Theory of Combinations : these problems are not in the first 
edition. 

278. Problem xxxin. is To find at Pharaon how much it is 
that the Banker gets per Cent of aU the Money that is adventured. 
De Moivre in his Preface seems to attach great importance to this 
solution; but it scarcely satisfies the expectations which are thus 
raised. The player who stakes against the bank is in fact sup- 
posed to play merely by chance without regard to what would be 
his best course at any stage of the game, although the previous 
investigations of Montmort and De Moivre shewed distinctly that 
some courses were far less pernicious than others. 

The Banker's adversary in De Moivre's solution is therefore 
rather a machine than a gambler with Kberty of choice. 

279. Problem xxxiv. is as follows : 

Supposing A and JB to play together, that the Chances they have 
respectively to win are as a to 5, and that JB obliges himself to set to A 
so long as A wins without interruption : what is the advantage that A gets 
by his hand? 

The result is, supposing each to stake one, 

a — h 

a-]-h 

that is, 

280. Problems xxxv. and xxxvi. relate to the game dis- 
cussed by Nicolas Bernoulli and Montmort, which is called Trenze 
or Renaontre; see Art. 162. 


1 + 


a 4* S 


+ 


5 + - 


{oj + 5 )^ {a 4 - 6 )' 

a’-h 


• 4- . . . in infinitum f- , 
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De Moivre treats the subject with great ingenuity and with 
more generality than his predecessors, as we shall now shew. 


281. Problem xxxv. is thus enunciated : 

Any number of Letters 5, c, e^f &c., all of them different, 
being taken promiscuously as it happens : to find the Probability that 
some of them shall be found in their places according to the rank they 
obtain in the Alphabet; and that others of them shall at the same time 
be displaced. 

Let n be the number of the letters; suppose that^ specified 
letters are to be in their places, ^ specifi.ed letters out of their 
places, and the remaining n —p — q letters free from any restric- 
tion. The chance that this result will happen is 


1 g 1 I g(g-i) 1 i 

n(n-l)...(«-_p+l) 1 In-p 1.2 (n-j>)(n-^-l) ’"j‘ 

This supposes that p is greater than 0 ; if = 0, the result is 

g 1 , g(g-l) _J__ 

In^ 1.2 n{n-l) 

If we suppose in this formula 2 = m — 1, we have a result already 
implicitly given in Art. 161. 

In demonstrating these formulae De Moivre is content to ex- 
amine a few simple cases and assume that the law which presents 
itself will hold universally. We will indicate his method. 

The chance that a is in the first place is the chance that a is 


in the first place, and 5 in the second place is 

chance that a is in the first place and 6 not in the second place is 

1 1 
n n (n — V)' 


Similarly the chance that a, 5, c are all in their proper places is 

—7 -5-7 77 - ; subtract this from the chance that a and h are in 

— 1) (n — 2) 

their proper places, and we have the chance that a and 5 are in 
their proper places, and c not in its proper place : thus this chance is 


1 1 
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De Moivre uses a peculiar notation for facilitating ttds process. 
Let + a denote tlie chance that a is in its proper place and — a the 
chance that it is out of it ; let + 5 denote the chance that 5 is in 
its proper place and — h the chance that it is out of it ; and so on. 
And in general let such a symbol as + a + ^ + c — c? — c denote that 
a, S, c are in their proper places, and d, e out of theirs. 

T.l_ 1 1 

^ n n(n -1) n (n — 1) (n — 2) 

1 

n (n — 1) — 2) (n — 3) ^ 


Then we have the following results : 

+ 6 =r 
+ J + a = s 

+ J — a = r— 5 (1) 

4-C + 5 =5 

+ c + h — a = s-‘t (2) 

+ c — a =^r — s l>y (i) 

+ s-f by (2) 

-f”C — d — 5= r — 2s t (3) 

4-{?4*c + 5 =t 

<r = t — V (4) 

d c— Of =5 — t by (2) 

-|-cZ + C“a + &= t—v by (4) 

— 5— s 2ii “t" V ^5) 

+ 5 — = r — 2s + ^ (3) 


+ S — a+c= 5 — 2i + t; by (5) 
d^b — a — c= r — 3s + 3^— V (6) 

It is easy to translate into words any of these symbolical pro- 
cesses. Take for example that which leads to the result (2) : 

+ c-f S = s; 
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this means that the chance that c and 5 are in their proper places 
is s ] and this we know to be true j 

this means that the chance that c, i, a are all in their proper 
places is t ; and this we know to be true. 

From these two results we deduce that the chance that c and h 
are in their proper places, and a out of its place is 5 — ^ ; and this 
is expressed symbolically thus, 

+ c + h’-a — s^t 

Similarly, to obtain the result (3) ; we know from the result (1) 
that r — 5 is the chance that c is in its proper place, and a out of 
its proper place ; and we know from the result (2) that 5 — j? is the 
chance that c and h are in their proper places, and a out of its pro- 
per place ; hence we infer that the chance that c is in its proper 
place, and a and I out of their proper places is r - 2^ + ^ ; and this 
result is expressed symbolically thus, 

+ c — a — 5 = r — 25-f-^. 

282. De Moivre refers in his Preface to this process in the fol- 
lowing terms : 

In the 35th and 36th Problems, I explain a new sort of Algelray 
whereby some Questions relating to Combinations are solved by so easy 
a Process, that their Solution is made in some measure an immediate 
consequence of the Method of Notation. I will not pretend to say that 
this new Algelra is absolutely necessary to the Solving of those Ques- 
tions which I make to depend on it, since it appears that Mr. MontTnort^ 
Author of the Analyse des Jeux de Hazard, and Mr. Mcholas Bernoulli 
have solved, by another Method, many of the cases therein proposed: 
But I hope I shall not be thought guilty of too much Confidence, if 
I assure the Reader, that the Method I have followed has a degree of 
Simplicity, not to say of Generality, which will hardly be attained by 
any other Steps than by those I have taken. 

283. De Moivre himself enunciates his result verbally ; it is of 
course equivalent to the formula which we have given in Art. 281, 
but it will be convenient to reproduce it. The notation being that 
already explained, he says, 
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...then let all the quantities 1, r, v, &c. be written down with 
Signs alternately positive and negative, beginning at 1, ifp be = 0; at r, 
if be = 1 j at 5, if p be = 2 j <fec. Prefix to these Quantities the Co- 
efficients of a Binomial Power, whose index is = g'; this being done, 
those Quantities taken all together will express the Probability re- 
quired. 


284j. The enunciation and solution of Problem xxxyi. are as 
follows : 

Any given number of Letters a, 5, c, e, f, (fee., being each repeated 
a certain number of times, and taken promiscuously as it happens : To 
find the Probability that of some of those sorts, some one Letter of each 
may be found in its place, and at the same time, that of some other 
sorts, no one Letter be found in its place. 


Suppose n be the number of all the Letters, I the number of times 

that each Letter is repeated, and consequently 'j the whole number of 

Sorts : suppose also that p be the number of Sorts of which some one 
Letter is to be found in its place, and q the number of Sorts of which 
no one Letter is to be found in its place. Let now the prescriptions 
given in the preceding Problem be followed in all respects, saving that 


r must here be made = » 


t : 


n' n{n — lY " — 

the Solution of any particular case of the Problem will be obtained. 

Thus if it were required to find the Probability that no Letter of any 
sort shall be in its place, the Probability thereof would be expressed by 
the Series 

^ 1.2 1.2.3 1.2. 3. 4 

of which the number of Terms is equal to q+1. 

But in this particular case q would be equal to y , and therefore, the 
foregoing Series might be changed into this, viz. 


1 n— I 1 (n — 1) {n -- 21) 1 ^ 3^ . 

2 n-l~'6 (n-l) {n-2) 24 (n-1) (n-2) (n-3) 

of which the number of Terms is equal to . 
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285. De Moivre then adds some Corollaries. The following 
is the first of them : 

From hence it follows, that the Probability of one or more Letters, 
indeterminately taken, being in their places, will be expressed as fol- 
lows : 

1 n-l 1 1 (n - T) (n - 2T) (n SI) , 

^ 2n-1^6 (n-l)(n-2) 24 (n-1) (n--2) (n--S) 

This agrees with what we have already given from Nicolas 
Bernoulli ; see Art. 204. 

In the next three Corollaries De Moivre exhibits the pro- 
bability that two or more letters should be in their places, that 
three or more should be, and that four or more should be. 

286. The four Corollaries, which we have just noticed, are 

examples of the most important part of the Problem; this is 
treated by Laplace, who gives a general formula for the proba- 
bility that any assigned number of letters or some greater number 
shall be in their proper places. TMorie. . -des Proh. pages 217 — 222. 
The part of Problems xxxv. and xxxvi. which’ De Moivre puts 
most prominently forward in his enunciations and solutions is 
the condition that p letters are to be in their places, q out of 
their places, and — free from any restriction; this part 

seems peculiar to De Moivre, for we do not find it before his time, 
nor does it seem to have attracted attention since. 

287. A Eemarh is given on page 116 which was not in the 
preceding editions of the Doctrine of Chances, De Moivre shews 
that the sum of the series 

111 

is equal to unity diminished by the reciprocal of the base of the 
Napierian logarithms. 

288. The fifth Corollary to Problem XXXVI. is as follows : 

If A and B each holding a Pack of Cards, pull them out at the same 
time one after another, on condition that every time two like Cards are 
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pulled out, A shall give JB a Guinea; and it were required to find what 
consideration JB ought to give A to play on those Terms : the Answer 
will be one Guinea, let the number of Cards be what it will. 

Altho’ this be a Corollary from the preceding Solutions, yet it may 
more easily be made out thus; one of the Packs being tlie Pule where- 
by to estimate the order of the Cards in the second, the Probability 

that the two first Cards are alike is ^ , the Probability that the two 

o2i 

second are alike is also , and therefore there being 52 such aHlce corn- 
ed 


binations, it follows that the value of the whole is 


5_2 

52 


= 1 . 


It may be interesting to deduce this result from the formulae 
already given. The chance that out of n cards, p specified cards 
will be in their places, and all the rest out of their places will 
be obtained by making in the first formula of Art. 281. 

The chance that any p cards will be in their places, and all the 
rest out of their places will be obtained by multiplying the pre- 
\n 

ceding result by — . And since in this case B receives 

S \n-p \p 

p guineas, we must multiply by p to obtain B's, advantage. Thus 
we obtain 


1 




-...+ 


(- 1 )”'" [ 
\n-v ) 


Denote this by ^ {p ) ; then we are to shew that the sum of 
the values of ^ {p) obtained by giving to p all values between 
1 and n inclusive is unity. 

Let '\Jr (n) denote the sum ; then it may be easily shewn that 

-f 1) — = 0. 

Thus (n) is constant for all values of n ; and it = 1 when 
n = l, so that 'ijr (n) is always = 1. 


289. The sixth Corollary to Problem xxxvi. is as follows : 

If the number of Packs be given, the Probability that any given 
number of Circumstances may happen in any number of Packs, will 
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easily be found by our Method : thus if the number of Packs be the 
Probability that one Card or more of the same Suit and ITame in every 
one of the Packs may be in the same position, will be expressed as fol- 
lows, 

1 

— 1)}*^ [3 {n (n — 1) 

1 „ 

[4 {n (ti — 1) {n — 2) (n — 

Laplace demonstrates this result; see TMorie des Proh, 
page 224. 

290. Problems xxxvii. and xxxviil. relate to the game of 
Bowls ; see Arts. 177, 250. 

De Moivre says, page 120, 

Having given formerly the Solution of this Problem, proposed to me 
by the Honourable Francis Eohartes, Esq;, in the Philosophical Trans- 
actions Number 329; I there said, by way of Corollary, that if the 
proportion of Skill in the Gamesters were given, the Problem might 
also be solved : since which time M, de Monmort, in the second Edition 
of a Book by him published upon the Subject of Chance, has solved 
this Problem as it is extended to the consideration of the Skill, and 
to carry his Solution to a great number of Cases, giving also a Me- 
thod whereby it might be carried farther: But altho’ his Solution is 
good, as he has made a right use of the Doctrine of Combinations, 
yet I think mine has a greater degree of Simplicity, it. being deduced 
from the original Principle whereby I have demonstrated the Doctrine 
of Permutations and Combinations : . . . 

291. Problems xxxix. to xm. form a coxmected set. Pro- 
blem XXXIX. is as follows : 

To find the Expectation of A, when with a Die of any given num- 
ber of Faces, he undertakes to fling any number of them in any given 
number of Casts. 

p -p 1 be the number of faces on rbhe die, n’the number 
of casts, f the number of faces which JA xmdertakes to Then 

^’s expectation is 
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/C/-1) 

1.2 


(p-ir 


De Moivre infers tliis general result from the examination 
of the simple cases in which f is equal to 2, S, 4 respec- 
tively. 

He says in his Preface respecting this problem, 


When I began for the first, time to attempt its Solution, I had 
nothing else to guide me hut the common Pules of Combinations, such 
as they had been delivered by Dr. Wallis and others; which when I 
endeavoured to apply, I was surprized to find that my Calculation 
swelled by degrees to an intolerable Bulk : For this reason I was forced 
to turn my "Views another way, and to try whether the Solution I 
was seeking for might not be deduced from some easier considerations; 
whereupon I happily fell upon the Method I have been mentioning, 
which as it led me to a very great Simplicity in the Solution, so I 
look upon it to be an Improvement made to the Method of Com- 
binations. 


The problem has attracted much attention; we shall find it 
discussed by the following writers : Mallet, Acta Helvetica, 1772 ; 
Euler, Opuscida Analytica, Vol. il. 1785; Laplace, Memoires.,. 
par divers Savans, 1774, Theorie-*, des Proh, page 191 ; Trembley, 
Memoires de VAcad».. Berlin, 1794, 1795. 

We shall recur to the problem when we are giving an account 
of Euler’s writings on our subject. 


292. Problem XL. is as follows : 

To find in how many Trials it wiU be probable that A with a Die 
of any given number of Faces shall throw any proposed number of 
them. 

Take the formula given in Art. 291, suppose it equal to ~ , 

and seek for the value of n. There is no method for solving 
this equation exactly, so De Moivre adopts an approximation. 
He supposes that p + 1, p, p — 1, p -- 2, are in Geometrical 
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Progression, which supposition he says will very little err from 
the truth, especially if the proportion of ^ to 1, he not very small.” 

Put T for ; thus the equation becomes 
V 

1 /I , /(/-!) 1 /(/-l)C/"2) 1 ^1^ 

1.2 [a 


that is 



Hence 



and then n may be found by logarithms. 

De Moivre says in his Preface respecting this problem. 

The 40th Problem is the reverse of the preceding; It contains a 
very remarkable Method of Solution, the Artifice of which consists 
in changing an Arithmetic Progression of hTumbers into a Geometric 
one; this being always to be done when the liTumhers are large, and 
their Intervals small. I freely acknowledge that I have been indebted 
long ago for this useful Idea, to my much respected Friend, That Ex- 
cellent Mathematician Dr. Halley, Secretary to the Royal Society, 
whom I have seen practise the thing on another occasion: For this 
and other Instructive Notions readily imparted to me, during an un- 
interrupted Friendship of five and Twenty y-ears, I return him my 
very hearty Thanks. 

Laplace also notices this method of approximation in salving 
the problem, and he compares its result with that furnished by his 
own method ; see ThSorie ... des Prob, pages 198 — 200. 


298. Problem XLI. is as follows : 

Supposing a regular Prism having a Faces marked I, b Faces 
marked ii, c Faces marked iii, d Faces marked rv, &c. what is the 
Probability that in a certain number of throws n, some of the Faces 
marked i will be thrown, as also some of the Faces marked ii ? 

This is an extension of Problem xxxix ; it was not in the first 

edition of the Poctrine of Chances. 

'Let a + h + c + d-h ...=-s; then the Probability required 

will be 

4 [«" - {(« - «)” + (« - ^)”} + («-«- ^ 3 "]- 

* 11 
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If it be required that some of the Faces marked i, some of 
the Faces marked ii, and some of tbe Faces marked lii be 
thrown, the Probability required wUl be 

— (s — a — 5 — c)"" . 

And so on if other Faces are required to be thrown. 

De Moivre intimates that these results follow easily from the 
method adopted in Problem xxxix. 

294, Problem XLII, first appeared in the second edition ; 
it is not important. 

Problem XLiii. is as follows : 

Any number of Chances being given, to find the Probability of their 
being produced in a given order, without any limitation of the number 
of times in which they are to be produced. 

It may be remarked that, for an approximation, De Moivre 
proposes to replace several numbers representing chances by a 
common mean value ; it is however not easy to believe that the 
result would be very trustworthy. This problem was not in the 
first edition. 

295. Problems XLiv. and xly. relate to what we have called 
Waldegrave's Problem ; see Art. 211. 

In De Moivre’s first edition, the problem occupies pages 77 — 102. 
De Moivre says in his preface that he had received the solution 
by hlicolas Bernoulli before his ovm was published ; and that both 
solutions were printed in the Philosophical Tramactions, No. 341, 
De Moivre's solution consists of a very fuU and clear discussion 
of the problem when there are three players, and also when there 
are four players ; and he gives a little aid to the solution of the 
general problem. The last page is devoted to an explanation of a 
method of solving the problem which Brook Taylor communicated 
to De Moivre. 

In De Moivre s third edition the problem occupies pages 132 — 159. 
The matter given in the first edition is here reproduced, omitting, 
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liowever, some details wliicli tlie reader might be expected to fill 
up for himself, and also the method of Brook Taylor. On the 
other hand, the last nine pages of the discussion in the third 
edition were not in the first edition ; these consist of explanations 
and investigations with the view of enabling a reader to determine 
numeiical results for any number of players, supposing that at 
any stage it is required to stop the play and divide the money 
deposited equitably. This part of the problem is peculiar to 
De Moivre. 

The discussions which De Moivre gives of the particular 
cases of three players and four players are very easy and satis- 
factory; but as a general solution his method seems inferior to 
that of Nicolas Bernoulli. We may remark that the investigation 
for three players given by De Moivre will enable the student to 
discover how Montmort obtained the results which he gives with- 
out demonstration for three players ; see Ai’t. 209. De Moivre 
determines a player's expectation by finding first the advantage 
resulting from his chance of winning the whole sum deposited, and 
then his disadvantage arising from the contributions which he 
may have had to make himself to the whole sum deposited ; the 
expectation is obtained by subtracting the second result from the 
first. Montmort determined the expectation by finding, first the 
advantage of the player arising from his chance of winning the 
deposits of the other two players, and’ then the disadvantage 
arising from the chance which the other two players have of 
winning his deposits ; the expectation is obtained by subtracting- 
the second result from the first. 

The problem will come before us again as solved by Laplace. 

296. Problem XLVi. is on the game ofSazay'd; there is no 
description of the game here, but there is one given by Montmort 
on his page 177; and from this description, De Moivre's solution 
can be understood : his results agree with Montmort s. Pro- 
blem XLVII. is also on Hazard ; it relates to a point in the game 
which is not noticed by Montmort, and it is only from De Moivre’s 
investigation itself that we can discover what the problem is, 
which he is considering. With respect to this problem, De Moivre 
says, page 165, 


11—2 
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After I had solved the foregoing Problem, 'which is about 12 years 
ago, I spoke of my Solution to Mr. Henry Stuart Stevens, but vdth- 
out communicating to him the manner of it : As he is a Gentleman 
who, besides other uncommon Qualifications, has a particular Sagacity 
in reducing intricate Questions to simple ones, he brought me, a few 
days after, his Investigation of the Conclusion set down in my thftd 
Corollary j and as I have had occasion to cite him before, in another 
Work, so I here renew with pleasure the Expression of the Esteem 
which I have for his extraordinary Talents : 

Then follows the investigation due to Stevens. The above 
passage occurs for the first time in the second edition, page 140 ; 
the name however is there spelt Stephens : see also Art. 270. 

Problem XLYII. is not in the first edition ; on the other hand, 
a table of numerical values of chances at Hazard, without ac- 
companying explanations, is given on pages 174, 175 of the first 
edition, which is not reproduced in the other editions. 

297. Problems XLYiii. and XLIX. relate to the game of Raffling. 
If three dice are thrown, some throws will present triplets, some 
doublets, and some neither triplets nor doublets; in the game 
of Raffles only those throws count which present triplets or 
doublets. The game was discussed by. Montmort in his 
pages 207 — 212 ; but he is not so elaborate as De Moivre. Both 
writers give a numerical table of chances, which De MoiYre says was 
drawn up by Francis Kobartes, twenty years before the publica- 
tion of Montmort’s work ; see Miscellanea Analytica, page 224. 

Problem XLix. was not in De Moivre’s first edition, and 
Problem XLYIII. was not so fully treated as in the other edi- 
tions. 

298. Problem L. is entitled Of Whish; it occupies pages 172 — 179. 
This is the game now called Whist De Moivre determines the 
chances of various distributions of the Honours in the game. Thus, 
for example, he says that the probability that there are no Honours 

on either side is ; this of course means that the Honours 
1656 

are equally divided. The result would be obtained by considering 
two cases, namely, 1st, that in which the card turned up is an 
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Honour, and 2nd, tliat in which the card turned up is not an 
Honour. Thus we should have for the required probability 

4 3 25.26.25 9 4.3 25.24.26.25 

Is • T • ‘5009 13 • 1.2 ‘51. 50. 49. 48’ 

0oO 

and this wUl be found equal to . 

De Moivre has two Corollaries, which form the chief part of 
his investigation respecting Whist. 

The first begins thus; 

From what we have said, it will not he difficult-to solve this Case 
at Whisk; viz. which side has the best, of those who have vm of 
the Grame, or of those who at the same time have ix? 

In order to which it will be necessary to premise the following 

Principle. 

1 “ That there is but 1 Chance in 8192 to get vn. by Triks. 

2° That there are 13 Chances in 8192 to get vi. 

3 ® That there are 78 Chances in 8192 to get v. 

4 ® That there are 286 Chances in 8192 to get iv. 

6 ® That there are 715 Chances in 8192 to get iii. 

6 ® That there ai-e 1287 Chances in 8192 to get ii. 

7® That there are 1716 Chances in 8192 to get n 

All this will appear evident to those who can raise the Binomial 
a + 5 to its tbirteenth. power. 

But it must carefully be observed that tbe foregoing Cbanees ex-v 
pres^ the Probability of getting so many Points by Triks, and neither 
more nor less. * 

De Moivre states his conclusion thus : » — ' 

From whence it foUows that without considering whether the vin 
are Dealers or Eldest, there is one time with another the Odds of 
somewhat less than 7 to 5; and very nearly that of 25 to 18. 

The second Corollary contains tables of the number of chances 
for any assigned number of Trumps in any hand. De Moivre says, 

By the help of these Tables several useful Questions may be re- 
solved • as 1®. If it is asked, what is the Probability that the Dealer 
has precisely in Trumps, besides the Trump Card? The Answer, 

- 4662 . 

by Tab. i. is ^ 5375 ^ 
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In tlie first edition there was only a brief notice of Whist, 
occupying scarcely more than a page. 

299. Problems Li. to LV. are on Piquet The game is not 
described, but there is no dbS&culty in understanding the problems, 
which are easy examples of combinations. The following Remark 
occurs on page 186 ; it was not in the first edition : 

It may easily be perceived from the Solution of the preceding 
Problem, that the number of variations which there are in twelve 
Cards make it next to impossible to calculate some of the Probabili- 
ties relating to Piquet, such as that which results from the priority 
of Hand, or the ProbabiHties of a Pic, Pepic or Lurch ; however not- 
withstanding that difficulty, one may from observations often repeated, 
nearly estimate what those Probabilities are in themselves, as will be 
proved in its place when we come to treat of the reasonable conjec- 
tures which may be deduced from Experiments; for which reason I 
shall set down some Observations of a G-entleman who has a very great 
degree of Skill and Experience in that Game, after which I shall make 
an application of them. 

The discussion of Piquet was briefer in the first than in the 
following editions. 

300. We mil give the enunciation of Problem LVi, and the 
beginning of the solution. 

Problem LVI. Of Saving Clauses. • 

A has 2 Chances to beat R, and A has 1 chance to beat A ; but 
there is one Chance which intitles them both to withdraw their own 
Stake, which we suppose equal to s ; to find the Gain of A. 

Solution. 

This Question tho’ easy in itself, yet is brought in to caution Be- 
ginners against a Mistake which they might commit by imagining 
that the Case, which intitles each Man to recover his own Stake, needs 
not be regarded, and that it is the same thing as if it did not exist. 
This I mention so much more readily, that some people who have 
pretended great sHU in these Speculations of Chance have themselves 
frUen into that error. 
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This problem was not in the first edition. The gain of A 

. 1 

IS 

301. Problem LYII^ which was not in the first edition, is as 
follows : 


A and J? playing together deposit £s apiece ; A has 2 Chances to 
win s, and B 1 Chance to win 5 , whereupon A tells £ that he will 
play with him upon an equality of Chance, if he will set him 25 to I5, 
to which B assents: to find whether A has any advantage or disad- 
vantage by that Bargain. 

In the first case A's expectation is i 5 , and in the second. 


it is ~ s ; so that he gains ^ 5 by the bargain. 


302, We now arrive at one of the most important parts of 
De Moivre’s work, namely, that which relates to the Duration of 
Play ; we will first give a full account of what is contained in the 
third edition of the Doctrine of Chaoices, and afterwards state how 
much of this was added to the investigations originally published 
in the De Mensura Sortis, 

De Moivre himself regarded his labours on this sulgect with 
the satisfaction which they justly merited; he says in his 
Preface, 

When I first began to attempt the general Solution of the Problem 
concerning the Duration of Play, there was nothing extant that could 
give me any light into that Subject; for altho’ Mr de Ilonmorf, in the 
first Edition of his Book, gives the Solution of this Problem, as limited 
to three Stakes to be won or lost, and farther limited by the Suppo- 
sition of an Equality of Skill between the Adventurers; yet he having 
given no Demonsti*ation of his Solution, and the Demonstration when 
discovered being of very little use towards obtaining the general Solu- 
tion of the Problem, I was forced to try what my own Enquiry would 
lead me to, which having been attended with Success, the result of 
what I found was afterwards published in my Specimen before men- 
tioned. 

The Specimen is the Essay De Menmra So^ih. 
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303. The general problem relating to the Duration of Play 
may be thus enunciated : suppose A to have m counters, and B 
to have n counters ; let their chances of winning in a single game 
be as a to 6 ; the loser in each game is to give a counter to his 
adversary : required the probability that when or before a certain 
number of games has been fiayef one of the j) layers will have won 
all the counters of his adversary. It will be seen that the words 
in italics constitute the advance which this problem makes beyond 
the more simple one discussed in Art. 107. 

De Moivre’s Problems Lvni. and Lix. amount to solving the 
problem of the Duration of Play for the case in which m and n 
are equal. 

After discussing some cases in which n = 2 or 3, De Moivre 
lays down a General Eule, thus: 

A General Rule for determining what Frobahility there is that 
the Play shall not be determined in a given number of Games. 

Let n be the number of Pieces of each Gamester. Let also n-hd 
be the number of Games given; raise a + h to the Power n, then cut off 
the two extream Terms, and multiply the remainder by aa + 2ah + hb : 
then cut off again the two Extreams, and multiply again the remainder 
by + + still rejecting the two Extreams; and so on, making 

as many Multiplications as there are Units in ^ d ; make the last Pro- 
duct the Numerator of a Ei'action whose Denominator let be {a + hY'^\ 
and that Fraction will express the Probability required, ; still ob- 

serving that if c? be an odd number, you write d- 1 in its room. 

For an example, De Moivre supposes n = 4, d=Q. 

Eaise a + J to the fourth power, and reject the extremes ; thus 
we have + QcYV + 

Multiply by a®-l-2a6 + J®, and reject the extremes; thus we 
have -f + 14a^J^ 

Multiply by and reject the extremes; thus we 

have -f 6Sa^b^ + 48a®&^ 

Multiply by a^+2ab + h^, and reject the extremes; thus we 
have 164 i 2®^>'^ -f- 2S2a^b^ + 164a^5®. 

Thus the probability that the Play wiU not be ended in 
10 games is 
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(a + br 

De Moivre leaves liis readers to convince themselves of the 
accuracy of his rule ; and this is not difficult. 

De Moivre suggests that the work of multiplication may be 
abbreviated by omitting the a and I, and restoring them at the 
end ; this is what we now call the method of detached coefficients. 


804. The terms which are rejected in the process of the 
preceding Article will furnish an expression for the probability 
that the play will be ended in an assigned number of games. 
Thus if = 4 and c? = 6, this probability will be found to be 


{a + iy + {a^hf (a + ^ 


that is, 


[ 4a& 48a^&" ] 

(aJrhf (a + bf^ (a + hf^ {a-^byl 


Now here we arrive at one of De Moivre’s important results ; 
he gives, without demonstration, general formulse for determining 
those numerical coefficients which in the above example have the 
values 4, 14, 48. De Moivre’s formulae amount to two laws, one 
connecting each coefficient with its predecessors, and one giving 
the value of each coefficient separately. We can make the laws 
most intelligible by demonstrating them. We start from a result 
given by Laplace. He shews, Theorie ..*des Frob., page 229, 
that the chance of A for winning precisely at the {n -f 2xy^ game 
is the coefficient of in the expansion of 


oTf- 


1 + V(1 - ^abf) p f 1 - V(1 - -^abf) 

2 J ■^1 2 


where it is supposed that a + b = l. 

Now the denominator of the above expression is known to be 
equal to 




1.2 


Li 


■where c = aif ; see Differential Calculus, Chapter ix. 
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We can tlius obtain by tbe ordinary doctrine of Series, a linear 
relation between tbe coefficient of and tbe coefficients of tbe 
preceding powers of namely, Tbis is De 

Moivre*s first law; see bis page 198. 

Again ; we may write tbe above fraction in tbe form 


where 


a t 


N= 


1 + V(1 “ ^cibf) 


2 


and then by expanding, we obtain 

a!^f {N"' - (obf)" + {dbef^N^ 

Tbe coefficient of ^ in is known to be 

(n + a; -f 1) (^ + ic + 2) . . . (n + 2a; — 1) ^ 
a 0 } 

see Differential Calculus, Chapter ix. 

Similarly we get tbe coefficient of in JSf of in 
and so on. ^ 

Tbns we obtain tbe coefficient of in tbe expansion of tbe 
original expression. 

Tbis is De Moivre’s second law; see bis page 199. 


S05. De Moivre’s Problems LX. LXi. LXii. are simple ex- 
amples formed on Problems LViii. and LIXL Tbey are tbns 
enunciated ; 


LX. Snpposiag A and JB to play together till such time as four 
Stakes are won or lost on either side ; what must be their proportion 
of Skill, otherwise what must be their proportion of Chances for win- 
ning any one Game assigned, to make it as probable that the Play will 
be ended in four Games as not ? 


LXI. Supposing that A and JB play till such time as four Stakes 
are won or lost : What must be their proportion of Skill to make it a 
Wager of three to one, that the Play will be ended in four Games 1 

LXII. Supposing that A and JB play till such time as four Stakes 
are won or lost; What must be their proportion of Skill to make it an 
equal Wager that the Play will be ended in six Games ? 
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806. Problems LXIII. and LXIY. amount to the general enun- 
ciation we have given in Art. 303 ; so that the restriction that 
m and n are equal which was imposed in Problems LYiii. and 
Lix. is now removed. As before De Moivre states, without de- 
monstration, two general laws, which we will now give; 

Laplace shews, ThSorie,,,des Pr oh. page 228, that the chance 
of A for winning precisely at the (n + 2a;) game is the coejficient 
of in the expansion of 


fl + V(l-4c)|“ 

|7 

1 1 

■4c) ' 

r 

1 2 [ ■ 

1 2 


L 

(l + V(l-4c) j”"‘ 

ri-V(i- 

■4c) 

ni+H 

1 2 1 

1 2 




k /(1 — 4c) 

Let — - be denoted by h ; then the fractional 


expression 


which multiplies aY becomes by expansion, and striking out 2h 
from numerator and denominator, 

\n 0”'V+ 


m+n-1 


(m+n) {m^-n-1) {m+n~-2) fl 




We have to arrange the denominator according to powers of 
and to shew that it is equal to 

1 - W+ (aJiy + ... 

L.J, [3 

where l=m + n — % 

Now, as in Art. 304, we have 

( n-v(i-fc) r ( w(i^ 1 ■ 




and the left-hand member is equivalent to 
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Differentiate both sides with respect to t observing that 



Thus, 




-2 b- 






Now put r = Z + 3 ; and we obtain the required result. 

Thus a linear relation can be obtained between the coefficients 
of successive powers of L 

This is De Moivre’s first law ; see his page 205. 

Again; let N== ^ then the original expression 

becomes 


(1 - 

j^mr^ ^in+n^^-2m-2n^ 


= (1 - (1 - 

We may now proceed as in the latter part of Art. 304, to de- 
termine the coefficient of 

The result will coincide with De Moivre’s second law ; see his 
page 207. 


307. Problem LXV. is a particular case of the problem of 
Duration of Play ; m is now supposed infinite : in other words 
A has unlimited ‘capital and we require his chance of ruining B in 
an assigned number of games. 

De Moivre solves this problem in two ways. We will here 
give his first solution with the first of the two examples which ac- 
company it. 

SoLtmoN. 


Supposing to be the number of Stakes which A is to win of B, 
and n + d the number of Games ; let a + 5 be raised to the Power whose 
Index is Mr + cZ 5 then if be an odd number, take so many Terms of 

cZ 4* 1 

-j take also so many of the 


that Power as there are Units in 


Terms next following as have been taken already, but prefix to them 
in an inverted order, the Coefficients of the preceding Terms. But if 
d be an even number, take so many Terms of the said Power as there 
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are Units in ^ 1; tlien take as many of tke Terms next following 

as tkere are Units in - dl, and prefix to them in an inverted order the 

Coefficients of the preceding Terms, omitting the last of them; and 
those Terms taken all together wiU. compose the Numerator of a Frac- 
tion expressing the Probability required, the Denominator of which 
Fraction ought to be (a + 

Example I. 

Supposing the number of Stakes, which A is to win, to be Three, 
and the given number of Games to be Ten; let a + 1) be raised to the 
tenth power, viz. 10a-‘’5 + 210a®6^ + 

4 - 210a'^6® + + 4:5aalf + Then, by reason that n=3, 

and n + d = 10, it follows that d is =7, and ^ = 4. Wherefore let 

the Four first Terms of the said Power be taken, viz, o}^+10a^h 
i5a^hh + 120 o’ and let the four Terms next following be taken 
likewise without regard to their Coefficients, then prefix to them in an 
inverted order, the Coefficients of the preceding Terms : thus the four 
Terms following with their new Coefficients will be 120a®5^+ 45a®5^ 
+ 10a^lf +la^h^. Then the Probability which ^ has of winning three 
Stakes of 5 in ten Games or sooner, will be expressed by the following 
Fraction 

4 - lOa^h + 4 120d^h^ + UOa^lA 4 4.5a^h^ 4 lOa^l^ 4 

{a + hf'^ 

which in the Case of an Equality of Skill between A and B will be 

— 

308 . In De Moivre’s solution there is no difficulty in seeing 
the origin of his first set of terms, but that of the second set of 
terms is not so immediately obvious. We will take his example, 
and account for the last four terms. 

The last term is a%\ There is only one way in which Es 
capital may be exhausted while A. wdns only three games ; namely, 
A must win the first three games. 

The next term is There are ten ways in which B's 

capital may be exhausted while A wins only four games. For let 
there be ten places ; put i in any one of the first three places. 
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and fill up the remaining places with the letters ana^thMbb in this 
order ; or put a in any one of the last seven places, and fill up the 
remaining places with the letters cicuibhlhhb in this order ; we thus 
obtain the ten admissible cases. 

The next term is 45a®5l There are forty-jive ways in which 
j5*s capital may be exhausted while A wins only five games. 
For let there be ten places. Take any two of the first three 
plac^ and put h in each, and fill up the remaining places with 
the letters aaaaahbh in this order. Or take any two of the 
last seven places and put a in each, and fill up the remaining 
plac^ with the letters cmahbhbb in this order. Or put h in any 
one of the fmt three places and a in any one of the last seven ; 
mid fill up the remaining places with the letters aaaaibbb in this 
order. On the whole we shall obtain a number equal to the num- 
ber of combinations of 10 things taken 2 at a time. The following 
is the general result : suppose we have to arrange r letters a and 
» letters 5, so that in each an-angement there shall be n more 
of the letters a than of the letters h before we have gone through 
the arrangement; then if r is less than the number of 

different arrangements is the same as the number of combina- 
tions of r + 5 things taken r - w at a time. For example, let 
r= 6, 5=4, 71 = 3; then the number of different arrangements is 


10x9x8 


that is 120. 


1x2x3 

The result which we have here noticed was obtained by Mont- 
iiMiri, but in a very unsatisfactoiy manner: see Art. 182. 

Be Moivre’s first solution of his Problem LXV. is based on the 
mmm prmcipi^ as Montmort’s solution of the general problem 
of the Duration of Play. 


309. De Moivre’s second solution of his Problem LXV. con- 
sists of a formula which he gives without demonstration. Let us 
return to the expr^ion in Art. 306, and suppose m infinite. Then 
the chance of A for winning precisely at the {n + game is 
the coefficient of in the expansion of 

fl-fV(l-4c) 

1 r 
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thaiis + + ^ + + 

[X 

see Art. 304*. 

The chance of A for winning at or before the (n + 2x)^ game 
is therefore 

« f 1 1 Z ? "t" 2X2 

a -j I *4* Tiab -I j ^ — a b -f- . . . 

n{n-\-x-^l) {n-^x-^2) {n^2x-l) ] 

Laplace, Thdorie,-.des Proh., page 235. 

310. De Moivre says with respect to his Problem Lxv, 

In the first attempt that I had ever made towards solving the 
general Problem of the Duration of Play, which was in the year 1708, 
I b^an with the Solution of this Lxv^ Problem, well knowing that 
it might be a Foundation for what I farther wanted, since which time, 
by a due repetition of it, I solved the main Problem : but as I found 
afterwards a nearer way to it, I barely published in my first E^y on 
those matters, what seemed to me most simple and eluant, still pre- 
serving this ProHem by me in order to be published when I ^muld 
think it proper. 

De Moivre goes on to sp^i of the investi^ions of Monteiciii 
and Nicolas Bemonlli, in words which we have already quoted ; see 
Art. 181. 

311, Dr L Oettinger on pages 187, 188 of his work entitled 
Die Wiihr^^heifdwkli^ts-Rechnung, Berlin, 1852, objects to some 
of the r^nlts which are obtained by De Mom*e and Laplace. 

I> Oettinger seems to intimate that in the formula, which we 
have given at the end of Art. 309, Laplace has omitted to lay 
down the (x>ndition that A has an unlimited capital ; but La|da<^ 
has distinctly introduced this condition on his page 234*. 

Again, speaking of De Moivre’s solution of his Problem nxrv. 
Dr Oettinger says, Er erhalt das n^liche unhaltbare 
welches Lapleuce nach ihm aufstellte. 

But there is no foundation for this remark ; De M<evi# adl 
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Laplace are correct. The misapprehension may have arisen from 
reading only a part of De Moivre’s page 205, and so assuming a 
law of a series to hold universally, which he distinctly says breahs 
off after a certain number of terms. 

The just reputation of Dr Oettinger renders it necessary for me 
to notice his criticisms, and to record my dissent from them. 

SI 2. De Moi\Te’s Problems LXtu. and Lxvii. are easy deduc- 
tions from bis preceding results ; they are thus enunciated : 

nxvi. To find what Probability there is that in a given number 
of Games A may l>e a -vrinner of a certain number ^ of Stakes, and at 
some other time B may likewise be winner of the number p of Stakes, 
BO that both circumstances may happen. 

Lxni. To find what Probability there is, that in a given number 
of Games A may win the number gr of Stakes ; with this farther con- 
dition, that B during that whole number of Games may never have 
been winner of the number p of Stakes. 

SIS. De Moivre now proceeds to express his results relating 
to the Duration of Play in another form. He says, page 215, 

The Eules hitherto given for the Solution of Problems relating to 
the Duration of Play are easily practicable, if the number of Games 
given is but small ; but if that number is large, the work will be very 
tedious, and sometimes swell to that degree as to be in some manner 
impracticable : to remedy which inconveniency, I shall here give an 
Extract of a paper by me produced before the Koyal Society, wherein 
was contained a Method of solving very expeditiously the chief Pro- 
blems relating to that matter, by the help of a Table of Sines, of which 
I had before given a hint in the first Edition of my Doctrine of Chances^ 
pag. 149, and 150. 

TLe paper produced before the Eoyal Society does not appear 
to have been published in the Philosophical Transactions; pro- 
bably we have the substance of it in the Doctrine of Chances. 

De Moi-iTe proceeds accoi-ding to the announcement in the 
alhjve extract, to express his results relating to the Duration of 
Play by the help of Trigonometrical Tables; in Problem LXTiii. be 
."Jip’j tue players to have equal skill, and in Problem LXis. be 
tiijip'.sfi thriij ti: I ave ULcqual .skill. 
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The demonstrations of the formuhe are to he found in the Mis- 
cellanm Analytica, pages 76 — 83, and in the Doctrine of Chances, 
pages 230 — 234, De Moivre supposes the players to start with the 
same number of counters ; but he says on page 83 of the Miscel- 
lama Aiudytica, that solutions similar but somewhat more complex 
could be given for the case in which the original numbers of 
counters were different This has been effected by Laplace in his 
discussion of the whole problem. 

314. De Moivxe’s own demonstrations depend on his doctrine 
of Eecurring Series ; by this doctrine De Moivre could effect what 
we should now call the integration of a linear equation in Finite 
Differences ; the equation in this case is that furnished by the first 
of the two laws which we have explained in Arts. 304, 306. Cer- 
tain trigonometrical formulae are also required ; see Miscdlanm 
Amdyiica, page 78. One of these, De Moivre says, constat ex 
JEquationibus ad circulum vulgo notis ; the following is the pro- 
perty : in elementary works on Trigonometry we have an expan- 
sion of cos nd in descending powers of cos 6 \ now cos n6 vanishes 

when nd is any odd multiple of ^ , and therefore the equivalent ex- 
pansion must also vanish. The other foimulse which De Moivre 
uses are in fact deductions from the general theorem which is 
called De Moivrds property of the Circle; they are as foHows; 

let a = ^, then we have 

1 = 2*“^ sin a sin 3a sin 5a ... sin (2na — oi ) ; 
also if n be even we have 

cos n(f) = 2”"^ {sin® a — sin® {sin® 3z — sin® . 

... {sin® (n — 3) a — sin® <})] {sin® (n — 1) a — sm®<^} : 
see Plane Trigmome^ry, Chap. xxin. 

De Moivre us^ the first of these formulae ; and also a formula 
which may be deduced from the second by differentiating with 
r^>ect to after differentiation putting ^ equal to a, or 

3a^ or 5a, ... 

315, De Moivre applies Ms results respecting the Dun^fen 

- II' 



178 


BE MOIVRE. 


0 f Pky to tedi the value of an approximation proposed by Mont- 
mort ; we have already referred to this point in Art. ISA 

SI 6. It remains to trace the history of De Moivre s investi- 
gations on this subject. 

The memoir De Jfensura Sortis contains the following Pro- 
blems out of those which appear in the Doctrine of Chances, 
LX, LXil, LXiil, the first solution of Lxv, Lxvi. The first 
edition of the Doctrine of Choices contains all that the third does, 
except the Problems Lxviii. and LXIX ; these were added in the 
second edition. As we proceed with our history we shall find 
that the subject engaged the attention of L^range and Laplace, 
the latter of whom has embodied the researches of his prede- 
c^rors in the Theorie...des Prob, pages 225 — 238. 

317. With one slight exception noticed in Art. 322, the re- 
mainder of the Doctrine of Chances was not in the first edition but 
was added in the second edition. 

318. The pages 220 — 229 of the Doctrine of Chances, form 
a digression on a subject, which is one of De Moivre’s most 
valuable contributions to mathematics, namely that of Recumng 
Series, He says, page 220, 

The Header may have j;>erceived that the Solution of several Pro- 
blems relating to Chance depends upon the Summation of Series; I 
have, as occasion has offered, given the Method of summing them up; 
Imt as there are others that may occur, I think it necessary to give 
a mmmmij Yiew of what is most requisite to be known in this matter; 
dbmring the Header to excuse me, if I do not give the Demonstrations, 
whiA would swell Tract too much; especially considering that I 
have idr-eadj given them in my Miscellanea Analytica, 

319. These pages of the Doctrine of Chances will not present 
any difficulty to a student who is acquainted with the subject of 
Recurring Series, as it is now explained in works on Algebra ; 
De Moivre however gives some propositions which are not usually 
reproduced in the present day. 

320. One theorem may be noticed which is enunciated by 
De Moi vre, on his page 224, and also on page 167 of the Miscellanea 

Analytica. 
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The general term of the expansion of (1 — r)"^ in powers of 
r is — 12 • the sum of the first n terms of 

the expansion is equivalent to the following expression 

1 _ _ nr" (1 - r) - r" (1-r)'- ... - r”(l-r)*’-^ 

This may he easily shewn to be true when = 1, and then, 
by induction, it may be shewn to be genera, Uy true. For 

r"+i = r"|l-(l-r)}, 

SO that 

r"+‘ + (n + 1) r”« (1 -r) + 1 ” . + ^^) (^ + ^) ^ _ _ 

= n"{l - (1 -r)} + («+ 1) r" (1 -r) {l - (1 -r)} 

+ r” (1 - ry{l - (1 - r)}.+ ... 


= n" + «r"(l-r)+^^r»(l-r)^+... + ^^=r«(l-r) 




I n + 1+p — 2 

r" (1 - r)”. 


|w| j>- 1 


Thus the additional term obtained by changing n into n + 1 

jw-l-jP 1 ^ ^ 111 1 ./t-i-Nitr* IT 

is as it should be : so that if De Moivre’s theorem is 

\n \p-\ 

true for any value of n, it is true when n is changed into 7^ + 1, 


321. Another theorem may be noticed ; it is enunciated by 
De Moivre on his page 229. Having given the scales of relation 
of two Recurring Series, it is required to find the scale of relation 
of the Series arising from the product of corresponding terms. 

For example, let uy be the general term in the expansion 
aojording to powers of r of a proper Algebraical fraction of whidi 
the denominator is 1 —fr 4- ; and let vy be Hie general term 

in the expansion according to powers of a of a proper Algeferaicgd 

1^2 
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fraction of wMcli tlie denominator is We have 

to find the scale of relation of the Series of which the general 
term is 

We know by the ordinary theory of decomposing Recurring 
Series into Geometrical Progressions that 

where and are the reciprocals of the roots of the equation 

and and are the reciprocals of the roots of the equation 
1 — 77ia = 0 ; 
and B^, A^ are certain constants. 

Thus = B^A^ + B^A^ {pp^”’ 

+ ^ 2^1 (P2^l)” + -®2^2 (^ 2 ^ 2 )’* 

this shews that the required scale of relation will involve four 
terms besides unity. The four quantities pp^, p^a^, pp^y p^fi^ will 
be the reciprocals of the roots of the equation in z which is found 
by eliminating r and a from 

l—fr+gr^=0, 1 = ra = z; 

this equation therefore is 

1 —frriz -f {pf^ + gTT^ — 2gp) ^ — fg^ripz^ •\‘g'^p^z^ = 0. 

Thus we have determined the required scale of relation ; for 
the denominator of the fraction which by expansion produces 
(ra)* as its general term will be 

1 —fmra + {pf^ + gm^ — 2gp) rV - fgmpr^cb + g'^p^r^a\ 

Be Moivre adds, page 229, 

But it is very observable, that if one of the differential Scales be the 
Binomial 1 - « raised to any Power, it will be sufficient to raise the other 
differential Scale to that Power, only substituting c^r for r, or leaving 
the Powers of as they are, if be restrained to TTnity; and that 
Power of the other differential Scale will constitute the differential 
Scale required. 
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Tliis is very easily demonstrated. For suppose that one scale 
of relation is (1 — obf \ then by forming the product of the cor- 
responding terms of the two Recurring Series^ we obtain for the 
general term 

+ + ... } 

This shews that the general term will be the coejBScient of 
in the expansion of 

(1 - ^ (1 - rap^^ ^ (1 - rap^^ ^ ’ 

and by bringing these fractions to a common denominator, we 
obtain De Moivre’s result. 

322. De Moivre applies his theory of Recurring Series to 
demonstrate his results relating to the Duration of Play, as we 
have already intimated in Art. 313 ; and to illustrate still further 
the use of the theory he takes two other problems respecting play. 
These problems are thus enunciated : 

Lxx. M and A”, whose proportion of Chances to win one G-ame 
are respectively as a to 5, resolve to play together till one or the other 
has lost 4 Stakes : two Standers by, jK and concern themselv^ in the 
Play, R takes the side of Jf, and B of A, and agree betwixt them, that R 
shall set to the sum L to the sum G on the first Grame, 2Z to 2G on 
the second, to 3(r on the third, 4Z to 4(r on the fourth, and in case 
the Play be not then concluded, 5L to 5 G on the fifth, and so increasing 
perpetually in Arithmetic Progression the Sums which they are to set 
to one another, as long as M and A play ; yet with this farther con- 
dition, that the Sums, set down by them R and B, shall at the end of 
each Game be taken up by the Winner, and not left upon the Table to 
be taken up at once upon the Conclusion of the Play: it is demanded 
how the Gain of i? is to be estimated before the Play begins, 

T.vYT. If M and iV^ whose number of Chances to win one Gfame 
are respectively bs a to h, play together till four Stakes are won or lost 
on either side; and that at the same time, R and B whose number of 
Chances to win one Game are respectively as c to c?, play also t<^ether 
till five Stakes are won or lost on either side ; what is the Probabili^ 
that the Play between M and W will be ended in fewer Games, ihmi the 
Play between R and B. 
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The particular case of Problem LXXI. in which a =3, and 
c=^dy was given in the first edition of the Doctrine of Ghances, 
page 152. 


323. Problems Lxxn. and Lxxni. are important ; it will be 
suflScient to enunciate the latter. 

A and B playing together, and having a different number of Chances 
to win one Game, which number of Chances I suppose to be respectively 
as a to 3, engage themselves to a Spectator S, that after a certain number 
of Games is over, A shall give him as many Pieces as he wins Games, 

over and above — >ri, and B as many as he wins Games, over and above 


a-^h 


h 


the number ; to find the Expectation of S, 


Problem LXxn. is a particular case of Problem Lxxni. obtained 
by supposing a and h to be equal. 

These two problems first appeared in the Miscellanea Aria- 
li/tica, pages 99 — 101. We there find the following notice respect- 
ing Problem LXXn : 

Cum aliquando labente Anno 1721, Yir Clarissimus Alex, Cuming 
Eq. Au. Pegiae Societatis Socius, qusestionem infra subjectam mihi 
proposuisset, solutionem problematis ei postero die tradideram. 


After giving the solution De Moivre proceeds to Problem LXXiii. 
which he thus introduces : 

Eodem procedendi modo, solutum fuerat Problema sequens ab eodem 
CL viro etiam propositum, ejusdem generis ac superius sed multo latius 
patens. 

We will give a solution of Problem Lxxni ; De Moivre in the 
Doctrine of Chances merely states the result. 

Let ^ = c (a + 3) ; consider the expectation of 8 so far as it 
depends on A. The chance that A will win all the games is 

(a “f hy ^ ^ gives c3 to 8. The chance that A will 

win 71—1 games is , and in tliis case lie gives c5 — 1 to S. 

And so on. 
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Thns we have to sum the series 

a%c + ndP'-^l {he - 1) + (5c - 2) + ... , 

the series extending so long as the terms in brackets are positive. 
We have 

ciP'hc — = aP'~^h (ao — Ic ; 

thus the first two terms amount to 

(n — 1) 

Now combine this with — ; we get 


(?2 — 1) {ao — rt)y that is — - 1) ; 


thus the first three terms amount to 


(n — 1) {n — 2) 

o 




This process may be carried on for any number of terms ; and 
we shall thus obtain for the sum of ho terms 


{n-l){n-2) ...{n-hc + V) 
IJc — 1 


This may be expressed thus 

\n 


n 1 ac 


d^V^aobc, 


which is equivalent to De Moivre’s result. The expectation of S 
from B will be found to be the same as it is from A. 


32-t. When the chances of A and B for winmng a single game 
are in the proportion of a to 6 we know, from Bemoulh s theorem, 
that there is a high probability that in a large number of trials the 
number of games won by A and B respectively will be nearly in 
the ratio of a to 5. Accordingly De Moivre passes naturally from 
his Problem t.xxttt. to investigations which in feet amount to what 
we have called the inverse use of B^moulh’s theorem^ pee 
Art. 125. De Moivre says, 
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...Fll take tke liberty to say, that tbis is tbe hardest Problem that 
can be proposed on tbe Subject of Cbance, for wbicb reason I bave re- 
served it for tbe last, but I hope to be forgiven if my Solution is not 
fitted to tbe capacity of all Keaders; however I shall derive from it 
some Conclusions that may be of use to every body : in order thereto, 
I shall here translate a Paper of mine wbicb was printed JVbvemher 12, 
1733, and communicated to some Friends, but never yet made public, 
reserving to myself tbe right of enlarging my own Thoughts, as occasion 
shall require. 

Then follows a section entitled A Method of approximating the 
Sum of the Terms of the Binomial (a+ b)“ expanded into a Series, 
from whence are deduced some practical Rules to estimate the 
Degree of Assent which is to he given to Experiments. This section 
occupies pages 248 — 254 of the Doctrine of Chances; we shall find 
it convenient to postpone our notice of it until we examine the 
Miscellanea Analytica. 

325. De Moivi'e’s Problem Lxxrv. is thus enunciated : 

To find tbe Probability of throwing a Cbance assigned a given 
number of times without intermission, in any given number of Trials. 

It was introduced in the second edition, page 243, in the fol- 
lowing tenns : 

■When I was just concluding this Work, the following Problem was 
mentioned to me as very difficult, for which reason I have considered it 
with a particular attention. 

De Moivre does not demonstrate his results for this problem ; 
we will solve the problem in the modern way. 

Let a denote the chance for the event in a single trial, 5 the 
chance against it ; let n be the number of trials, p the number of 
times without intermission for which the event is required to hap- 
pen. We shall speak of this as a run of p. 

Let denote the probability of having the required run of p 
in n trials ; then 

= (1 loF : 

for in ?2 -fl trials we have all the favourable cases which we have 
in ^ trials, and some more, namely those in which after having 
tailed in n^p trials, we fail in the trial, and then 

nave a run of p. 
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Let Wrt = 1 — and substitute in the equation ; thus 
The Generating Function of will therefore be 

where (p (t) is an arbitrary function of t which involves no powers 
of t higher than f. 

The Generating Function of is therefore 
1 <^(0 . 

we may denote this by 

(l-«) (l-«+ ^£*”0’ 

where (i) is an arbitrary function of t which involves no powers 
of t higher than Now it is obvious that 2^^==0 if be less 
than p, also = oF, and 4- hoF* 

Hence we find that 

{{^ =z(jFF(^— at), 

so that the Generating Function of is 

cFf (1 — at) 

(l-t) + 

The coefficient of f' in the expansion of this fanction will 
therefore be obtained by expanding 

€F(l-at) 

and taking the coefficients of all the powers of t up to that of 
f’'^ inclusive. 

It may be shewn that De Hoivre’s result agrees with this after 
allowing for a slight mistake. He says we must divide umty by 
1-x-aaF-a^aF- take w - + 1 terms of the sades, 

multiply by finally put x = - The mist^e h^ 
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is tliat in tihe series \ — x — — instead of a 

we ought to read | . De Moivre is correct in an example which 

he gives on his page 255. Let j then according to De Moiyre s 

rule corrected we have to expand 

1 of , , , . <^___ 

1^7^ (^+3?’ ® l-a:(l + c)+c^a^^^ (a + 3)^‘ 

1 — a? 

This will be seen to agree with our result remembering that we 
took a + 5 = 1- 

De Moiyre himseK on his page 256 practically gives this foim 
to Hs result by putting 

\ — cx 

De Moiyre gives without demonstration on his page 259 an 
approximate rule for determining the number of trials which must 
be made in order to render the chance of a run of equal to 
one half. 

De Moivre’s Problem LXXIT. has been extended by Condorcet, 
Essai.,,de T Analyse,., pages 73 — 86, and by Laplace, Theorie,,,des 
Frob. pages 247 — 253. 

326. De Moiyre s pages 261 — 328 are devoted to Annuities on 
. Lives; an Appendix finishes the book, occupying pages 329 — 348 : 
this also relates principally to annuities, but it contains a few notes 
on the subject of Probability. As we have already stated in 
Art 53, we do not profess to give an account of the investigations 
relating to mortality and life insurance. 

We may remark that there is an Italian translation of De 
Moivre's treatise on Annuities, with notes and additions ; the title 
is La JDottrina degli Azzardi,,.de Ahramo Moivre: Trasportata 
daU Idioma Inglese^,,, dal Padre Don Roberto Gaeta..,soUo Fassis- 
tenza del Padre Don Gregorio Fontana,., In Milano 1776. This 
translation does not discuss the general Theory of Probability, but 
only annuities on lives and similar subjects. 
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la the Advertisement to the second edition of the Doctrine of 
Chances, page xin, De Moivre says. 

There is in the World a Gentleman of an older Date, ■who in the year 
1726 did assure the Public that he could calculate the Talues of Lives if 
he -would, but that he would not,... 

De Moivre proceeds to make some sarcastic remarks ; a manu- 
script note in my copy says that the person here meant was 
“John Smart of Guildhall, who in that year published Tables 
of Interest, Discount, Annuities, &c. 4to.” 

827. We have now to notice De Moi-vre’s work entitled Mis- 
cdlanea Analytica de Seriebus et Quadraturis... Dondon, 1730. 

This is a quarto volume containing 250 pages, a page of Errata, 
a Supplement of 22 pages, and two additional pages of Errata; 
besides the title page, dedication, preface, index, and list of sub- 
scribers to the work. 

We have already had occasion to refer to the Miscellanea 
Analytica as supplying matter bearing on our subject; we now 
however proceed to examine a section of the work which is entirely 
devoted to controversy between Montmort and De Moivre. This 
section is entitled Responsio ad quasdam Crimmationes; it occu- 
pies pages 146 — 229, and is divided into seven Chapters. 

328. In the first Chapter the design of the section is ex- 
plained. De Moivre relates the history ' of the publication of 
Montmort’s first edition, of the memoir De Mensura Sortis, and 
of Montmort’s second edition. De Moi-vre sent a copy of the De 
Mensura Sortis to Montmort, who gave his opmion of the memoir 
in a letter to Nicolas Bernoulli, which was published in the second 
edition of Montmort’s book; see Art. 221. De Moi'vre states briefly 
the animadversions of Montmort, distributing them tmder nine 
heads. 

The publication of Montmort’s second edition however dpes 
not seem ■to have produced any quarrel between him ami De 
Moivre; the latter returned his thanks for the present of a copy 
of the work, and after this a firequent interchange of letters 
took place between the two mathematicians. In 1715 Montmort 
■visited England, and was introduced to Newton and ifist- 
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tinguished men; lie was also admitted as a member of the Eoyal 
Society. De Moivre sent to Montmort a copy of the Doctrine of 
Chances when it was published, and about two years afterwards 
Montmort died. 

De Moivre quotes the words of Fontenelle which we have 
already given in Art. and intimates that these words 

induced him to undertake a comparison between his own labours 
and those of Montmort, in order to vindicate his own claims. As 
the Doctrine of Chances was written in English it was not readily 
acce^ible to all who would take an interest in the dispute j and 
this led De Moivre to devote a section to the subject in his Mis- 
cellanea Analytica. 

329. The second Chapter of the Responsio.^.iB entitled De 
Meihodo Differentiarum, in qua ewhibetur Solutio Stirlingiana de 
media Goefficiente Binomii. The general object is to shew that 
in the summation of series De Moivre had no need for any of 
Montmort's investigations. De Moivre begins by referring to a 
certain theorem which we have noticed in Art. 152; he gives some 
examples of the use of this theorem. He also adverts to other 
methods of summation. 

Montmort had anived at a very general result in the summa- 
tion of series. Suppose to denote the term of a series, 
where is such that is zero, m being any positive integer ; 
then Montmort had succeeded in summing any assigned number 
of terms of the series. De Moivre shews that the result can be 
easily obtained by the method of Differences, that is by the method 
which we have explained in Art. 151. 

The investigations by Montmort on the summation of series to 
which De Moivre refers were published in Yol. XXX. of the Philo- 
sophical Transactions j 1717. 

This Chapter of the Besponsio... gives some interesting details 
respecting Stirling’s Theorem including a letter from Stirling 
himself. 

330. The third Chapter of the Besponsio.., is entitled De Me- 
thodo Oombinationum ; the fourth De Permutationibus ; the fifth 
Gombinationes et Permutationes ulterius consider atoe: these Chap- 



DE MOIVEE. 


189 


ters consist substantially of translations of portions of the Doctrine 
of Chances, and so do not call for any remark. The sixth Chapter 
is entitled De Numero Punctorum in Tesseris; it relates entirely 
to the formula of which we have given the history in Art. 149. 


831. The seventh Chapter of the Resjpondo. . . is entitled Solu-- 
tiones variorum Frohlematum ad Sortem spectantium. This Chapter 
gives the solutions of nine problems in Chances. The first eight 
of these are in the Doctrine of Chances ; nothing of importance is 
added in the Miscellanea Analytica, except in two cases. The first 
of these acfilitions is of some historical interest. Suppose we take 
an example of the Binomial Theorem, as + one term will 
be then De Moivre says, page 218, 

...at fortasse nesciveram hujus termini coefficientem, nimirum 28, 
designaturam numerum permutationum qnas literse p, p, p, p, p, p, q, q^ 
productum p^ (f constituentes subire possint ; immb vero, hoc jam diu 
mihi erat exploratum, etenim ego fortasse primus omnium detexi co- 
efficientes annexas product! s Binomii, vel Multinomii cujuscunque, id 
denotare quotenis variationibus literse producti positiones suas inter se 
permutent: aed utrum illud facile fuerit ad inveniendum, postquam 


1 * ij. IX- . n n-l n-2 n-3 

lex coemcientium ex productis continuis tr x — ^r— - x — ^ — x 

12 3 4 


(fee. 


jam perspecta esset, aut quisquam ante me hoc ipsnm detexerit, ad rem 
prsesentem non magni interest, cum id monere sujBTecerit banc proprie- 
tatem Coefficientium a me assertam fuisse et demonstratam in Aatis FM- 
losophicis Anno 1697 irapressis. 


The second addition relates to Problem XLIX. of the Doctrine 
of Chances; some easy details relating to a maximum value are 
not given there which may be found in the Miscellanea Analytica, 
pages 223, 224. 


832. The ninth problem in the seventh Chapter of the Be- 
sponsio ... is to find the ratio of the sum of the largest p terms 
in the expansion of (1 + I)** to the sum of all the terms ; p being 
an odd number and n an even number. De Moivre exprei^es 
this ratio in terms of the chances of certain events, for which 
chances he had already obtained formulse. This mode of ex- 
pressing the ratio is not given in the Doatri^ie of Chemees, b^i^ 
rendered unnecessary by the application of Stirling's Theory I 
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but it iavolves an interesting fact in approximation, and we will 

therefore explain it. .,.41 

Suppose two players A. and 5 of equal skill j et ave an 
infinite number of counters, and B have the number y?. Let 
6 (n, p) denote the chance that B will be ruined in n games. Then 
the required ratio is ; this follows from the first form 

of solution of Problem LXV; see Art. 307. Again, suppose that 
each of the players starts with p counters ; and let -i/r (n, then 
denote the chance that B will be rained in n games ; similarly if 
each starts with 3j> counters let (n, Sp) denote the chance that 
5 will be ruined in n games ; and so on. Then Le Home says 
that approximately 

ff> («. p) = («. p) + ^ (% Sp), 

and still more approximately 

<jy (n,^) = f (,n,p) + f (n, Sp) - f (n, op) + f {n, 7p). 

The closeness of the approximation will depend on n being 
large, and p being only a moderate firaction of n. 

These results follow from the formulse given on pages 199 
and 210 of the Bootrine of Chances... The second term of 
(w, p) is negative, and is numerically equal to the first term 
of («, Sp), and so is cancelled ; similarly the third term of 
■>lr(n,p) is cancelled by the first of — (w, 5p), and the fourth 
term of f{n, p) by the first of ->1^ (n, 7p). The terms which do 
not mutually cancel, and which we therefore neglect, involve 
fewer fectors than that which we retain, and are thus com- 
paxatiyely small 

SSS. We now proceed to notice the Supplement to the Mis- 
ceUanea Amlytioa, The investigations of problems in Chances 
had led mathematicians to consider the approximate calculation 
of the coefficients in the Binomial Theorem ; and as we shall now 
see, the consequence was the discovery of one of the most striking 
results in mathematics. The Supplement commences thus : 

Aliquot post diehiis quam Liber qui inscribitur, Miscellctneco Ancdy^ 
in lucem prodiisset, Doctissimus Stirlingim me literis admonnit 
Tabulam ibi a me exhibitam de smnmis Logarithmorum, non satis au- 
toritatis habere ad ea firmanda quse in speculatione niterentur, utpote 
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oui Tabulse subesset error perpetuus in quinta quaque figura decimali 
siimmarum : quse cum pro bumanitate sua monuisset, bis subjunxit 
seriem celerrime convergentem, cujus ope summse logaritbmorum tot 
numerorum naturalium quot quis sumere voluerit obtineri possent; 
res autem sic exposita fuerat. 

Then follows a Tbeorem wbich is not quite coincident in 
form with wbat we now usually call Stirling’s Tbeorem, but is 
practically equivalent to it. De Moivre gives bis own investiga- 
tion of the subject, and arrives at the following result ; 


log 2 -h log 3 + log 4- ... + log (m - 1) 


2 ) ^ogm «»+j2ot 360m" 1260m‘ 

j 1 1 1 1 

12'^ 360 1260 1680 


1 

1680m’ 


With respect to the series in the last hue, De Moivre says 
on page 9, of the Supplement to the Miscellanea Analytica ... quse 
satis commode convergit in principio, post terminos quinque pri- 
mes convergentiam amittit, quam tamen postea recuperat... The 
last four words involve an error, for the series is dwerymt, 
as we know from the nature of Bernoulli’s Numbers. But De 
Moivre by using a result which Stirling had already obtained. 


11 1 

arrived at the conclusion that the series 1 — 4- 

12 doO 1260 


4“ 


IS e 


squal to g log 27r ; and thus the theorem is deduced which 


we now call Stirling’s Theorem. See Miscellanea Analytica, 
page 170, Supplement, page 10. 


334 De Moivre proceeds in the Supplement to the Miscelkmm 
Analytica to obtain an approximate value of the middle coeffidkaai 
of a Binomial expansion, that is of the expref^oh 

{m + l) (7?z 4-2) ... 2wz 

He expends nearly two pages in arriviiig at the resold 
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he might have obtained immediately by putting the proposed ex- 

[ 

pression in the equivalent form 


\m |w 

De Moivre then gives the general theorem for the approximate 
summation of the series 


(n+r/ 




; + 




(n + 2 )*^ ^ + Sy 

We have already noticed his use of a particular case of this 
summation in Art. 276. 

Be Moivre does not demonstrate the theorem; it is of course 

included in the wellknown result to which Eulers name is usually 

attached, ^ 

^ f , 1 1 1 , 

See N'ovi Comm.,,.Fetrop. Yol. xiv. part 1, page 137 ; 1770.^ ^ 
The theorem however is also to he found in Maclaurins 
Trecdi&e of Flusoions, 1742, page 673. 


335. We return to the Doctrine of Chances, to notice what is 
given in its pages 243 — 254 ; see Art. 324. 

In these pages Be Moi^'re begins by adverting to the theorem 
obtained by Stirling and himself. He deduces from this the 
following result : suppose to be a very large number, then the 

[1 ly 

logarithm of the ratio which a term of [2 "^2/ ' 

the middle term by the interval I, bears to the middle term, 

2P 

is approximately — — . 

This enables him to obtain an approximate value of the sum of 
the I terms which immediately precede or follow the middle term. 
Hence he can estimate the numerical values of certain chances. 
For example, let n = 3600 : then, supposing that it is an even 
chance for the happening or failing of an event in a single trial, 
Be Moivre finds that the chance is *682688 that in 3600 trials, 
the number of times in which the event happens, wiU lie between 
1800 + 30 and 1800-30. 
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Thus by the aid of Stirling’ s Theorem the value of Bernoulli’s 
Theorem is largely increased. 

Be Moivre adverts to the controversy between Nicolas Ber- 
noulli and Br Arbuthnot, respecting the inferences to be drawn 
from the observed fact of the nearly constant ratio of the number 
of births of boys to the number of births of girls ; see Art. 223. 
Be Moivre shews that Nicolas BemoulFs remarks were not re- 
levant to the argument really advanced by Br Arbuthnot. 

SS6. Thus we have seen that the principal contributions to 
our subject from Be Moivre are his investigations respecting the 
Buration of Play, his Theory of Eecurring Series, and his extension 
of the value of Bernoulli’s Theorem by the aid of Stirling’s Theorem. 
Our obligations to Be Moivre would have been still gi^eater if he 
had not concealed the demonstrations of the important results 
which we have noticed in Art. 806 ; but it will not be doubted 
that the Theory of Probability owes more to him than to any 
other mathematician, with the sole exception of Laplace. 



CHAPTEE X 


MISCELLANEOUS INVESTIGATIONS 
Between the tears 1700 aistd 1750. 


537. The present Chapter will contain notices of various con- 
tributions to our subject which were made between the years 1700 
and 1750. 

338. The first work which claims our attention is the essay by 
Nicolas Bernoulli, to which we have already aUuded in Art. 72 ; it 
is entitled Specimiiia A^^tis conjectandi, ad quosstiones Juris ap^ 
plioatcB. This is stated to have been published at Basle in 1709; 
see Gouraud, page 36. 

It is reprinted in the fourth volume of the Act Eruditorum.., 
Suppiemmta, 1711, where it occupies pages 159 — 170. Allusion 
is made to the essay in the volume which we have cited in Art. 59, 
pag^ 842, 844, 846. 

339. In this essay Nicolas Bernoulli professes to apply mathe- 
matical calculations to various questions, principally relating to the 
probability of human life. He takes for a foundation some facts 
which his uncle James had deduced from the comparison of bills 
of mortality, namely that out of 100 infants born at the same time 
64 are alive at the end of the sixth year, 40 at the end of the 
sixteenth year, and so on. Nicolas Bernoulli considers the following 
questions ; the time at the end of which an absent man of whom 
no tidings had been received might be considered as dead ; the 
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value of un annuity on a life ; the sum to be paid to assure to a 
child just born an assigned sum on his attaining a certain age ; 
marine assurances ; and a lottery problem. He also touches on the 
probability of testimony ; and on the probability of the innocence 
of an accused person. 

The essay does not give occasion for the display of that mathe- 
matical power which its author possessed, and which we have seen 
was called forth in his correspondence with Montmort; but it indi- 
cates boldness, originality, and strong faith in the value and extent 
of the applications which might be made of the Theory of Pro- 
bability. 

We will take two examples from the Essay. 

340, Suppose there are I men who will all die within a years, 
and are equally likely to die at any instant within this time : re- 
quired the probable duration of the life of the last survivor. 
Nicolas Bernoulli really views the problem as equivalent to the 
following : A line of length a is measured from a fixed origin ; on 
this line h points are taken at random : determine the mean dis- 
tance from the origin of the most distant point. 

Let the line a be supposed divided into an indefinitely large 
number n of equal parts ; let each part be equal to c, so that 

7ic = a. 

Suppose that each of the i points may be at the distance 
c, or 2c, or 3c, -•.up to nc, but no two or more at exactly the 
same distance. 

Then the whole number of cases will be the number of combi- 
nations of n things taken 5 at a time, say (p (n, 5). 

Suppose that the most distant point is at the distance ccc ; then 
the number of ways in which this can happen is the number of 
ways in which the remaining 5—1 points can be put nearer to the 
origin ; that is, the number of combinations of a? — 1 things, taken 
6 — 1 at a time, say <j>(x—l, 6 — 1). 

* Hence the required mean distance is 

'Zxc<l)(x—1, 5 — 1) 

^ (w, 5) 

where the summation extends from x = i to x=n. 


13—2 
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It is easily seen, that the limit, when n is infinite, is ^ 
ai 

J + 1' 


neb 


+ 1 ’ 


that 


The above is substantially the method of Nicolas Bernoulli. 

341. Nicolas Bernoulli has a veiy curious mode of estimating 
the probability of innocence of an accused person. He assumes 
that any single evidence against the accused person is twice as 
likely to be- false as true. Suppose we denote by the probabiEty 
of innocence when there are n different evidences against him ; 
there are two chances out of three that the n*" evidence is false, 
and then the accused prisoner is reduced to the state in which there 
are w-1 evidences against him; and there is one chance out of 
three that the evidence is true and his innocence therefore impos- 
sible. Thus 

2 


— g g • 


Hence 




This is not the notation of Nicolas ; but it is his method and 
result. 


342. In the correspondence between Montmort and Nicolas 
Bernoulli allusion was made to a work by Barbeyrac, entitled 
Traits du Jen; see Art. 212. I have not seen the book myself. 
It appears to be a dissertation to shew that religion and morality 
4o not prohibit the use of games in general, or of games of chance 
in particular. It is stated that there are two editions of the work, 
published respectively in 1709 and 1744. 

Barbeyrac is also said to have published a discourse 8ur la 
mxtwre du Sort. 

See the Unglish Gt/clopcedia, and the Biographie TJniverselley 
under the head Barbeyrac. 

343. We have next to notice a memoir by Arbuthnot to whom 
we have already assigned an elementary work on our subject; 
see Art. 79. 

The memoir is entitled An Argument for Divine Providence, 
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taken from the comtant Regularity observ'd in the Births of loth 
Sexes. By i)r John Arhuthnott, Physitian in Ordinary to Her 
Majesty, and Fellow of the College of Phydtians and the Royal 
Society. 

This memoir is pubhshed in Vol. xxvii. of the Philosophical 
Transactions; it is the volume for 1710, 1711 and 1712: the 
memoir occupies pages 186 — 190. 

S44. The memoir begins thus : 

Among innumerable Footsteps of Divine Providence to be found in 
the Works of hlature, there is a very remarkable one to be observed in 
the exact Ballance that is maintained, between the Numbers of Men and 
Women; for by this means it is provided, that the Species may never fail, 
nor perish, since every Male may have its Female, and of a proportion-- 
able Age. This Equality of Males and Females is not the Effect of 
Chance but Divine Providence, working for a good End, which I thus 
demonstrate : 

345. The registers of births in London for 82 years are given ; 
these shew that in every year more males were born than females- 
There is very little relating to the theory of probability in the 
memoir. The principal point is the foUowmg. Assume that 
it is an even chance whether a male or female be bom ; then 
the chance that in a given year there will be more males than 

females is \ ; and the chance that this will happen for 82 years in 

Zi 

succession is ^ . This chance is so small that we may conclude 
that it is not an even chance whether a male or female be bom. 

346. The memoir attracted the attention of Nicolas Bernoulli, 
who in his comespondence with Montmort expressed his dissent 
from Arbuthnot’s argument ; see Art. 223. There is also a letter 
from Nicolas Bernoulli to Leibnitz on the subject ; see page 989 of 
the work cited in Art. 59. De Moivre replied to Nicolas Bernoulli, 
as we have already intimated in Art. 335. 

347. The subject is also discussed in the Oeuvres PMkh 
sophiques et MathSmatiques of ^s Gravesande, published at Amster- 
dam, 1774, 2 vols. 4to. The discussion occupies pages 221 — ^248 
of the second volume. 
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It appears from page 237, that when Nicolas Bernoulli travelled 
in Holland he met ’sGravesande. 

In this discussion we have first a memoir by ’sGravesande. 
This memoir contains a brief statement of • some of the elements 
of the theory of probability. The following result is then obtained. 
Assume that the chance is even for a male or female birth, and 
find the chance that out of 11429 births the males shall lie 
between 5745 and 6128. By a laborious arithmetical calculation 

this is found to be about i . Then the chance that this should 

4 

happen for 82 years in succession will be ^ . 

But in fact the event for which the chance is so small had 
happened in London. Hence it is inferred that it is not an even 
chance that a male or female should be bom. 

It appears that ’sGravesande wrote to Nicolas Bernoulli on 
the subject ; the reply of Nicolas Bernoulli is given. This reply 
contains a proof of the famous theorem of J ames Bernoulli ; 
the proof is substantially the same as that given by Nicolas Ber- 
noulli to Montmort, and published by the latter in pages 389 — 393 
of his book. 

Then ’sGravesande wrote a letter giving a very clear account 
of his views, and, as his editor remarks, the letter seems to have 
impressed Nicolas Bernoulli, judging from the reply which the 
latter made. 

Nicolas Bernoulli thus sums up the controversy : 

Mr. Arbiithnot frit consister son argument en deux choses; 1®. en 
ce que, suppos6e une ^galit4 de naissance entre les files et les gargons, 
ii y a pen de prohahilite que le nombre des gargons et des fiUes se trouve 
<tos d^ limites fort proches de Tegalite : 2®. qu’il y a pen de proba- 
bility que le nombre des gargons surpassera un grand nombre de fois de 
suite le nombre des files. C’est la premiere partie que je refute, et non 
pas la seconde. 

But this does not fairly represent Arbuthnot’s argument. 
Nicolas Bernoulli seems to have imagined, without any adequate 
reason, that the theorem known by his uncle’s name was in some 
way contradicted by Arbuthnot. 

S4S. Two memoirs on our subject are published in Vol. 
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xsis. of the Fhiloso^pMcal Transactions, which is the volume for 
1714, 1715, 1716 the memoirs occupy pages 133 — 158. They are 
entitled Solutio Oeneralis ProUematis xv. propositi a D. de Moivre, 
in tractatu de Mensura Sortis..,Soluiio generalis altera prcece- 
dentis ProUematis, ope Gomhinationum et Serierum infinitarum.. .. 

These memoirs relate to the problem which we have called 
Waldegravds ; see Art. 211. 

The first memoir is by Nicolas Bernoulli ; it gives substantially 
the same solution as he sent to Montmort, and which was printed 
in pages 381 — 387 of Montmort’s work. 

The second memoir is by De Moivre; it gives the solution 
which was reproduced in the Doctrine of Chances. 

349. We have next to notice a work which appeared under 
the following title : 

Christiani Hugenii Libellus de Ratiociniis in Ludo Alese. Or, the 
value of all chances in games of fortune; cards, dice, wagers, lotteries, <fcc, 
mathematically demonstrated. London: Printed by S. Keimer, for 
T. Woodward, near the Inner Temple-Gate in Fleet-street. 1714. 

This is a translation of Huygens’s treatise, by W. Browne. It 
is in small octavo size ; it contains a Dedication to Dr Richard 
Mead, an Advertisement to the Reader, and then 24 pages, which 
comprise the translation. The dedication commences thus r 

Honour’d Sir, When I consider the Subject of the following Papers, , 
I can no more forbear dedicating them to Your Name, than I can 
refuse giving my assent to any one Proposition in these Sciences, which 
I have already seen clearly demonstrated. The Reason is plain, for as 
You have contributed the greatest Lustre and Glory to a very consider- 
able part of the Mathematicks, by introducing them into their noblest 
Province, the Theory of Physick ; the Publisher of any Truths of that 
Nature, who is desirous of seeing them come to their utmost Perfection, 
must of course beg Your Patronage and Application of them. By m 
prudent a Course as this, he may perhaps see those Propositions whi<lr 
it was his utmost Ambition to make capable only of directing Men m 
the Management of their Purses, and instructing them to what Chsmees 
and Hazards they might safely commit their Money ; turn’d some time 
or other to a much more glorious End, and made instrumental likewise 
towards the securing th^ Bodies from the Tricks of that too 
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Sharper, Death, and comitermining the underhand Dealings of secret and 
overreaching Distempers. 

In his Advertisement to the Reader, Browne refers to a trans- 
lation of Huygens’s treatise which had been made by Arbuthnot ; 
he also notices the labours of Montmort and De Moivre. He 
says further, 

My Design in publishing this Edition, was to have made it as useful 
as possible, by an addition of a very large Appendix to it, containing a 
Solution of some of the most serviceable and intricate Problems I con’d 
think of, and such as have not as yet, that I know of, met with a par- 
ticular Consideration: But an Information I have within these few 
Days receiv’d, that M. Montmort’s Erench Piece is just newly reprinted 
at Paris, with very considerable Additions, has made me put a Stop 
to the Appendix, till I can procure a Sight of what has been added 
anew, for fear some part of it may possibly have been honour’d with the 
notice and Consideration of that ingenious Author. 

I do not know whether this proposed Appendix ever ap- 
peared. 

350. In the Hist, de V Acad..., Paris for 1728, which was 
published in 1730, there is a notice respecting some results ob- 
tained by Mairan, Sur le Jeu de Pair ou lUfon. The notice 
occupies pages 53 — 57 of the volume; it is not by Mairan 
himself. 

Suppose a heap of counters ; a person takes a number of them 
at random, and asks another person to guess whether the number 
is odd or even. Mairan says that the number is more likely 
to be odd than even ; and he argues in the following way. Sup- 
pose the number in the heap to be an odd number, for example 7; 
then a person who takes from the heap may take 1, or 2, or 3, ... 
or 7 counters ; thus there are 7 cases, namely 4 in which he takes 
an odd number, and 3 in which he takes an even number. The 
advantage then is in favour of his having taken an odd number. 
If the number in the heap be an even number, then the person 
who takes from it is as hkely to take an even number as an 
odd number. Thus on the whole Mairan concludes that the guess 
should be given for an odd number. 

The modem view of this problem is different from Mairan’s. 
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If the original heap contains n counters we should say that there 

are n ways of drawing one counter, ways of drawing 

two counters, and so on. Mairan notices this view hut con- 
denans it. 

Laplace treated this problena in the Mimoires ...par divers 
Tome VI., Paris, 1774, and he arrives at the ordinary result, 
though not by the method of combinations j he refers to Mairan’s 
result, and briefly records his dissent. The problem is solved by 
the method of combinations in the Theorie...des Prob. page 201. 

In the article Pair on on of the original Prench Pncyclo- 
pSdie, which was published in 1765, Mairan’s view is given; this 
article was repeated in the Pncyclop^die Mdthodique, in 1785, 
without any notice of Laplace’s dissent. 

851. On page 68 of the volume of the Eist. de TAcad.... 
Paris, which contains Mairan’s results, is the following paragraph: 

M. L’AhM Sauveur, fils de feu M. Sauveur AcadSmioien, a felt voir 
une Methode qu’il a trouv^e pour determiner an Jeu de Quadrille quelle 
est la probability de gagner sans prendre plusieurs Jeux difiFgrents, doufc 
il a calcuiy une Table. On a trouv^ que la matilre 4pineuse et dyiicate 
des Gombinaisons ytoit trSs-bien entendue dang cet ouvraga 

352. We have next to notice a memoir by Nicole, entitled 
Examen et Resolution de quelques questions sur les Jeucc. 

This memoir is published in the volume for 1730 of the Hist, 
de H Acad.... Paris; the date of publication is 1732: the memoir 
occupies pages 45 — 56 of the part devoted to memoirs. 

The problem discussed is really the Problem of Points ; the 
method is very laborious, and the memoir seems quite superfluous 
since the results had already been given in a simpler manner by 
Montmort and De Moivre. 

One point may be noticed. Let a and 5 be proportional to 
the respective chances of A and B to win a single game ; let them 
play for an even number of games, say for example 8, and let 
jS he the sum which each stakes. Then M’s advantage is 

a* + 8a’5 + 28a''5® + 56aW - ma’V - 28a’5* - - 6* 

( 0+^5 • 
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This supposes that if each wins four games, neither receives 
nor loses any thing. !Now it is obvious that the numerator of the 
expression is divisible by a+l) thus we may simplify the ex- 
pression to 

+ - S5a"Z>^ - 21a^5® - - V 

+ ~ * 

This is precisely the expression we should have if the players 
had agreed to play seven games instead of eight. Nicole notices 
this circumstance, and is content with indicating that it is not 
unreasonable ; we may shew without difficulty that the result is 
universally true. Suppose that when A and B agree to play 
2n — 1 games, is the chance that A beats B by just one game, 
the chance that A beats B by two or more games ; and let 
^ similar quantities with respect to B, then A^s advantage 
is ^(^ 1 — consider 2n games : A's chance of 

beating B by two or more games, is B’s chance of 


beating A by two or more games is + 


Cl -j~ d 


vantage is 



_£it) 

a ~jr bj 


Hence .4's ad- 


Now we know that — say: therefore 

a b ^ 

a. ^ = ^ — u^{a^b) 

a + 6 a + & J 

Hence the advantage of A for 2n games is the same as for 
2n^l games. 


SoS. In the same volume of the JEfist. de VAcad....PariSy on 
pages 331 — 344, there is another memoir by Nicole, entitled 
MSthode pour determiner le sort de tant de Joueurs que Von 
voudra, et Vavantage que les uns ont sur les autres, lorsquHls 
joiient h qui gagnera le plus de parties dans un nomhre de parties 
d^termind. 

This is the Problem of Points in the case of any number of 
players, supposing that each player wants the same number of 
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points. Nicole begins in a laborious way ; but he sees that the 
chances of the players are represented by the terms in the ex- 
pansion of a certain multinomial and thus he is enabled to give 
a general rule. Suppose for example that there are three players, 
whose chances for a single game are a, 5, a Let them play a 
set of three games. Then the ‘chance that A has of winning 
the whole stake is a® + (5 + c) ; and similar expressions give 

the chances of B and G ; there is also the chance ^ahc that the 
three players should each win one game, and thus no one prevail 
over the others. 

Similarly, if they play four games, A’s chance of winning the 
whole stake is + 4a® (& + c) + ; there is also the chance 

that A and B should share the stake between them to the 
exclusion of G ; and so on. 

But all that Nicole gives was already well known;’ see 
Montmort’s page 353, and De Moivre’s Miscellanea Analytics, 
page 210. 

354. In the year 1733 Buffon communicated to the Academy 
of Sciences at Paris the solution of some problems in chances. 
See Mist de F Acad... -Paris for 1733, pages 43 — 45, for a brief 
account of them. The solutions are given in Buffon^s Bssai 
dArithm^tique MorcUe, and we shall notice them in speaking 
of that work. 

355. We now return to the work entitled Of tJie Lams of 
Chance, the second part of which we left for examination until 
after an accoxmt had been given of De Moivre’s works; see 
Arts. 78, 88. 

According to the title page this second part is to be attributed 
to John Ham. 

Although De Moivre is never named, I think the greater part 
of Ham’s additions are taken from De Moivre. 

Ham considers the game of Pharaon in his pages 53 — ^73. This 
I think is all taken from De Moivre. BCam gives the same in- 
troductoiy problem as De Moivre; namely the problem which 
is XI. in De Moivre’s first edition, and X. in his third oiiiiorL 

In pages 74 — 94 we have some examjdes relating to the game 
of Ace of Hearts, or Fair C5ianoe, and to Lotteries. w© 



204 


HAM. 


have frequent use made of De Moivre’s results as to the number 
of trials in which it is an even chance that an event will happen 
once, or happen twice ; see Art. 264. 


S56. There is however an addition given without demon- 
stration, to De Moivre’s results, which deserves notice. 

De Moivre made the problem of finding the number of trials 
in which it is an even chance that an event will occur twice 
depend on the following equation : 

(l + ^f=2(l+4 

If we suppose infinite tMs reduces to 
2 = log 2 + log(l + s); 

from whicli De Moiwe obtained z = 1-678 approximately. But let 
us not suppose q infinite ; put so that our equation 

becomes 

e“= 2 (l +4 

Assume z — 2—y, thus 

Assume 2c = 7+5 -where e'> = Q. 

Thus, ' 

Take the logarithms of both sides, then 


^ ^ 18 ^ 81 ^ 


that is 




where 



Hence by reversion of series we obtain 



'5V_,_l + 2r /sV 
x) 162r‘ [rj 
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This is Ham’s formiila, given as we have said without de- 
monstration. Since we assumed 

6 '^= 6 , 

we have 7= Napierian log of 6 = 1-791759 ; thus 
s = 2c - 7 = 2c - 1-791759. 

Ham says that this series will determine the value of 'z in 
aU cases when ^ is greater than 4-1473. This limit is doubtless 

obtained by making 2c — 7 = 0, which leads to 

and this can be solved by trial. But Ham seems to be un- 
necessarily scrupulous here ; for if 2c be less than 7 we shall stiU 

have - numerically less than unity, so long as 7 — 2c is less tba.Ti 

c — i , that is so long as c is greater than ^ -f - 
« 3 9’ 

357. The work finishes -with some statements of the nu- 
merical value of certain chances at Hazard and Backgammon. 

358. We have next to notice a work entitled Cahid du Jeu 
appelU par les Frangois le trente-et-quarcmte, et que Von mmrnie 
d Florence le trente-et-un.... Par Mr P. M. Florence, 1739. 

This is a volume in quarto. The title, notice to the r^er, 
and preface occupy eight pages, and then the text foUo-ws on 
pages 1 — 90. 

The game considered is the following : Take a common pack 
of cardis, and reject the eights, the nines, and the tens, so that 
forty cards remain. Each of the picture cards counts for ten, and 
each of the other cards counts for its usual number. 

The cards are turned up singly until the number formed by 
the sum of the values of the cards falls between 31 and 40, both 
inclusive. The problem is to determine the chances in favoTEr of 
each of the numbers between 31 and 40 inclusive. 

The problem is solved by examining all the cases which can 
occur, and counting up the number of ways. The operai^on is 
most laborioiis, and the work is perhaps the mast com^&iaaiis 
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example of misdirected industry which the literature of Games 
of Chance can furnish. 

The author seems to refer on page 80 to another work which 
I have not seen. He says, ...j’en ai deja fait la demonstration 
dans mon Calcul de la Loterie de Rome,... 

It will he observed from our description of the game that 
it does not coincide with that which has been called in more 
recent times by the same name. See Poissons memoir in Ger- 
gonne’s Annales de MatMmatiques, Vol. 16. 

559. A treatise on the subject of Chances was published by 
the eminent Thomas Simpson, Professor of Mathematics at the 
Royal Military Academy, Woolwich. Simpson was born in 1710, 
and died in 1761 ; an account of his life and writings is prefixed 
to an edition of his Select Exercises for Young Proficients in the 
MatTwmatichs, by Charles Hutton. 

Simpson’s work is entitled The Nature and Laws of Chance . . . 
The whole after a new, general, and conspicuous Manner, and 
illustrated with a great variety of Examples ... 1740. 

Simpson implies in his preface that his design was to produce 
an introduction to the subject less expensive and less abstruse 
than De Moivre’s work ; and in fact Simpson’s work may be con- 
sidered as an abridgement of De Moivre’s. Simpson’s problems 
are nearly all taken from De Moivre, and the mode of treatment 
is substantially the same. The very small amount of new matter 
which is contributed by a writer of such high power as Simpson 
shews how cicely De Moivre had examined the subject so far 
as it was accessible to the mathematical resources of the period. 

We will point out what we find new in Simpson. He divides 
his work into thirty Problems. 

560. Simpson’s Problem vi. is as follows : 

There is a given iN'umher of each of several sorts of Things, (of the 
same Shape and Size); as {a) of the first Sort, (h) of the second, (kc. 
put promiscuously together; out of which a given ITumber (m) is to 
be taken, as it happens: To find the Probability that there shall come 
out precisely a given Number of each sort, as (p) of the first, (f) of 
the second, (r) of the third, <kc. 
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The result in modem notation is a fraction of which the nume- 
rator is 

la ^ [6 ^ [o 


and the denominator is 





where n = a + 5 + c+... 

This is apparently the problem which Simpson describes in his 
title page as “A new and comprehensive Problem of great Use in 
discovering the Advantage or Loss in Lotteries^ Baffles, 


361. Simpson’s Problem x. relates to the game of Bowls ; see 
Art. 177. Simpson gives a Table containing results for the case of 
an indefinitely large number of players on each side, but he does 
not fully explain his Table ; a better account of it will be found in 
Samuel Clark’s Laws of Chance, pages 63 — 65. 


862. Simpson’s Problem xv, is to find in how many trials one 
may undertake to have an equal chance for an event to occur r 
times, its chance at a single trial being known. Simpson claims 
to have solved this problem “in a more general manner than 
hitherto but it does not seem to me that what he has added to 
De Moivre’s result is of any importance. We will however give 
Simpson’s addition. Suppose we require the event to happen 

r times, the chance for it in a single trial being Let 

g: — - ; and suppose that is large. Then De Moivre shews that 
in order to have an even chance that the event shall occur r times 


we must make about q{^ trials ] see Art. 262. But if £ = 1 

the required number of trials is exactly 2r-“l. Simj^on #3® 

proposes to take as a universal formula qfr — Joj ~ 

is accurate when q = l, and extremdy near truth whem f M 
large. 
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363. Simpson’s Problem XX. is the same as De Moivre’s Pro- 
blem VH ; it is an example of tbe Duration of Play : see Art. 107 ; 
Simpson’s method is less artificial than that which De Moivre used, 
and in fact much resembles the modem method. 

364. Simpson’s Problem xxii. is that which we have explained 
in Art. 148; Simpson’s method is very laborious compared with 
De Moivre’s. Simpson however adds a useful Corollary. 

Py introducing or cancelling common factors we may put the 
result of Art. 148 in the following form : 

(y-1) (y-2) ... {p-n+1) _n (y-1) (^-2) ... (g-w-f 1) 

I ra— 1 1 \n — \ 

to(k — 1) (r — 1) (r — 2) ... (r — •w-t-1) 

+ 1.2 \n-l 

'w^liere \ and the series is to continue so 

long as no negative factors appear. 

Simpson’s Corollary then assigns the chance that the sum of the 
numbers exhibited by the dice shall not exceed p. We must put 
successively 1, 2, 3, ... up to ^ for j? in the preceding expression, 
and sum the results. This gives, by an elementary proposition 
respecting the summation of series, the following expression for the 
required chance : 

p{p-l) ,..{p-n + \) n g(g-l) ••• jq-n + l) 

[n 1 [n 

n{n—l) r (r—1) (r — n + 1) 

where, as before, the series is to continue so long as no negative 
factor appears. 

365. Simpson’s Problem xxiv. is the same as De Moivre’s 
Lxxrv., namely respecting the chance of a run of p successes in 
n trials ; see Art. 325. De Moivre gave the solution without a 
demonstration; Simpson gives an imperfect demonstration, for 
having proceeded some .way he says that the ''Law of Continuation 
is manifest.” 
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We have shewn, in effect that the solution is obtained by taking 
the coeflScient of in the expansion of 

that is in the expansion of 

11^ p-T3r+(-rr7j - (t^) +•■•}■ 


Now 


l-at_ 1 1 , It 

(1-#)“ 1-r 


We can thus express the result as the sum of two series, which 
will he found to agree with the form given by Simpson. 


366. Simpson’s Problem xxv. is on the Duration of Play. 
Simpson says in his Preface respecting his Problems XXII. and xxw, 
that they are two of the most intricate and remarkable in the 
Subject, and both solv’d by Methods entirely new.” This seems 
quite incorrect so far as relates to Problem XXY. Simpson gives 
results without any demonstration ; his Case I. and Case IL are 
taken from De Moivre, his Case m. is a particular example of his 
general statement which follows, and this general statement coin- 
cides with Montmort’s solution ; see Montmort, page 268, Doctrine 
of Chances, pages 193 and 211. 


367. We will give the enunciation of Simpson’s Problem XXYII, 
together with a remark which he makes relating to it in his 
Preface. 

In a Parallelopipedon, whose Sides are to one another in the Patio 
of a,h, c; To find at how many Throws any one may undertake that 
any given Plane, viz. ab, may arise. 

The 27th is a Problem that was proposed to the Public some tame 
ago in Lcutin, as a veiy diffiLCult one, and has not (that I know of| 
been answered before. 

We have seen the origin of this problem in Art. 87- Simpson 
supposes that a sphere is described round the paraUelepipad, and 
that a radius of the sphere passes round the boundary of the give^ 
plane; he considers that the chance of ^e giv^ 

14 
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uppeimoet in a single throw is equal to the ratio which the spheri- 
cal surface bounded by the moving radius bears to the whole 
surface of the sphere. Thus the problem is reduced to finding the 
area of a certain portion of the surface of a sphere. 


368. Simpson gives two examples of the Summation of Series 
on his pages 70 — 73, which he claims as new in method. 

(1) Let (a -j- x)” be denoted by .4 -f- Sx -h Coi? -I- Da? + . . . ; 
required the sum of 

A , Bx , 

1 . 2 ... 2 . 3 ... (r-M) 3 . 4 ... (r + 2) 

' Integrate both sides of the identity, and determine the con- 
stant so that both sides may vanish when a; = 0 ; thus 


71-1-1 


. Ba? Ca? Da;* 

zr =Ax + -^ + -^ +- 7 - + .... 

re-l-1 2 3 4 


Eepeat the operation ; thus 
(g+a;)"'” a?^^x 

(w -f 1) (n + 2) 7J -1- 1 (» -1- 1) (« + 2) 

Ao? Ba? Cx* Dx^ 

^ ^ g 1 g ^ 1 ' ^ I " • • •• 

Proceed thus for r operations, then divide both sides by a;**, and 
the required sum is obtained. 

(2) Eequired the sum of 1*" + 2” + 8” + . . . + £c”. 

Simpson’s method is the same as had been already used by 
Nicolas Bernoulli, who ascribed it to his uncle John ; see Art. 207. 


369. Simpson’s Problem xxix. is as follows : 

A and E, whose Chances for winning any assigned Game are in 
the proportion of £& to 5, agree to play until n stakes are won and 
lost, on Condition that A, at the Beginning of every Game shall set 

the Sum jp to the Sum px-, so that they may play without Disad- 

(t 

vantage on either Side; it is required to find the present Yalue of all 
the Winnings that may be betwixt them when the Play is ended. 
The investigation presents no difficulty. 
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S70. Simpson’s Problem xxx. is as follows : 

Two Gamesters, A and .2, equally skilful, enter into Play together, 
and agree to contimie the same till (n) Games are won and lost. ’Tis 
required to find the Probability that neither comes off a Winner of 
Stakes, and also the Probability that JS is never a Winner of 
that jNnmber of Stakes during the whole Time of the Play; r being 
a given, and n any very great, NTumber. 

Simpson says in his Preface relating to his Problems XXIV. and 
XXX that they 

“are the same with the two new ones, added in the End of Mr 
Ee Moivre’s last Edition, whose Demonstrations that learned Author 
was pleased to reserve to himself and are here fully and clearly in- 
vestigated....” 

The same two problems are thus referred to in Simpson’s 
title page: 

Pull and clear Investigations of two Problems, added at the end of 
Mr. De Moivre’s last Edition; one of them allowed by that great Man 
to be the most useful on the Subject, but their Demonstrations there 
omitted. 

Simpson is quite wrong in claiming the solution of Pro- 
blem XXX, and saying that De Moivre had reserved his demon- 
stration to himself. The investigation is that for determining the 
approximate value of terms near the largest in the expansion of 
(a + S)” ; it is given in the Doctrine of Chances , second edition, 
pages 233 — 243, third edition pages 241 — 251 : the method of 
Simpson is in fact identical with De Moivre’s. 

371. We may remark that Simj^on published a work in 1757 
under the title of Miscellaneous TTOcts on some curious, and 
very interesting Subjects in Mechanics, Physical- Astronomy, and 
Speculative MolKematics ; . . . 

In this work on pages 64—75 we have a section entitled An 
Attempt to sh&uo the Advantage arising hy Talcing the Mean of a 
Nwrriber of Observations, in Practical Astronomy, 

This is a very interesting section; the problems solved by 
Simpson were reproduced by Lagrange in a memoir in the 
volume of the Miscellanea Taurinensia, without any allusion how-' 
ever to Simpson. 

14—2 
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It wiU be more convenient to defer any account of tbe section 
in Simpson until we examine Lagrange’s memoir, and then we will 
state wbat Simpson gave in 1757. 

372. The fourth volume of the collected edition of J ohn Ber- 
noulli’s works, which was published in 174<2 has a section entitled 
De Alea, sive Arte Conjectandi, Prohlemata qucedam; this section 
occupies pages 28 — 33 : it contains seven problems. 

373. The first and second problems are simple and well- 
known ; they are solved completely. The third problem relates to 
the game of Bowls ; John Bernoulli gives, without demonstration, 
the result which had already been pubhshed ; see Monimort, 
page 248, and the Doctrine of Chances, page 117. 

374. The fourth problem contains an error. J ohn Bernoulli 
says that if 2^ common dice are thrown, the number of ways in 
which the sum of the marks is 7?^ is 

(fn-^1) (7?^-2)(7?^-3) ...(oTz-hl) . 

1.2. 3.4 ... (2?^-l) 

this amounts to asserting that the expression here given is the co- 
efficient of in the expansion of 

in fact however the coefficient is a series of which the above ex- 
pression is only the first term. 

375. The fifth and sixth problems involve nothing new in 
principle ; John Bernoulli gives merely the numerical results which 
wouM require long calculation to verify. The seventh problem 
does not seem intelligibla 
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876. Daniel Bernoulli was the son of the John Bernoulli 
to whom we have often referred ; Daniel was bom in 1700^ and 
died in 1782 : he is the author of some important memoirs on 
our subject, remarkable for their boldness and origmality, which 
we shall now proceed to examine. 

877. The first memoir which we have to notice is entitled 
Specimen Theorice Novce de Menmra Sortis. This mempir is 
contained in the Oommentarii Acad, ...Petr op. YoL V., which is 
the volume for the years 1730 and 1731 ; the date of publication 
of the volume is 1738 : the memoir occupies pa^es 175 — 19^ 

378. This memoir contains the theory of Moral eocpeckilion 
proposed by Daniel Bernoulli, which he considered would give 
results more in accordance with our ordinary notions than the 
theory of Mathematical expectation, Laplace has devoted to this 
subject pages 432 — i45 of his Th^orie . . . des Prob., in which he 
reproduces and developes the hypothesis of Daniel Bernoulli. 

879. Mathematical expectation is estimated by the product 
of the chance of obtaining a sum of money into that sum. But 
we cannot in practice suppose that a given sum of money is of 
equal importance to every man; a shilling is a matter of smal 
moment to a person who possesses a thousand pounds, but it is 
of great moment to a person who only possess^ a few shillir^.* 
Yarious hypothes^ may be proposed for taking into ^scouai 
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rdative value of money ; of these Daniel Bernoulli’s has attracted 
most notice. 

Suppose a person to possess a sum of money x, then if it iff 
ceive an increment dx, Daniel Bernoulli estimates the relative 
value of the increment as proportional to dx directly and x in- 

Jcdx 

versely; that is, he takes it equal to where k is some con- 


stant Put this equal to dy; so that 

y Tcdx 
dy^- 


X 


therefore ‘ _ y — k log x + constant 

= h log - say. 

Laplace calls x the fortune physique and y the fortune morale. 
We must suppose a some positive quantity, for as Daniel Bernoulli 
remarks, no man is absolutely destitute unless he is dying of 
himger. 

Daniel Bernoulli calls y the emolumentum, a he calls smnrm 
and a; — <2 he calls lucfnmi. 


380. Suppose then that a person, starting with a for his fortune 
physique, has the chance p^ of gaining x^, the chance p^ of gaining 
the chance p^ of gaining x^, and so on ; and suppose the sum 
of these chances to be unity. Let 

F==Zy^log(a4-irJ + ^ 2 log(a*f iTjj) -{-kp^log (a + ajJ +... ~^loga. 

Then Bemoulh calls Y the emolumentvm medium, and Laplace 
calls Y the fortune morale. Let X denote the fortune 
physique which corresponds to this fortune morale; then 

F= i log X— h log a. 

Thus + ... 

X — <2 will be according to Laplace H accroissement de la 
fortune physique qui procurerait d Vindividu le mime avantage 
rrwral qui risulte pour lui, de son ewpectative. Daniel Bernoulli 
calls X— a the lucrum legitime expectandum seu sors qucesita. 
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381. Daniel Bernoulli in his memoir illustrates his hy- 
pothesis by drawing a curve. He does not confine himself to the 

case in wHcli y = h log ~ , but supposes generally y = (x). 

Tbus tbe ordinary theory of mathematical expectation amounts to 
supposing that the curve becomes a straight line, or <f>(x) a 
linear function of x. 


382. After obtaining the value of X which we have given 
in Art. 380, the remainder of Daniel Bernoulli’s memoir consists 
of inferences drawn from this value. 


883. The first inference is that even a fair game of chance 
is disadvantageous. Suppose a man to start with a as his fortime 
jphysiqvs, and have the chance of gaining and the chance 
of losing Then by Art. 380, the fortune physique which he 
may expect is 


we bave to shew that this is less than a, supposing the game to be 
mathematically fair, so that 

A < 


Daniel Bernoulli is content with giving an arithmetical cx- 

ample, supposing = 2 - Laplac® establishes the proposition 

generally by the aid of the Integral Calculus. It may be proved 
more simply. We have 


JPi = 




P^ = 


X, + Xj ’ 


and we have to shew that 

. 1 

|(a + Xj)'"*(o-Xj)*y*'^''‘ is less than a. 

Novr we may regard x^^ and x^ as integers. Thus the re^t 
we require is true by virtue of the general theorem in in^ualiti^ 
that Ike geomet^riooi mecm is less Ikcm ike- aritkm^ical mean^ For 
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here we may suppose that there are quantities, each equal to 
a and quantities each equal to a — ajg. The arithmetical 
mean is 

+ 

that is a. The geometrical mean is the quantity which we had 
to shew to be less than a, 

384 Daniel Bernoulli proposes to determine what a man 
should stake at a wager, in order that the wager may not he 

disadvantageous to him. He takes the case in which “ 2 • 

Then we require that 

rm * -I 

This leads to . 

^ a + x^ 

Thus a ?2 is less than x^ and less than a. 

385, Daniel Bernoulli now makes an application to in- 
surances. But this application will be more readily understood if 
we give first a proposition from Laplace which is not in Daniel 
Bernoulli's memoir. Suppose that a merchant has a fortune 
physique equal to a, and that he expects the sum x to arrive 
by a ship. Also let p be the chance that the ship will arrive 
safely, and let q = l —p. 

Suppose that he insures his ship on the ordinary terms of 
mathematical equity ; then he pays qx to the insurance company, 
so that he has on the whole a-\‘X — qx, that is a -\-px. 

Suppose however that he does not insure ; then his fortune 
physique is [a-^xfa\ We shall shew that a-^px is greater 
than {a-^xYa\ 

Laplace estabhshes this by the aid of the Integral Calculus, 
with which however we may dispense. We have to shew that 

(a -f- xfn^ is less than a 

(1 + -) is less than 1 
\ aj a 


that is that 
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Let p — ; — where m and n are integers. 

^ m ‘\-n ® 

Then we know tljiat 1" is less than 

m~\-n 

by the theorem respecting the geometrical mean and the arith- 
metrical mean which we quoted in Art. 383 ; and this is what we 
had to establish. 

It follows that the merchant can afford without disadvautage 
to increase his payment to the insurance company beyond the 
sum qx. If we suppose f to represent the extreme additional 
sum, we have 

f = a — (a 

386. We now return to Daniel Bernoulli We have seen 
that a merchant can afford to pay more than the sum qx for 
insuring ; but it may happen that the insurance company demand 
more than the merchant can afford to pay. Daniel Bernoulli 
proposes this question : for a given charge by the insurance com- 
pany required to find the merchant’s fortune, so that it may 
be indifferent to him whether he insures or not. 

Retaining the notation of the last Article, let e be the charge 
of the insurance company; then we have to find a from the 
equation 

a-]-x — e= (a + xfc^, 

19 

Daniel Bernoulli takes for an example ir= 10000, e=800, ^ ; 

whence by approximation a = 5043. Hence he infers that if the 
merchant’s fortune is less than 5043 he ought to insure, if greater 
than 5043 he ought not to insure. This amounts to assuming 
that the equation from which a is to be found has only one 
positive root. It may be interesting to demonstrate thia We 
have to compare 

a + a; — e with 

where a is the variable, and x is greats than t. 
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T^t o = ^ - and a = — — , "wliere m and n are integers ; 

m ^ 77 ^+^ 

then we have to compare 

(a + ic — with (a + a" . 

When a = 0 the right-hand member is the less ; when a is 
infinite the right-hand member is the greater, provided mx is 
greater than (m -{-n) (x-e): we will assume that this is the case. 
Thus the equation 

{a + x-ey^^=-(a+x)”^a^ 

has 0716 positive root. Wo must examine if it has another. 

Let "log {a + x-ey^==^i/, log{a + =z; 

dy m-^n ^ vri n 

a-\-x-e^ da x-ta a' 

Thus when a is zero ^ is greater than ^ , so that z begins 
by increasing more rapidly than y does. If we suppose 

dy 

da da 
nx [x — d) 

we obtain ^ e^ — nx* 

Now begin with <2==0, and let a gradually increase until we 
havey = 5 ;; then it is obvious that we have not yet reached the 
value of a just given. And if by increasing a we could arrive 
at a second value at which y = 2;, we should have passed beyond 
the value of a just given. Then after that value z would increase 
more slowly than y, and the final value of z would be less than 
the final value of y, which is impossible. Thus there is only one 
value of a which makes y = ^, and this value is less than 

nx{x — d) 

e — 7 ux* 

If TTia; is less than (w + w) (a? — e) the original equation has 
no positive root; for then we have 2; always increasing more 
rapidly than y, and yet the final value of z less than that of y ; 
so that it is impossible that any value of a can make y==z. 
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387. Daniel Bernoulli also inquires what capital the in- 
surance company must have so that they may safely undertake 
the insurance. Let y denote the least value of the capital ; then 
y must be found from 

(y-a; + e)« = y. 

This is merely the former equation with y in place of a 4- — c. 
Thus, taking the same example as before, we have y = 14243. 

388. Daniel Bernoulli now lays down the important principle 
that it is more advantageous for a person to expose his fortune 
to different independent risks than to expose it all to one risk. 
He gives this example : suppose a merchant to start with a 

9 

capital of 4000, and that he expects 8000 by a ship; let 

he the chance of the safe arrival of the ship. The merchant’s 
fortune physique is thus 

(4000 -f 8000)^ (4000)^ = 10751 approximately. 

But suppose him to put half of his merchandize in one ship 
and half in another. The chance that both ships will arrive safely 
81 

is ft-® chance that one of the two wiH arrive safely is 

9 1 18 

2 X X — , that is ; the chance that both will be lost is 

• Hence the merchant’s forfum physique is 

(4000 + 8000)^ (4000 + 4000)^*^ (4000)^ = 11033 
approximately. 

Subtract the original capital 4000, and we find the expectation 
in the former case to be 6751, and in the latter to be 7033. 

Daniel Bernoulli says that the merchant’s expectation con- 
tinually increases by diminishing the part of the merchandize 
which is intrusted to a single ship, but can never exceed 7^00. 
9 

This number is of 8000 ; so that it esq^ress^ the Maihemafeal 
expectation. The result which Daniel Bernoulli tbiy® enupiMte 
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without demonstration is demonstrated by Laplace, TJt^orie , . . des 
Prob.j pages 43o — 437 ; the proposition is certainly by no means 
easy, and it is to be wished that Daniel Bernoulli had explained 
how he obtained it. 

389. Daniel Bernoulli now applies his theory to the problem 
which is known as the Petersburg Problem, probably from its first 
appearing here in the Oommentarii of the Petersburg Academy. 
The problem is similar to two which Nicolas Bernoulli proposed to 
Montmort; see Art. 231. 

A throws a coin in the air ; if head appears at the first throw 
he is to receive a shilling from B, if head does not appear until the 
second throw he is to receive 2 shillings, if head does not appear 
until the third throw he is to receive 4 shillings, and so on ; re- 
quired the expectation of A, 

The expectation is 

12 4 8 

2 + p + ... m infinitum, 

that is “* infinitum. 

, Thus A*s expectation is infinite, so that he ought to give an 
infinite sum to B to induce B to play with him in the manner 
proposed. Still no prudent man in the position of A would be 
willing to pay even a small number of shillings for the advantage 
to be gained. 

The paradox then is that the mathematical theory is apparently 
directly opposed to the dictates of common sense. 

390. We will now give Daniel Bernoulli’s application of his 
theory of Moral expectation to the Petersburg Problem. 

Suppose that A starts with the sum a, and is to receive 1 if 
head appears at the first throw, 2 if head does not appear until the 
second throw, and so on. A's fortum physique is 

{a -f 1)^ {a + 2)^ (a + 4)^ (a + 8)^ ... - a. 

This expression is finite if a be finite. The value of it when 
a — 0 is easily seen to be 2. Daniel Bernoulli says that it is about 
3 when a = 10, about 4 J when a = 100, and about 6 when a = 1000. 
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Let X represent the sum which a person with the capital a 
might give without disadvantage for the expectation of A ; then x is 
to he found from 

(a + 1 ~ a?) ^ (a + 2 - £c) i (a + 4 - cc) ^ (a 4- 8 a;) ^ 

Put a'- x = a ] thus 

(a' + 1)^ {a! + 2)^ (a' + 4)^ (a' + 8)^ . . . - = a; ' 

Then if a is to have any large value, from what we have 
already seen, x is small compared with a, so that we may put a' for 
a ; and we have approximately 

a? = (a + 1) ^ (<2 + 2)^ (a + 4)^ (a + 8 )t^ . . . - a. 

Laplace reproduces this part of Daniel Bernoulli’s memoir with 
developments in pages 439 — 442 of the ThSone.,.des ProK 


391. Daniel Bernoulli’s memoir contains a letter addressed to 
Nicolas Bernoulli by Cramer, in which two methods are suggested 
of explaining the paradox of the Petersburg Problenu 

(1) Cramer considers that the value of a sum of money is not 
to be taken uniformly proportional to the sum; he proposes to 
consider all sums greater than 2^ as practically equal Thus he 
obtains for the expectation of B 

12 4 ^ 

234 £34 2 ^ 

d" ^ d" ^ d"^ + •••* 

The first twenty-five terms give 12-| ; the remainder constitute 

a geometrical progression of which the sum is ~ . Thus the total 
is 13. ^ 


(2) Cramer suggests that the pleasure derivable from a sum 
of money may be taken to vary as the square root of the sum. 
Thus he makes the moral expectation to be 




that is 


^ This moral expectation corresponds to tbe mm 


2-V2‘ 
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^ that is to 2-9 approximately; and Cramer considers 

(2 — V^) 

tHs to be nearer the common notion on tbe subject than bis former 
value 13, 


392. It is obvious that Cramer’s suppositions are entirely 
arbitrary, and that such suppositions might be multiplied to any 
extent. Montucla alludes on his page 403 to an attempt made by 
M. Fontaine to explain the paradox. This attempt seems to con- 
sist in limiting the game to 20 throws at most, instead of allowing 
it theoretically to extend to infinity. But the opponents of the 
mathematical theory would assert that for the game as thus under- 
stood the value of the expectation assigned by the theory is still 
far larger than common sense can admit. 


393. The Petersburg Problem will come under our notice 
again as we advance with the subject. We may remark that 
Laplace adopts Daniel Bernoulli’s view; Theorie.-.des Frob. 
page 439. Poisson prefers to reconcile mathematical theory with 
common sense by the consideration that the fortune of the person 
whom we represent by B is necessarily finite so that he cannot pay 
more than a certain sum ; this in result practically coincides with 
the first of Cramer’s two suppositions; see Poisson, Recherches 
sur la Frob.,. page 73; Cournot, Exposition de la ThSorie des 
Chances.., page 108. 


394. We pass to another memoir by Daniel Bernoulli. The 
Academy of Sciences of Paris proposed the following question as a 
prize subject for 1732, 

Quelle est la cause physique de rinclinaison des Plans des Orhites 
des Planetes par rapport au plan de TEquateur de la revolution du 
Soleil autour de son axe; Et d’oii vient que les inclinaisons de ces 
Orhites sent differentes entre elles. 

None of the memoirs sent in appeared to the judges to be 
worthy of the prize. The Academy then proposed the subject 
again for 1734, with a double prize. The prize was divided be- 
tween Daniel Bernoulli and his father John Bernoulli. The 
memoirs of both are contained in the Recueil des pieces qui ont 
remportd le prix de V Academic Royale des Sciences, Tom. 3, 1734. 
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A French, translation of Daniel Bemonllfs memoir occupies 
pages 95 — 122 of the volume ; the original memoir in Latin occu- 
pies pages 125 — 144. 

395. The portion of the memoir with which we are concerned 
occurs at the beginning. Daniel Bernoulli wishes to ,shew that we 
cannot attribute to hazard the small mutual inclinations of the 
planetary orbits. He puts the calculation in three forms. 

(1) He finds that the greatest mutual inclination of any two 
planetary orbits is that of Mercury to the Ecliptic, which is 6' 54\ 
He imagines a zone of the breadth of 6® 54' on the surface of a 

sphere, which would therefore contain about ^ of the whole sur- 
face of the sphere. There being six planets altogether he takes 
for the chance that the inclinations of five of the planes to one 
plane shall all be less than 6° 54'. 

(2) Suppose however that all the planes intemected in a 

common line. The ratio of 6° 54' to 90® is equal to nearly ; 

1 , 

and he takes — ^ for the chance that each of the five inclinations 

would be less than 6® 54'. 

(3) Again ; take the Sun's equator as the plane of reference. 
The greatest inclination of the plane of any orbit to this is 7® 30', 

which is about of 90® ; and he takes as the chance that each 
xZ xZ 

of the six inclinations would be less than T 30'. 


396. It is difl&cult to see why in the first of the three pre- 


ceding calculations Daniel Bernoulli took 


1 2 

instead of ; tha^ k 


why he compared his zone with the surface of a sphere instead of 
with the surface of a hemisphere. It would seem too that he 
should rather have considered the poles of the orbits than Ihe 
planes of the orbits, and have found the chance that all €fee 
other poles should lie within a given distance from one of tibem* , 
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397. We shall find hereafter that D’Alembert did not admit 
that there was any value in Daniel Bernoulli’s calculations. 

Laplace proposes to find the probability that the sum of all the 
inclinations should not exceed an assigned quantity ; see TMorie,., 
des Prdb. page 257. The principle of Daniel Bernoulli’s attempt 
seems more natural, because it takes more explicit account of the 
fact that each inclination is small. 

398. The next memoir by Daniel Bernoulli is entitled Essai 
dime nouveUe anaiyse de la mortality causie par la petite V^role, 
et des avantages de ^Inoculation pour la pr^venir. 

This memoir is contained in the Hist, de VAcad , ... Paris, for 
1760; the date of publication of the volume is 1766 : the memoir 
occupies pages 1 — 15 of the part devoted to memoirs. 

399. The reading of the memoir commenced on April 30th, 
1760, as we learn from its seventh page. Before the memoir 
was printed, a criticism on it appeared, which Daniel Bernoulli 
ascribes to a grand matMmaticien ; see his pages 4 and 18. 
In consequence of this, an introduction apologitique was written 
on April 16th, 1765, and now forms the first six pages of the 
whole. 

The critic was D’Alembert; see Montucla, page 426, and 
our Chapter SIII. 

400. Daniel Bernoulli’s main object is to determine the mor- 
tality caused by the smaU-pox at various stages of age. This of 
course could have been determined if a long series of observations 
had been made ; but at that time such observations had not been 
made. Tables of mortality had been formed, but they gave the 
total number of deaths at various ages without distinguishing 
the causes of death. Thus it required calculation to determine 
the result which Daniel Bernoulli was seeking. 

401. Daniel Bernoulli made two assumptions : that in a year 
on an average 1 person out of 8 of all those who had not pre- 
viously taken the disease, would be attacked by small-pox, and 
that 1 out of eveiy 8 attacked would die. These assumptions he 
supported by appeal to observation ; but they might not be uni- 
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versally admitted. Since the introduction of vaccination, the 
memoir of Bernoulli will have no practical value ; but the mathe- 
matical theory which he based on his hypotheses is of sufficient 
interest to be reproduced here. 


402. Let X denote the age expressed in years ; let ^ denote 
the number who survive at that age out of a given number 
who were bom; let s denote the number of these survivors who 
have not had the small-pox. Assume that in a year the small- 
pox attacks 1 out of every n who have not had the disease, 
and that 1 out of every m who are attacked dies. 


The number of survivors who have not had the small-pox 
continually diminishes ; partly because the small-pox continukly 
attacks some whom it had previously left unattacfced, and partly 
because some persons die of other diseases without ever being 
attacked by the small^-pox. 


The number of those attacked by the small-pox during the 
element 3x of time is by hypothesis ~ : because we suppose 

- to be attacked in one year, and therefore in the element 
n n 

db of a year. The number of those who die of the small-pox is 

sdco 

by hypothesis — ; and therefore the number of those who die 
mn 


of other diseases is 


sdx 

mn 


But this last number must be 


diminished in the ratio of s to f, because we only want the 
diminution of those who have not yet had the small-pox, of whom 
the number is s. 


Thus 



n 



This equation is to be integrated. We have 


s 


§1 



n 


s^dx ^ 


therefore 


sd^ — ^ds 


%dx 


dx 
mn * 


ns 


IS 
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Put o for - ; tiius, dq — — — - dx ; 

^ s ^ mn 

nlog(mq — l)=x+ constant; 

^ — x+C • 

e“ +1 

To determine the constant 0, we observe that when x=0, 
we have s = ^; thus, finally, 

mP 

5 = h « 

403. By this formula Daniel Bernoulli calculates a table on 
the basis of Halley's tabl6, derived from the Breslau Observations, 
assuming that m and n each equal 8; Halley's table gives the 
values of | corresponding to successive integer values of x, and 
Daniel Bernoulli’s formula then gives the values of s. The fol- 
lowing is an extract fi*om the table : 


therefore 

therefore 

and 


X 

i 

S 

0 

1300 

1300 

1 

1000 

896 

2 

855 

685 

3 

798 

571 

4 

760 

485 

5 

732 

416 

6 

710 

359 

7 

692 

311 

8 

680 

272 

9 

670 

237 

10 

661 

208 

11 

653 

182 

12 

646 

, 160 

13 

640 

140 

14 

634 

! 123 

15 

628 

108 

16 

622 

94 
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Halley’s table begins with 1000 at the end of the first year, 
and does not say to what number of births this corresponds. 
Daniel Bernoulli gives reasons for assuming this to be 1300, 
which accordingly he takes ; see Art. 64. 

404. On page 21 of the memoir, Daniel Bernoulli says that 
the following question had been asked: Of all persons alive 
at a given epoch what fractional part had not been attacked 
by the small-pox? The inquirer himself, who was D’Alembert, 
estimated the number at one-fourth at most. Daniel Bernoulli 
himself makes it about two-thirteenths. He intimates that it 
would be desirable to test this by observation. He adds, 

Voici Tin autre th6or^me qui pourroit servir a la verification de 
nos principes. Si de tons les vivans on ne prend que Tenfance et la 
jeunesse, jusqu’^ I’^ge de seize ans et demi, on trouvera le nombre 
de ceux qui anront eu la petite v6role ^ peu-pr^s ^gal au nombre de 
ceux qui ne I’anront pas eue. 


405. Daniel Bernoulli gives another interesting investigation 
Required to find the number of survivors at a given age from 
a given number of births, supposing the small-pox altogether 
extinguished. Retain the notation of Article 402 ; and let z be 
the number who would have been alive at the age x if there had 
been no small-pox, the original number of births being supposed 
the same. 

The whole mortality during the element dx of time being 
— and the mortality caused by the small-pox being — > we 

have for the mortality in the absence of small-pox • 

But this mortality arises from a population f ; and we must mul- 


tiply it by j to obtain the mortality which would arise from a 
population z. Hence, finally. 


therefore 



dz s dx 

T " ^ I 'inn' 


15—2 
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Substitute for s from the result in Art, 402 ; then integrate, 
and determine the arbitrary constant by the condition that 
when x = 0. Hence we shall obtain 

X 

z 

^ (m — 1) e” + 1 

Thus as X increases, the right-hand member approaches the 
limit 

406. After discussing the subject of the mortality caused by 
the small-pox, Daniel Bernoulli proceeds to the subject of In- 
oculation. He admits that there is some danger in Inoculation, 
but finds on the whole that it is attended with large advantages. 
He cx)ncluded that it would lengthen the average duration of life 
by about three years. This was the part of the memoir which 
at the time of publication would be of the greatest practical 
importance ; but that importance happily no longer exists. 

407. We shall find hereafter that D’Alembert strongly ob- 
jected to the justness of Daniel Bernoulli’s investigations. La- 
place speaks very highly of Daniel Bernoulli ; Laplace also briefly 
indicates the method of treating the problem respecting Inocula- 
tion, but as he does not assume m and n to be constant, he rather 
follows D’Alembert than Daniel Bernoulli; see Theorie,,,des Proh,, 
j^es oxxxvii. and 413. 

408. The next memoir by Daniel Bernoulli is entitled De um 

injfimtesimalis in arte conjectandi speoimen. 

This memoir is contained in the JVbm Comm , . .Petrop. Vol. xii, 
which is the volume for the years 1766 and 1767 ; the date 
of publication of the volume is 1768; the memoir occupies 
pages 87—98. 

409. The object of the memoir is twofold. A certain problem 
in chances is to be solved, which is wanted in the next memoir to 
which we shall come ; and the introduction of the Differential 
Calculus into the Theory of Probability is to be illustrated. The 
reader will see in Art. 402 that Daniel Bernoulli had already really 
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employed the Differential Calculus, and the present memoir con- 
tains remarks which would serve to explain the process of Art. 402 ; 
but the remarks are such as any student could easily supply 
for himself. We shall see the point illustrated ia another memoir. 
See Art. 417. 

410. The problem which Daniel Bernoulli solves is in its 
simplest form as follows : In a bag are 2n cards ; two of them are 
marked 1, two of them are marked 2^ two of them are marked 3, ... 
and so on. We draw out m cards ; required the probable number 
of pairs which remain in the bag. 

We give the solution of Daniel Bernoulli with some changes of 
notation. Suppose that pairs remain after m cards have been 
drawn out ; let a new drawing be made. The card thus drawn out 
is either one of the cards of a pair, or it is not ; the probabilities 
for these two cases are proportional to and — m re- 

spectively : in the former case there remain pairs in the bag*, 
and in the latter case there remain pairs. Thus by ordinary 
principles 

_ - 1) + (2« - 2x„ - m) 

2n-m 

2n^m — 2 

We can thus form. in succession x^, x^, Asx^ = n we 

find that 

_ (2n — m) (2n — m — 1) 

2(2n-l) “ • 

411. The problem is extended by Daniel Bernoulli afterwards 
to a greater generality ; but we have given sufficient to enable the 
reader to understand the nature of the present memoir, and of that 
to which we now proceed. 

412. The next memoir is entitled De duratione media mafyri- 
moniorumy pro qv<wimque conjugum aetate, aliisque quasstimiibiis 
affinihus. 

This memoir is closely connected with the preceding ; it fol- 
lows in the same volume of the Novi Gomm,,*Petrop», and oceu|^s 
pages 99 — 126. 
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413. Suppose 500 men of a given age, as for example 20 years, 
to marry 500 women of tlie same age. The tables of mortality 
will shew at what rate these 1000 individuals gradually diminish 
annually until all are dead. But these tables do not distinguish 
the married from the unmarried, so that we cannot learn from them 
the number of unbroken couples after the lapse of a given number 
of years. Daniel Bernoulli applies the result of Art. 410 ; the pairs 
of cards correspond to the married couples. From that article 
knowing the number of cards which remain undrawn we infer the 
probable number of pairs. The number of cards remaining un- 
drawn corresponds to the number of persons remaining alive at a 
given age ; this is taken from the tables of mortality, and by the 
formula the probable number of unbroken couples is calculated. 
Daniel Bernoulli calculates such a table for the numbers we have 
supposed above. 

414. Daniel Bernoulli then proceeds to the case in which the 
husband and wife are supposed of different ages ; this requires the 
extended problem to which we have referred in Art. 411. Daniel 
Bernoulli calculates a table for the case in which 500 men aged 
40 years marry 500 women aged 20 years. 

Daniel Bernoulli allows that his results must not claim im- 
plicit confidence. He has taken the same laws of mortality for 
both men and women, though of course he was aware that on an 
average women live longer than men. With respect to this fact he 
sa^js^ page 100, ...neque id diversse vivendi rationi tribui potest, 
quia ista sequioris sexus praerogativa a primis incunabilis constan- 
tissime manifestatur atque per totam vitam in illo manet. 

Banid Bernoulli’s process is criticised by Trembley in the 
MSmoires de V Acad..., Berlinj 1799, 1800. 

The problem respecting the mean duration of mamages is con- 
sidered by Laplace, Theorie...des Proh. page 415. 

415. The memoir which we have noticed in Arts. 412 — 414 
bears a close analogy to the memoir which we have noticed in 
Arts. 398 — 406. In both cases theory is employed to supply the 
lack of observations, in both cases the questions discussed are of the 
same kind, and in both cases the use of the Differential Calculus is 
illustrated. 
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416. The next memoir by Daniel Bernoulli is entitled Dis- 
qaisitiones- AnalyticcB de novo prohlemafe conjecturali. 

This memoir is contained in the Rovi Gomm...Petrop...Yo\. 14, 
1769, pdfs prior. The date 1759 occurs by mistake in the title- 
page. The date of publication of the volume is 1770. The 
memoir occupies pages 1 — 25 of the part devoted to memoirs. 

417. The object of the memoir is to illustrate the use of the 
Differential Calculus, and it is thus analogous to memoirs which we 
have already noticed by Daniel Bernoulli. 

Suppose three urns ; in the first are n white balls, in the second 
n black balls, in the third n red balls. A ball is taken at random 
from each um ; the ball taken from the first um is put into the 
second, the ball taken firom the second is put into the third, and 
the ball taken from the third is put into the first ; this operation 
is repeated for any assigned number of times : required the proba- 
ble disti-ibution of the balls at the end of these operations. 

Suppose that after x operations the probable numbers of white 
balls in the three urns are denoted by m„, v^, respectively. Then 




For — is the probability of drawing one white ball out of the 
n 

first um and — is the probability that a white ball will be drawn 
from the third um and so put into the first. Similarly 




■ — T j 

n n 


n n ‘ 


By eliminating, using the condition — we may 

obtain an equation in Finite Differences of the second order for 
namely, 

“'an-i ji) ^ \ n n J n 

But the following process is more symmetrical Put 
and separate the symbols in the usual way; 
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therefore 


{-(-3F--©v 


Therefore (l-i + -T+5 fl -i +^*+ 0'('l-- + '^V 

\ n nj \ n nj \ n nj ^ 

where Ay B, C are constants, and a, 0^ y are the three cube roots 
of unity. 

Then from the above equations we obtain 




therefore 


+ ? 4.y35(l-±+^ U7a(l-i+2: 


Similarly 


The three constants A, B, C are not all arbitrary, for we 
r^fuire that 

+ + 

with this condition and the facts that 

^0 = % ^0=^i 


we shall obtain A = jB= (7= 

o 


418. The above process will be seen to be applicable if the 
number of urns be any -whatever, instead of being limited to three. 

We need not investigate the distribution of the balls of the 
other colours ; for it is evident from symmetry that at the end of x 
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Operations tlie black balls will be probably distributed thus, in 
the second um, in the third, and in the first ; similarly the 
red balls will be probably distributed thus^ in the third um, in 
the first, and in the second. 

It should be observed that the equations in Finite Difierences 
and the solution will be the same whatever be the original distri- 
bution of the balls, supposing that there were originally n in each 
urn ; the only difference will be in the values to be assigned to the 
arbitrary constants. Nor does the process require n white balls 
originally. Thus in fact we solve the following problem : Suppose 
a given number of urns, each containing n balls, m of the whole 
number of balls are white and the rest not white ; the original 
distribution of the white balls is given : required their probable 
distribution after x operations. 


419. Daniel Bernoulli does hot give the investigation which 
we have given in Art. 417. He simply indicates the following 
result, which he probably obtained by induction : 




ly x(x — V) (cc — 2 ) 
n) + [3 



a!(a! — 1 ) (x—2) (x—S) (x — 4) (x—5) 

+ [6 



together with similar expressions for and These can be 
obtained by expanding by the Binomial Theorem the expre^ons 
we have given, using the known values *bf the sums of the powers 
of a, jS, 7 . 


420. Now a problem involving the Differential Calculus can 
be framed, exactly similar to this problem of the urns. Suppose 
three equal vessels, the first filled with a white fluid, the second 
with a black fluid, and the third with a red fluid. Let th^e be 
very small tubes of equal bore, which allow fluid to pass from the 
first vessel into the second, from the second into the third; and from 
the third into the first. Suppose that the fluids have the prop^%^ 
of mixing instantaneously and completely. Required at ^nd 
of the time t the distribution of iie fluids in the v^sds^ . 
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Suppos6 at tlie end of tlie time t the quantities of the white 
fluid in the three vessels to he w, % w respectively. We obtain the 
following equations, 

du = Tcdt {w — u), 
dv = kdt (u — v), 
dw = Tcdt (v — w)^ 

where Z: is a constant. 

Daniel Bernoulli integrates these equations, by an unsym- 
metrical and difficult process. They may be easily integrated by 

the modem method of separating the symbols. Put i) for thus 

{D'\’1c)u — 1cw, {D-\-Tc)v—TcUy (p-\-Tc)w=^lcvy 

therefore (-0 + Tcf u = T^u. 

Hence u = {Ad°* + 4* Cd^}, 

where -4, B, C are arbitrary constants, and a, y are the three cube 
roots of unity. The values of v and w can be deduced from that of 
u. Let us suppose that initially « = A, t? = Q, = 0 ; we shall find 

that A =^= 0=^y so that 

Laplace has given the result for any number of vessels in the 
Theorie--Aes Prob. page 303. 

421. Nowit is Daniel Bernoulli's object to shew, that when x 
and n are supposed indefinitely large in the former problem its 
results correspond with those of the present problem. Here indeed 
we do not gain any thing by this fact, because we can solve the 
former problem ; but if the former problem had been too difficult 
to solve we might have substituted the latter problem for it. And 
thus generally Daniel Bernoulli’s notion is that we may often ad- 
vantageously change a problem of the former kind into one of the 
latter kind. 

If we suppose n and x very large we can obtain by the Bino- 
mial Theorem, or by the Logarithmic Theorem, 
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Hence when n and x are very large, we find that the value of 
given in Art. 4<19 reduces to 



Daniel Bernoulli sums the series in the brackets by the aid of 
the Integral Calculus. We know however by the aid of the 
theorem relating to the value of the sums of the powers of 
A that this series is equal to 


I -I e* +6" +e 


n- 


Hence the analogy of the value of when x and n are in- 
definitely large, with the value of in Art. 420 is sufficiently 
obvious. 

Daniel Bernoulli gives some numerical applications of his 
general results. 

Daniel Bernoulli’s memoir has been criticised by MaKatti, in 
the Memorie della Societa Italiana, Yol. 1. 1782, 


422. The next memoir by Daniel Bernoulli is entitled. Mm- 
sura Sortie ad fortuitam successiorbem rerum naturaliier conimr- 
gentium applicata. This memoir is in the same volume of the 
Worn Comm — Petrop, as the preceding ; it occupies pages 26 — 45. 

423. The memoir begins by noticing the near equality in the 
numbers of boys and girls who are bom ; and proposes to consider 
whether this is due to chance. In the present memoir only thus 
much is discussed : assuming that the births of a boy and of a girl 
are equally likely, find the probability that out of a given 
number of births, the boys shall not deviate from the half by 
more or less than a given number. The memoir gives some calcu- 
lations and some numerical examples. 

Daniel Bernoulli seems very strangely to be unaware that 
aU which he effects had been done better by Stixliog and D© 
Moivre long before ; see De Moivre’s Doctrine of 
pages 243 — 254. 
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The following is all that Daniel Bernoulli contributes to the 
theory. Let m and n be lairge numbers ; let 

_ \^n 1 

1 2m 1 

^ ‘ 

He shews that approximately 

V V 4n 4- 1 ’ 

/I 1 \^ 

He also states the following: in the expansion of 

the term from the middle is approximately equal to . 

e"" 

These results are included in those of Stirling and De Moivre, 
so that Daniel Bernoulli’s memoir was useless when it appeared; 
see Art. 337. 

424. The next memoir by Daniel Bernoulli is entitled Di- 
judicatio mojodme probahilis pluHum ohservationum discrepantiuTn 
atque verisimilliTna inductio inde formanda. This memoir is con- 
tained in the Acta Acad, ...Petrop. for 1777, pars prior; the 
date of publication of the volume is 1778 : the memoir occupies 
pages 3 — 23 of the part devoted to memoirs. 

425. The memoir is not the first which treated of the errors 
of observations as a branch of the Theory of Probability, for 
Thonaas Simpson and Lagrange had already considered the sub- 
ject ; see Art. 371. 

Daniel Bernoulli however does not seem to have been ac- 
quainted with the researches of his predecessors. 

Daniel Bernoulli says that the common method of obtaining 
a result from discordant observations, is to take the arithmetical 
mean of the result. This amounts to supposing all the observa- 
tions of equal weight. Daniel Bernoulli objects to this supposition, 
and considers that small errors are more probable than large 
errors. Let e denote an error ; he proposes to measure the pro- 
bability of the error by where r is a constant. Then 
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the best result from a number of observations will be that 
which makes the product of the probabilities of all the errors 
a maximum. Thus, suppose that observations have given the 
values < 2 , c, ... for an element; denote the true value by x\ 
then we have to find x so that the following product may be a 
maximum : 

~-{x--df\ {x— Ff] \/[t^ — (ic — c)*}... 

Daniel Bernoulli gives directions as to the value to be assigned 
to the constant r. 

426. Thus Daniel Bernoulli agrees in some respects with 
modem theory. The chief difference is that modem theory takes 
for the curve of probability that defined by the equation 

while Daniel Bernoulli takes a circle. 

Daniel Bernoulli gives some good remarks on the subject; 
and he illustrates his memoir by various numerical examples, 
which however are of little interest, because they are not derived 
from real observations. It is a fatal objection to his method, even 
if no other existed, that as soon as the number of observations 
surpasses two, the equation from which the unknown quantity is 
to be found rises to an unmanageable degree. This objection he 
himself recognises. 

427. Daniel Bernoulli's memoir is followed by some remarks 
by Euler, entitled Observationes in praecedentem dissertationem ; 
these occupy pages 24 — 38 of the volume. 

Euler considers that Daniel Bernoulli was quite arbitrary in 
proposing to make the product of the probabilities of the errors 
a maximum. Euler proposes another method, which amounts to 
making the sum of the fourth powers of the probabilities a 
maximum, that is, with the notation of Art. 425, 

- (aj - a)y Iff + {r* -{x- off + 

is to be a maximum. Euler says it is to be a maximuM^ but 
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lie does not discriminate between a 'maximum and a minimum. 
The equation which is obtained for determining a? is a cubic, 
and thus it is conceivable that there may be two minima values 
and one maximum, or only one minimum and no maximum. 

Euler seems to have objected to the wrong part of Daniel 
BemoulFs method ; the particular law of probability is really the 
arbitrary part, the principle of making the product of the pro- 
babilities a maximum is suggested by the Theory of Probabihty. 

Euler illustrates his method by an example derived from real 
observations. 



CHAPTEK XIL 

EtJLEK 


428. Euleb was bom in 1707, and died in 1783. His 
industry and genius have left permanent impressions in every 
field of matbematics ; and altbougb bis contributions to tbe 
Theory of Probability relate to subjects of comparatively small 
importance, yet they will be found not unworthy of bis own great 
powers and fame. 

429. Euler’s first memob’ is entitled Calcul de la ProhabiliU 
dans le Jen de Rencontre. This memoir is pubbsbed in tbe volume 
for 1751 of tbe Histoire de U Acad ... Berlin; tbe date of pub- 
bcation is 1753: tbe memoir occupies pages 255 — ^270 of the 
volume. 

430. Tbe problem discussed is that which is called tbe game 
of Treize, by Montmort and Nicolas Bemoulb; see Art. 162. 
Euler proceeds in a way which is very common with him; he 
supposes first one card, then two cards, then three, then four, and 
exhibits definitely the various cases which may occur. After- 
wards, by an undemonstrated inductive process, he arrives at the 
general law. 

The results obtained by Euler had been given more briefly 
and simply by Nicolas Bernoulli, and published by Montmort in 
his page 301 ; so we must conclude that Euler had not read 
Montmort’s book. 

When n is infinite, the expression given in Art. 161 for the 
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chance that at least one card is in its right place bebofces equal 
to 1 — where e is the base of the Napierian logarithms ; this is 
noticed bj Euler ; see also Art. 287. 

431. The next memoir by Euler is entitled Recherches g^ne- 
rales sur la TnortalitS et la multiplication du genre humain. Kds 
memoir is published in the volume for 1760 of the Histoire de 
V Acad, ...Berlin; the date of publication is 1767: the memoir 
occupies pages 144 — 164. 


432. The memoir contains some simple theorems concerning 
the mortality and the increase of mankind. Suppose N infants 
bom at the same time ; then Euler denotes by (1) JSf the number 
of them alive at the end of one year, by (2) N the number of 
them alive at the end of two years, and so on. 

Then he considers some ordinary questions. For example, 
a certain number of men are alive, all aged m years, how many 
of them will probably be alive at the end of n years ? 

According to Euler^s notation, (m) N represents the number 
alive aged m years out of an original number N ; and (m-{'n) N 
represents the number of those who are alive at the end of n 

more years; so that fraction of the number 

aged m years who will probably be alive at the end of n years. 
Thus, if we have a number M at present aged m years, there will 

OfYi I -^2, j 

probably be ■ " ^ of them alive at the end of n years. 


433. Then Euler gives formulae for annuities on a life. Sup- 
per M persons, at present each aged m years, and that each 
of them pays down the sum a, for which he is to receive x 

annually as long as he lives. Let ^ be the present worth of the 


unit of money due at the end of one year. 

Then at the end of a year there will be M — of the 

(m) 

persons alive, each of whom is to receive x : therefore the present 

worth of the whole sum to be received is ^ iSf . 

X [m) 
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Similarly, at the end of the second year there will be 
M persons alive, each of whom is to receive cc : 

therefore the present worth of the whole sum to be received is 




+ 2 ) 


(m) 


And so on. 


The present worth of all the sums to be received ought to be 
equal to Ma ; hence dividing by M we get 




(m + 1) (m-h2) , (w + 3) , 

X ^ 


Euler gives a numerical table of the values of (1), (2), ... (95), 
which he says is deduced from the observations of Kerseboom. 


434. Let iV denote the number of infants bom in one year, 
and rJS^ the number bom in the next year ; then we may suppose 
that the same causes which have changed JV into ri\r will change 
rN" into so that rW will be the number bom in the year 
succeeding that in which riV were bom. Similarly, rW will be 
bom in the next succeeding year, and so on. Let us now express 
the number of the population at the end of 100 years. 

Out of the infants born in the present year, there will 
be (100) JV alive ; out of the rJV* bom in the next year, there will 
be (99) rA" alive ; and so on. Thus the whole number of persons 
alive at the end of 100 years will be 




Therefore the ratio of the population in the 100^^ year to the 
number of infants bom in that year will be 


1 + 0 )+©+® + .., 

r r T 


If we assume that the ratio of the population in any year to the 
number of infants born in that year is constant, and we know this 
ratio for any year, we may equate it to the expression just given : 
then since (1), (2), (3), are known by observation, we have 
an equation for finding V, 


16 
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435. A memoir by Euler, entitled But les Rentes Viageres, 
immediately follows the preceding, occupying pages 165 — 175 of 
tbe volume. 

Its principal point is a formula for facilitating the calculation 
of a life annuity. 

Let denote the value of an annuity of one pound on the 
life of a person aged m years, the value of an annuity of 
one pound on the life of a person aged m + 1 years. Then by 
the preceding memoir. Art. 433, 

. _ 1 [(m+l) (^ + 2) (m+S) 

A, + X* 



^ _ 1 [(m+2) (w-f3) (m 4i) 


therefore (m) \A^^{m + l)-i-{m + l)A^^, 

Thus when has been calculated, we can calculate A^^^ 
easily. 

Euler gives a table exhibiting the value of an annuity on 
any age from 0 to 94. But with respect to the ages 90, 91, 92, 
93, 94, he says, 

Mais je ne voudrois pas conseiller ^ un entrepreneur de se m^ler 
avec de tels vieillards, ^ moins que leur nombre ne fut assez consider- 
able j ce qui est une regie generale pour tons les etablissemens fond6s 
sur les probabilites. 

Euler is of opinion that the temptations do not appear suf- 
ficient to induce many persons to buy annuities on terms which 
would be advantageous to the sellers. He suggests that deferred 
annuities might perhaps be more successful 5 for it follows from 
his calculations, that 350 crowns should purchase for a new bom 
infant an annuity of 100 crowns to commence at the age of 
20 years, and continue for life. He adds, 

...efc si Ton y vouloit employer la somme de 3500 ecus, ce seroit 
toujours un bel ^tablissement, que de jouir d^s I’age de 20 ans d’une 
pension fixe de 1000 €cus. Cependant il est encore douteux, s’il se 
trouveroit plusieurs parens qui voudroient bien faire un tel sacrifice 
pour le bien de leurs enfans. 
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436. The next memoir by Euler is entitled But Vamntage du 
Banquier au jm de Pharaon, This memoir was published in the 
volume for 1764 of the Histoire de V Acad.,,. Berlin; the date of 
publication is 1766 : the memoir occupies pages 144 — 164. 


437. Euler merely solves the same problem as had been 
solved by Montmort and Nicolas Bernoulli, but he makes no refer- 
ence to them or any other writer. He gives a new form however 
to the result which we will notice. 

Consider the equation in Finite Differences, 


m (m—V) (n- 

= ^4- 


-m) — 


{n — 1) 


n (n — i) 


By successive substitution we obtain 

^ ■m (m — 1) 

2/1 (ti — 1 ) (w — 2) . . , — m + 1 ) ’ 


where 8 denotes the sum ^ (w) 4- ^ — 2) + ^ — 4) + ... , 


(n) being (ti — 2) — 3) ... (9^ — + 1). 

This coincides with what we have givendn Art. 155, supposing 
that for A we put unity. 

We shall first find a convenient expression for 8, We see that 


^ coefficient of in the expansion of (1 

|m — 2 


Hence 8 is equal to jm — 2 times the coefficient of in the 
expansion of 


{i+xy-^+ii +xy-^+ {i+xy~^+„. 


Now in the game of Pharaon we have n always even ; thus we 
may suppose the series to be continued down to 1, and then its 
sum is 


(l+xy-1 


that is 


(l^xy-1 

2x + x^ 


Thus we require the coefficient of in the expansion of 


2 4* £C 


16—2 
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This coefficient is 

n(ri — V) ... (w — m + 2) n (n — V) (n — m4- S) 
^ 1^'"' ^ 4 |7n — 2 

(n — 1) . . . (n — m + 4:) 

8 |m — 3 

Then = | ??^ — 2 times this coefficient. 


Hence with this expression for S we find that 

_ 1 m 1 m (m — 1) 

4w — m + 1 8 — m + 2) 

1 w (m ~ 1) (w — 2) 

”^16 (n — m+l)(n--m-j-2)(n — m + S) 

, / -jNm JL ^(^-1) 


This is the expression for the advantage of the Banker which 
was given by Nicolas Bemonlli, and to which we have referred in 
Art. 157. 

Now the form which Euler gives for is 
m { 972 — 1 j (m — 1) (m — 2) (tw — 3) 

2^ I 1 (n- f) 1,2.3(92-3) 


(m — 1) (772 — 2) (m — 3) (972 — 4) (972 — 5) 

I. 2 . 3 . 4.5 (»-5) + 



Euler obtained this formula by trial from the cases in which 
2, 3, 4, ... 8; but he gives no general demonstration. We will 
deduce it from Nicolas Bernoulli’s formula. 

By the theory of partial fractions we can decompose the 
terms in Nicolas BemouUi’s formula, and thus obtain a series of 
fractions having for denominators 92 — 1, n — 2, 92 — 3, ...92 — 972 + !; 
and the numerators will be independent of n. 

We will find the numerator of the fraction whose denominator 
is 92 — r. 

From the last term in Nicolas Bernoulli’s formula we obtain 
(-1)’^^ 972 (972- 1).. .2 
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from the last term but one we obtain 

(—ly m (m — 1) ... 3 



and prooeeding in this way we find for the sum 



This vanishes if r be an &ve7i number ; and is equal to 

\m 

if r be odd. 

Thus Euler’s formula follows from Nicolas Bernoulli's. 

438. The next memoir by Euler is entitled Sur la prohoMliU 
des. sequences dans la LoUerie G^noise. This memoir was published 
in the volume for 1765 of the Histoire de V Acad.... Berlin; the 
date of publication is 1767 ; the memoir occupies pages 191 — 230. 

439. In the lottery here considered 90 tickets are numbered 
consecutively from 1 to 90, and 5 tickets are drawn at random. 
The question may be asked, what is the chance that two or 
more consecutive numbers should occur in the drawing? Such 
a result is called a sequence ; thus, for example, if the numbers 
drawn are 4, 5, 6, 27, 28, there is a sequence of three and also a 
sequence of two. Euler considers the question generally. He 
supposes that there are n tickets numbered consecutively from 1 to 
n, and he determines the chance of a sequence, if two tickets are 
drawn, or if three tickets are drawn, and so on, up to the case in 
which sia: tickets are drawn. And having successively investigated 
all these cases he is able to perceive the general laws which would 
hold in any case. He does not formally demonstrate these laws, 
but their truth can be inferred from what he has previously given, 
by the method of induction. 
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440. As an example of Euler’s method we will give his inves- 
tigation of the case in which three tickets axe drawn. 

There are thi-ee events which may happen which may be repre- 
sented as follows : 

L a, that is a sequence of three. 

IL a, ly that is a sequence of two, the number 5 

being neither a + 2 nor a — 1. 

TTT, a, 5, Cj where the numbers a, 5, c involve no sequence. 

I The form a, a + 1, a + 2. The number of such events is 
w — 2. For the sequence may be (1, 2, S), or (2, 3, 4), or (3, 4, 5), 
up to (n — 2, 71 — 1, n). 

n. The form a, a + h same way as we have just 

shewn that the number of sequences of three, like a, <2+1, a + 2 , 
is — 2, it follows that the number of sequences of two, like 
< 2 , a + 1, is 71 — 1. Now in general h may be any number between 
1 and n inclusive, except a — 1, < 2 , a + 1, <2 + 2 ; that is, h may be 
any number out of 72 — 4 numbers. But in the case of the first 
sequence of two, namely 1, 2, and also of the last sequence tz — 1, 7 ?, 
the number of admissible values of 5 is tz — 3. Hence the whole 
number of events of the form a, a + 1, 5, is {n — 1) (72 — 4) + 2, that 
is 72^ — + 6, that is (tz — 2) (72 — 3). 

nL The form a, I, c. Suppose a to be any number, then I 
and c must be taken out of the numbers firom 1 to <2 — 2 inclusive, 
or out of the numbers from <2 + 2 to 72 inclusive ; and i and c must 
not be consecutive. Euler investigates the number of events 
which can arise. It will however be sufficient for us here to take 
another method which he has also given. The total number of 
events is the number of combinations of n things taken 3 at a time, 

that is ^ ^ ^ * The number of events of the third kind 

can be obtained by subtracting from the whole number the num- 
ber of those of the first and second kind ; it is therefore 
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It will be found that this is 

(n — 2) (n — 3) (n — 4) 

TTO ' 

The chances of the three events will he found by dividing 
the number of ways in which they can respectively occur by the 
whole number. 

Thus we obtain for I, ii, in, respectively 

^■3 2. 3(^-3) (n^3)(n-4) 

n (n^l)’ n (n — 1) ’ n (71 ~ 1) 

441. Euler’s next memoir also relates to a lottery. This 
memoir is entitled Solution cCune question tres difficile dam le 
Calcul des Prohahilites. It was published in the volume for 
1769 of the Histoire de UAcad . ... Berlin; the date of publication 
is 1771 : the memoir occupies pages 285 — 302 of the volume. 

442. The first sentences give a notion of the nature of the 
problem. 

C’est le plan d’une lotterie qui ni’a foumi cette question, que je 
me propose de divelopper. Cette lotterie 6toit de cinq classes, chacune 
de 10000 billets, parmi lesquels il y avoit 1000 prix dans chaque 
classe, et par consequent 9000 blancs. Chaque billet devoit passer 
par toutes les cinq classes; et cette lotterie avoit cela de partictilier 
qu’ outre les prix de chaque classe on s’engageoit de payer un ducat 
2 L chacun de ceux dont les billets auroient pass6 par toutes les cinq classes 
sans rien gagner. 

443. We may put it perhaps more clearly thus. A man 
takes the same ticket in 5 different lotteries, each having 1000 
prizes to 9000 blanks. Besides his chance of the prizes, he is to 
have £1 returned to him if he gains no prize. 

The question which Euler discusses is to determine the pro- 
bable sum which will thus have to be paid to those who Ml 
in obtaining prizes. 

444. Euler’s solution is very ingenious. Suppose h the num- 
ber of classes in the lottery ; let n be the number of prizes in each 
class, and m the number of blanks. 
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Suppose the tickets of the first class to have been drawn^ and 
that the prizes have fallen on certain n tickets A, B, C ,,, 

Let the tickets of the second class be now drawn. Eequired 
the chance that the prizes will fall on the same n tickets as 
before. The chance is 

1.2 

(m + 1) (m 4- 2) {m + n) * 

And in like maimer the chance that the prizes in all the 
classes will fall on the same tickets as in the first class, is obtained 
by raising the fi-action just given to the power k— 1 . 

Let {('Wi 4- 1) (m 4- 2) (m-^n) = M, 

and {1 . 2 ...... n]^^=^a. 

Then ^ is the chance that all the prizes will fall on the same 

n tickets. In this case there are m persons who obtain no prize, 
and so the managers of the lottery have to pay m ducats. 

445 , Now consider the case in which there are m — 1 persons 
who obtain no prize at all. Here besides the n tickets A, B, C, ... 
which gained in the first class, one of the other tickets, of which 
the number is m, gains in some one or more of the remaining 
classes. Denote the number of ways in which this can happen by 
Now M denotes the whole number of cases which can 
happen after the fii*st class has been drawn. Moreover is in- 
dependent of m. This statement involves the essence of Euler’s 
solution. The reason of the statement is, that aU the cases 
which can occur will be produced by distributing in various 
ways the fresh ticket among - 4 , B, (7,... excluding one of these 
to make way for it. 

In like maimer, in the case in which there are m — 2 persons 
who obtain no prize at all, there are two tickets out of the m 
which failed at first that gain prizes once or oftener in the remain- 
ing classes. The number of ways in which this can occur may 
be denoted by ym {m — 1), where 7 is independent of m. 

Proceeding in this way we have from the consideration that 
the sum of all possible cases is M 

J/= a 4- /Sm 4- 7W (m — 1 ) 4- Zm (m — 1 ) (w — 2 ) 4 - . . .. 
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Now a, 7, ... are all independent of m. Hence we may put 
in succession for m tlie values 1, 2, 3, ... ; and we shall thus be 
able to determine ^8, 7 — 


446. Euler enters into some detail as to the values of yS, 7...; 
but he then shews that it is not necessary to find their values for 
his object. 

For he proposed to find the probable expense which will fall 
on the managers of the lottery. Now on the first hypothesis 
it is m ducats, on the second it is m — 1 ducats, on the third it 
is w — 2 ducats, and so on. Thus the probable expense is 

^ ■ am + (m — 1) + 7^ (m — 1) — 2) + . . . j , 

= ^|a+/3 (w-l)+7 (m-1) (m-2) + ...j. 

The expression in brackets is what we shall get if we change 
m into m — 1 in the right-hand member of the value oi M m 
Art. 445 ; the expression therefore is what M becomes when we 
change m into m — 1. Thus 


a 4- ^ (m — 1) -f 7 (wi — 1) (m — 2) + , 
= {m (m-h 1) ... (w + w — 1)}^^ 
Thus finally the probable expense is 


m 


m 


m + n. 


Euler then confirms the truth of this simple result by general 
reasoning. 


447. We have next to notice a memoir entitled ^ctaircisse- 
mens sur le m^moire de Mr. De La Grange^ ins4r4 dans le F* 
volume de Melanges de Turin^ concernant la mAthode de pr&ndre le 
milieu entre les rdsultats de plusieurs ohservations, &c. I^r^sentd 
d VAcadhnie le 27 Nov. 1777. This memoir was pubhshed in the 
Nova Acta Acad. ... Petr op. Tom. 3, which contains the history 
of the Academy for the year 1785 ; the date of publication, 
of the volume is 1788 : the memoir occupies pages 289 — 297. 



250 




The memoir consists of explanations of part of that memoir 
by Lagrange to which we have alluded in Art. 371 ; nothing new 
is given. The explanations seem to have been written for the 
benefit of some beginner in Algebra, and would be quite un- 
necessary for any student unless he were very indolent or very 
dull 

418. The next contribution of Euler to our subject relates to 
a lottery ; the problem is one that has successively attracted the 
attention of De Moivre, Mallet, Laplace, Euler and Trembley. 
We shall find it convenient before we give an account of Euler s 
solution to advert to what had been previously published by 
De Moivre and Laplace. 

In De Moivre’s Doctrine of Chances, Problem xxxix. of the 
third edition is thus enunciated : To find the Expectation of A, 
when with a Die of any given number of Paces, he undertakes 
to fling any number of them in any given number of Casts. The 
problem, as we have already stated, first appeared in the De Men-- 
sura Sortis. See Arts. 251 and 291. 

Let n be the number of faces on the die ; x the number of 
throws, and suppose that m specified faces are to come up. Then 
the number of favourable cases is 

{n-2Y-... 

where the series consists of m + 1 terms. The whole number of 
possible cases is and the required chance is obtained by di- 
viding the number of favourable cases by the whole number of 
possible cases. 

449* The following is De Moivre’s method of investigation. 
Iirst, suppose we ask in how many ways the ace can come up. 
The whole number of cases is n® ; the whole number of cases 
if the ace were expunged would be {n—\Y ; thus the whole number 
of cases in which the ace can come up is {n-- 1)®. 

Next, suppose we ask in how many ways the ace and deux 
can come up. If the deux were expunged, the number of ways 
in which the ace could come up would be [n — 1)® — (ti - 2)®, by 
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what we have just seen ; this therefore is the number of ways 
in which with the given die the ace can come up without the deux. 
Subtract this number from the number of ways in which the ace 
can come up with or without the deux, and we have left the 
number of ways in which the ace can come up with the deux. 
Thus the result is 

that is, + 

De Moivre in like manner briefly considers the case in which 
the ace, the deux, and the tray are to come up ; he then states 
what the result wiU be when the ace, the deux, the tray, and 
the quatre are to come up ; and finally, he enunciates verbally 
the general result. 

De Moivre then proceeds to shew how approximate numerical 
values may be obtained from the formula ; see Art. 292. 

450. The result may be conveniently expressed in the nota- 
tion of Finite Differences. 

The number of ways in which m specified faces can come up 
is A*" {n — mY ; where m is of course not greater than n. 

It is also obvious that if m be greater than a?, the event 
required is impossible ; and in fact we know that the expre^ion 
A*” {n — mY vanishes when m is greater than x. 

Suppose n = m\ then the number of ways may be denoted by 
A”0* ; the expression written at full is 

451. One particular case of the general result at the end 
of the preceding Article is deserving of notice. If we put x — n^ 
we obtain the number of ways in which all the n faces come up 
in Vi throws. The sum of the series when a; = is known to be 
equal to the product 1.2.3...^, as may be shewn in various 
ways. But we may remark that this result can also be obtained 
by the Theory of Probability itself; for if all the n faces are 
to appear in n throws, there must be no repetition ; and thus iflie 
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jaumber of ways is tbe number of permutations of n things taken 
all together. 

Thus we see that the sum of a certain series might be inferred 
indirectly by the aid of the Theory of Probability ; we shall 
hereafter have a similar example. 

452. In the M^moires par divers Savans, VoL vi., 1775, 
page 363, Laplace solves the following problem : A lottery con- 
sists of n tickets, of which r are drawn at each time; find the 
probability that after x drawings, all the numbers will have been 
drawn. 

The numbers are supposed to be replaced after each drawing. 

Laplace’s method is substantially the same as is given in his 
ThSorie,.»des Proh., page 192; but the approximate numerical 
calculations which occupy pages 193 — 201 of the latter work do 
not occur in the memoir. 

Laplace solves the problem more generally than he enunciates 
it ; for he finds the probability that after x drawmgs m specified 
tickets will all have been drawn, and then by putting n for m, 
the result for the particular case which is enunciated is obtained. 

453. The most interesting point to observe is that the pro- 
blem treated by Laplace is really coincident with that treated by 
De Moivre, and the methods of the two mathematicians are sub- 
stantially the same. 

In De Moivre’s problem is the whole number of cases ; the 
corresponding number in Laplace’s problem is {<^ (n, r)}®, where 
by ^ {n, r) we denote the number of combinations of n things 
taken r at a time. In De Moivre’s problem (n — I)"" is the whole 
number of cases that would exist if one face of the die were 
expunged; the corresponding number in Laplace’s problem is 
Similarly to {n - 2y in De Moivre’s problem 
corresponds {^(n — 2,r)Y in Laplace’s. And so on. Hence, in 
Laplace’s problem, the number of cases in which m specified 
tickets will be drawn is 

{(f> (n, r)f-m {<j> (n-1, r)f + ^ [<f> (n-2, r)f- ... ; 

and the probability will be found by dividing this number by the 
whole number of cases, that is by ’(n, r)}® 
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454. With the notation of Finite Differences we may denote 

the number of cases favourable to the drawing of m specified 
tickets by r)}® ; and the number of cases favourable 

to the drawing of all the tickets by A" {<^ (0, r)}® 

455. In the JSistoire de VAcad. ...Paris, 1783, Laplace gives 
an approximate numerical calculation, which also occurs in 
page 195 of the ThSorie . . . des Prob. He finds that in a lottery 
of 10000 tickets, in which a single ticket is drawn each time, it 
is an even chance that all will have been drawn in about 95767 
drawings. 

456. After this notice of what had been published by De 
Moivre and Laplace, we proceed to examine Euler's solution. 

The problem appears in Euler’s Opuscula Analytica, VoL 
1785. In this volume pages 331 — 346 are occupied with a memoir 
entitled Solutio quarundam quaestionum difficiliorum in calcido 
probabilium. Euler begins thus : 

His quaestionibus occasionem dedit Indus passim publice institutus, 
quo ex nonagiata schedulis, numeris 1, 2, 3, 4,... 90 signatis, statis tem- 
poribus quinae schedulae sorte extrahi solent. Hinc ergo hujusmodi 
quaestiones oriuntur: quanta scilicet sit probabilitas ut, postquam datus 
extractionum numerus fuerit peractus, vel omn^ nonaginta numeri 
exierint, vel saltern 89, vel 88, vel pauciores. Has igitur quaestiones^ 
utpote difficillimas, hie ex principiis calculi Probabilium jam pridem usu 
receptis, resolvere constituL Heque me deterrent objectiones lEustris 
DAleTYibert, qui hunc calculum suspectum reddere est conatus. Post- 
quam en i m summus Geolnetra studiis mathematicis valedixit, iis etiam 
bellum indixisse videtur, dum pleraque fundamenta solidissime sfcabilita 
evertere est aggressus. Quamvis enim hae objectiones apud ignaros 
maximi ponderis esse debeant, baud tamen metuendum est, inde ipsi 
scientiae uUum detrimentum allatum iri. 

457. Euler says that he finds a certain symbol very useful in 
these calculations ; namely, he uses 

>1 (j^-g+i) 

_d 1--2 q_ 

458. Euler makes no reference to his predecessors De Moivre 
and Laplace. He gives the formula for the chance that all the 
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tickets shall be drawn. This formula corresponds with Laplace's. 
We have only to put m = nvsi Art. 453. 

Euler then considers the question in which n—1, or — 2, ... 
tickets at least are to be drawn. He discusses successively the 
first case and the second case briefly, and he enunciates his 
general result. This is the following; suppose we require that 
— z/ tickets at least shall be drawn, then the number of favour- 
able cases is 

{(f> {n, r)}* - (f> (n,v+l) r)Y 

+ (v + l)^(n,v + 2) {(^(n — v- 2 , r)Y 

_ fr+l) (y+2) + __ 

This result constitutes the addition which Euler contributes to 
what had been known before. 


459. Euler’s method requires close attention in order to gain 
confidence in its accuracy ; it resembles that which is employed 
in treatises on Algebra, to shew how many integers there are 
which are less than a given number and prime to it. We will give 
another demonstration of the result which will be found easier 
to follow. 

The number of ways in which exactly m tickets are drawn 
is {n, m) {4> (0, r)Y- Eor the factor A”* (0, r)Y is, by 

Art. 454, the number of ways in which in a lottery of m tickets, 
all the tickets will appear in the course of x drawings ; and 
^ (n, m) is the number of combinations of n things taken m at 
a time. 

The number of ways in which n—v tickets at least will appear, 
will therefore be given by the formula (0,r)}- 

where 2 refers to m, and is to have aU values between n and 
n — v, both inclusive. 

Thus we get 

A" w (0< ’•)r + « A»- {<f, (0, r)Y + (0, r)}- 


, n(n — l) (n — 2) 

1 . 2.3 


A«-’{<^ (0,r)r+... 


the series extending to v+1 terms. 
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We may write this for shortness thus, 

{a- + »A-*+ A-+ ’‘("7^»7") a"4 ...} [mr)]’. 

Now put J? — 1 for A, expand, and rearrange in powers of E ; 
we shall thus obtain 


-^{n,v + l) +(y+l) <f>(n,v + 2) 

<f>(n,v + 3) (0, r)|" ; 


(y +1) (z^ + 2) 
1.2 


and this coincides with Euler’s result. 

We shall find in fact that when we put E—l for A, the 
coefficient of E""^ is 


(-ir L!! 

\z 


p{p-l) (jP-2) 

1.2 1 . 2.3 



where the series in brackets is continued to z/ + 1 terms, unless 
jp be less than + 1 and then it is continued to J 9 + 1 terms 
only. In the former case the sum of the series can be obtained by 
taking the coefficient of of in the expansion of {1-xY 
that is in the expansion of (1 — In the latter case the sum 

would be the coefficient of in the same expansion, and is there- 
fore zero, except when p is zero and then it is unity. 


460. Since r tickets are drawn each time, the greatest number 
of tickets which can be drawn in x drawings is xr. Thus, as 
Euler remarks, the expression 

(k, r)f-n [4> {n - 1, r)Y + ” (w - 2, r)}“’ - . . . 


must be zero if tz be greater than xr ; for the expression gives the 
number of ways in which n tickets can be drawn in r drawings. 
Euler also says that the case in which n is equal to xr is re- 
markable, for then the expression just given can be reduced to 
a product of factors, namely to 
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Euler does not demonstrate this result; perhaps he deduced 
it from the Theory of Probability itseE For if ar = it is 
obvioTis that no ticket can be repeated, when all the tickets are 
drawn in r drawings. Thus the whole number of favourable cases 
which can occur at the first drawing must be the number of 
combinations of n things taken r at a time ; the whole number 
of favourable cases which can occur at the second drawing is the 
number of combinations of w — r things taken r at a time ; and 
so on. Then the product of all these numbers gives the whole 
number of favourable cases. 

This example of the summation of a series indirectly by the aid 
of the Theory of Probability is very curious ; see also Art. 451. 

461. Euler gives the following paragraph after stating his 
formulae, 

In his probabilitatibus aestimandis utique assumitur omnes litteras 
ad extrahenduin aeque esse proolives, quod autem HI. Alembert negat 
a^umi posse. Arbitratur enim, simul ad omnes tractus jam ante per- 
actos respici oportere; si enim quaepiam htterae nimis crebro fuerint 
extractae, turn eas in sequentibus tractibus rarius exituras ; contrarium 
vero evenire si quaepiam litterae nimis raro exierint. Haec ratio, si 
valeret, etiam valitura esset si sequentes tractus demum post annum^ 
vel adeo integrum saeculum, quin etiam si in alio quocunque loco 
instituerentur; atque ob eandem rationem etiam ratio haberi deberet 
omnium tractuum, qui jam olim in quibuscunque terrae locis fuerint 
peradd, quo certe vix quicquam absurdius excogitaii potest. 

462. In Euler’s Opuscula Analytica, Vol. ii., 1785, there is 
a memoir connected with Life Assurance. The title is Solutio 
quaestimm ad calculum jyrohahilitatis pertinentis. Quantum duo 
conjuges persohere deheant, ut suis haeredibus post utriicsqm 
mortem c&rta argenti summa persolvatur. The memoir occupies 
pages 315 — 330 of the volume. 

Euler repeats a table which he had inserted in the Berlin 
Memoirs for 1760 ; see Art. 433. The table shews out of 1000 
infants, how many will be alive at the end of any given year. 

Euler supposes that in order to ensure a certain sum when 
both a husband and wEe are dead, x is paid down and z paid 
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annually besides, until both are dead. He investigates the re- 
lation which must then hold between x, z and the sum to be 
ensured. Thus a calculator may assign an arbitrary value to two 
of the three quantities and determine the third. He may sup- 
pose, for example, that the sum to be ensured is 1000 Eubles, 
and that £c = 0, and find z. 

Euler does not himself calculate numerical results, but he 
leaves the formulae quite ready for application, so that tables 
might be easily constructed. 


VI 



CHAPTER XIIL 


D’ALEMBERT. 


463. D’Alembebt was bom in 1717 and died in 1783. This 
great mathematician is known in the history of the Theory of Pro- 
bability for his opposition to the opinions generally received ; his 
high reputation in science, philosophy, and literature have secured 
an amount of attention for his paradoxes and errors which they 
would not have gained if they had proceeded from a less distin- 
guished writer. The earliest publication of his peculiar opinions 
seems to be in the article Croix ou Pile of the Encyclopddie ou 
Dictiannaire Raisonn4 — We will speak of this work simply as 
the Encychp^die, and thus distinguish it from its successor the 
Encyclop4die M4thodique. The latter work is based on the former ; 
the article Croix ou Pile is reproduced unchanged in the latter. 

464. The date of the volume of the Encyclop^die containing 
the article Croix ou Pile, is 1754. The question proposed in the 
article is to find the chance of throwing head in the course of two 
throws with a coin. Let P[ stand for head, and T for tail. Then 
the common theory asserts that there are four cases equally likely, 
namely, HE, TH, E2\ TT\ the only unfavourable case is the 

g 

last; therefore the required chance is D’Alembert however 

doubts whether this can be correct. He says that if head appears 
at the first throw the game is finished and therefore there is no 
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need of the second throw. Thus he makes only three cases, 

2 

namely, H, TH, TT\ therefore the chance is -x, 

o 

Similarly in the case of three throws he makes only four cases, 

namely, TH, TTH, TTT : therefore the chance is f . The 

4 

common theory would make eight equally likely cases, and obtain 



465. In the same article D'Alembert notices the Petershirg 
Problem, He refers to the attempts at a solution in the Com- 

mentarii Acad Petrop. Vol. v, which we have noticed in 

Arts. 389 — 393 ; he adds : mais nous ne savons si on en sera satis- 
fait ; et il y a ici quelque scandale qui m^rite bien dbccuper les 
Alg^bristes. D’Alembert says we have only to see if the expecta- 
tion of one player and the corresponding risk of the other really 
is infinite, that is to say greater than any assignable finite number. 
He says that a little reflexion will shew that it is, for the risk 
augments with the number of throws, and this number may by the 
conditions of the game proceed to any extent. He concludes that 
the fact that the game may continue for ever is one of the reasons 
which produce an infinite expectation. 

D’Alembert proceeds to make some further remarks which are 
repeated in the second volume of his Opuscules, and which witt 
come under our notice hereafter. We shall also see that in the 
fourth volume of his Opuscules D’Alembert in fact contradicts the 
conclusion which we have just noticed. 

466. We have next to notice the article Gageure, of the 
EncyclopMie; the volume is dated 1757. D’Alembert says he will 
take this occasion to insert some very good objections to what he 
had given in the article Croix ou Pile. He says, Elies sont de 
M. Necker le fils, citoyen de Geneve, professeur de Math^matiques 
en cette ville, ...nous les avons extraits d’une de ses lettres. The 
objections are three in number. First Necker denies that D’Alem- 
bert’s three cases are equally likely, and justifies this denial 
Secondly Necker gives a good statement of the solution on the 

17—2 
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ordii]ia.ry theory. Thirdly, he shews that D Alembert s view is 
inadmissible as leading to a result which is obviously untrue . this 
objection is given by D’Alembert in the second volume of his 
Opuscules, and will come before us hereafter, D Alembert after 
giving the objections says, Ces objections, sur-tout la demiere, 
m^ritent sans doute beaucoup d’attention. But still he does not 
admit that he is convinced of the soundness of the common theory. 

The article Gageure is not reproduced in the Encyclopidie 
M^thodiqiie. 

467. D’Alembert wrote various other articles on our subject 
in the Encyclopidie; but they are unimportant. We will briefly 
notice them. 

Alsint In this article D’Alembert alludes to the essay by 
Nicolas Bernoulli ; see Art. 338. 

Avantage, This article contains nothing remarkable. 

Bassette. This article contains a calculation of the advantage 
of the Banker in one case, namely that given by Montmort on his 
page 145. 

CdVTectu. This article gives an account of the soTte de jeu dout 
M. de Buff on a donni le calcid in 1733, avant que ditre de 
YAcademie des Sciences ; see Art. 354. 

Ei. This article shews all the throws which can be made with 
two dice, and also with three dice. 

Loterie. This is a simple article containing ordinary remarks 
^d examples. 

Pari. This article consists of a few lines giving the ordinary 
rules. At the end we read : Au reste, ces rhgles doivent ^tre modi- 
fies dans certains cas, ou la probability de gagner est fort petite, 
et celle de perdre fort grande. Voyez Jeu. There is however 
nothing in the article Jeu to which this remark can apply, which 
is the more curious because of course Jeu precedes Pari in alpha- 
betical order; the absurdity is reproduced in the Encyclopidie 
Mithodiqvs, 

The article Probahiliti in the Encyclopidie is apparently by 
Diderot. It gives the ordinary view of the subject wdth the excep- 
tion of the point which we have noticed in Art. 91. 
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468. In various places in his Opuscules Mathematiques D’Alem- 
bert gives remarks on the Theory of Probabilities. These remarks 
are mainly directed against the first principles of the subject which 
D’Alembert professes to regard as unsound. We will now examiue 
all the places in which these remarks occur. 

469. In the second volume of the Opuscules the first memoir 
is entitled Reflexions sur le calcul des Prohabilites; it occupies 
pages 1 — 25. The date of the volume is 1761. D’Alembert 
begins by quoting the common rule for expectation in the Theory 
of Probability, namely that it is found by taking the product of the 
loss or gain which an event will produce, by the probability that 
this event will happen. D’Alembert says that this rule had been 
adopted by all analysts, but that cases exist in which the rule 
seems to fail. 

470. The first case which D’Alembei*t brings forward is that 
of the Petersburg Problem ; see Art. 389. By the ordinary theory 
A ought to give B an infinite sum for the privilege of playing 
with him. D’Alembert says. 

Or, ind^pendammeut de ce qu’une soimne infinie est une chimere, 
il n’y a personne qui voulut donner pour jouer a ce jeu, je ne dis pas 
une somme infinie, mais m^me une somme assez modique. 

471. D’Alembert notices a solution of the Petersburg Problem 
which had been communicated to him by un Gdometre c^lebre 
de I’Acad^mie des Sciences, plein de savoir et de sagacitA He 
means Fontaine I presume, as the solution is that which Fontaine 
is known to have given ; see Montucla, page 403 : in this solution 
the fact is considered that B cannot pay more than a cei*tain sum, 
and this linoits what A ought to give to induce B to play. D’Alem- 
bert says that this is imsatisfactory ; for suppose it is agreed that 
the game shall only extend to a finite number of trials, say 100 ; 
then the theory indicates that A should give 50 crowns. D’Alem- 
bert asserts that this is too much. 

The answer to D’Alembert is simple ; and it is very well put in 
fact by Condorcet, as we shall see hereafter. The ordinary rule is 
entitled to be adopted, because in the long run it is equally fair to 
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both parties A and and any other rule would be unfair to one 
or the other. 

472. D’Alembert concludes from his remarks that when the 
probability of an event is very small it ought to be regarded and 
treated as zero. Dor example he says, suppose Peter plays with 
James on this condition ; a coin is to be tossed one hundred times, 
and if head appear at the last trial and not before, James shall give 
2^^ crowns to Peter. By the ordinary theory Peter ought to give 
to James one crown at the beginning of the game. 

D’Alembert says that Peter ought not to give this qrown 
because he will certainly lose, for head wiU appear before the 
hundredth trial, certainly though not mcessarily. 

D’Alembert’s doctrine about a small probability being equi- 
valent to zero was also maintained by Buffon. 

473. D’Alembert says that we must distinguish between what 
is metaphysically possible, and what is physically possible. In the 
first class are included aU those things of which the existence is not 
absurd ; in the second class are included only those things of which 
the existence is not too extraordinary to occur in the ordinary 
course of events. It is metaphysically possible to throw two sixes 
with two dice a hundred times running ; but it is physically impos- 
sible, because it never has happened and never will happen. 

This is of course only saying in another way that a very small 
chance is to be regarded and treated as zero. D’Alembert shews 
however, that when we come to ask at what stage in the diminu- 
teon of chance we shall consider the chance as zero, we are in- 
volved in dfficulty ; and he uses this as an additional argument 
gainst the common theory. 

See also Mill’s Logic, 1862, Vol. ii. page 170. 

474. D’Alembert says he will propose -an idea which has 
occurred to him, by wHch the ratio of probabilities may be 
estimated. The idea is simply to make experiments. He ex- 
emplifies it by supposing a coin to be tossed a large number of 
times, and the results to be observed. We shall find that this 
has been done at the instance of Buffon and others. It is need- 
less to say that the advocates of the common Theory of Proba- 
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bility would be quite willing to accept D’Alembert’s reference to 
experiment ; for relying on the theorem of James Bernoulli, they 
would have no doubt that experiment would confirm their calcula- 
tions. It is however curious that D’Alembert proceeds in his 
very next paragraph to make a remark which is quite inconsistent 
with his appeal to experiment. For he says that if head has 
arrived three times in succession, it is more likely that the next 
arrival will be tail than head. He says that the oftener head 
has arrived in succession the more likely it is that tail will 
arrive at the next throw. He considers that this is obvious, and 
that it furnishes another example of the defects of the ordinary 
theory. In the Opuscules^ YoL rv. pages 90 — 92, D’Alembert 
notices the charge of inconsistency which may be urged against 
him, and attempts to reply to it. 


475. D’Alembert then proceeds to another example, which, 
as he intimates, he had abeady given in the JEncyclop^die, under 
the titles Croix ou Pile and Qageure; see Art. 463. The question 
is this : required the probability of throwing a head with a coin 
in two trials. 

D’Alembert came to the conclusion in the Encyclop^die that 
2 3 

the chance ought to be g instead of ^ . In the Opuscules how- 
ever he does not insist very strongly on the correctness of the 

result ^ , but seems to be content with saying that the reasoning 
o 

3 

which produces ^ is unsound. 


D’Alembert urges his objections against the ordinary theory 
with great pertinacity ; and any person who wishes to see all that 
a great mathematician could produce on the wrong side of a 
question should consult the original memoir. But we agree with 
every other writer on the subject in thinking that there is no 
real force in D’Alembert’s objections. 


476. The following extract will shew that D’Alembert m> 

2 

longer insisted on the absolute accuracy of the result ^ : 
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Je ne Toudrois pas cependant regarder en toute rigueur les trois coups 
dont il s’agit, comme ^galement possibles. Car 1'’. il pourroit se fe,ire 
en efiet (et je suis m^me porti it le croire), que le cas jpile croix ne fut 
pas Ixactement aussi possible que le cas croix seul ; mais le rapport des 
possibilites me parbit inappretiable. 2®. II pourroit se faire encore que 
le coup pile croix fut un pen plus possible que pile pile, par cette seule 
raison que dans le dernier le m^me effet arrive deux fois de suite; mais 
le rapport des possibilites (suppose qu’elles soient in^gales), n’est pas 
plus facile h 4tablir dans ce second cas, que dans le premier. Ain si 
il pourroit tres-bien se faire que dans le cas propose, le rapport des 
probabilit4s ne fut ni de 3 ^ 1, ni de 2 (comme nous Tavons sup- 
pose dans V^m^clopedie) mais un incommensurable ou inappretiable, 
moyen entre ces deux nombres. Je crois cependant que cet incommen- 
surable approcbera plus de 2 que de 3, parce qu’ encore ime fois il n’y 
a que trois cas possibles, et non pas quatre. J e crois de meme et par 
les m^m^ raisons, que dans le cas od. Ton joueroit en trois coups, le 
rapport de 3 I. 1, que donne ma metliode, est plus prls du vrai, que 
le rapport de 7 ^ 1, donn6 par la m^thode ordinaire, et qui me paroit 
exorbitant. 

477. D’Alembert returns to the objection which had been 
uiged against his method, and which he noticed under the title 
Gageure in the EncyclopMie; see Art. 466. Let there be a 
die with three faces, A, B, C; then according to D’Alembert’s 
original method in the BncyclopMie, the chances would always 
be rather against the appearance of a specified face AL, however 
great the number of trials. Suppose n trials, then by D’Alembert’s 
method the chance for the appearance of A is to the chance 
against it as 2** — 1 is to 2”. 

For example, suppose rb=Z: then the favourable cases are 
A, BA, OA, BBA, BOA, GOA, CBA ; the unfavourable cases are 
BBB, BBC, BOB, BOG, GBB, GBG, CGG, GGB: thus the ratio 
is that of 7 to 8. D’Alembert now admits that these cases are 
not equally likely to happen ; though he believes it dhBficult to 
assign their ratio to one another. 

Thus we may say that D’Alembert started with decided but 
erroneous opinions, and afterwards passed into a stage of general 
doubt and uncertainty; and the dubious honour of effecting the 
transformation may be attributed to Necker. 
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478. D’Alembert thus sums up his results, on his page 24 : 

Conoluons de toutes ces r^flgxions; 1". c[ue si la rigle que j’ai domi6e 
dans Y EncyclopHie (faute d’en conn6itre une meilleure) pour deter- 
miner le rapport des probabilites an jeu de croix et n’est point 
exacte ^ la riguenr, la regie ordinaire pour determiner ce rapport. Test 
encore moins j 2°. que pour parvenir a une tbeorie satisfaisante du cal- 
cul des probabilites, il faudroit resoudre plusieurs Probiemes qui sent 
peut-etre insolubles; savoir, d’assigner le vrai rapport des probabilites 
dans les cas qui ne sont pas 6galement possibles, ou qui peuvent 
n’etre pas regardds comme tels; de determiner quand la probability 
doit etre regardee comme nulle ; de fixer enfin comment on doit estimer 
I’esperance ou I’enjeu, selon que la probabilite est plus ou moins grande. 

479. The next memoir by D’Alembert which we have to 
notice is entitled Sur Vapplication du Caloul des Probabilites d 
V inoculation de la petite Verole; it is published in the second 
volume of the Opuscules, The memoir and the accompanying 
notes occupy pages 26 — 95 of the volume. 

480. We have seen that Daniel Bernoulli had written a 
memoir in which he had declared himself very strongly in favour 
of Inoculation ; see Art. 398. The present memoir is to a certain 
extent a criticism on that of Daniel Bernoulli. D’Alembert does 
not deny the advantages of Inoculation ; on the contrary, he is 
rather in favour of it : but he thinks that the advantages and 
disadvantages had not been properly compared by Daniel Ber- 
noulli, and that in consequence the former had been overestimated. 
The subject is happily no longer of the practical importance it 
was a century ago, so that we need not give a very full account 
of D’Alembert’s memoir ; we shall be content with stating some 
of its chief points. 

481. Daniel Bernoulli had considered the subject as it related 
to the state, and had shewn that Inoculation was to be recom- 
mended, because it augmented the mean duration of life for 
the citizens. D’Alembert considers the subject as it relates to 
a private individual : suppose a person who has not yet been 
attacked by small-pox ; the question for him is, whether he will 
be inoculated, and thus run the risk, small though it may be, 
of dying in the course of a few days, or whether he wiU take his 
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cliance of escaping entirely from an attack of small-pox duiing 
his life, or at least of recovering if attacked, 

D’Alembert thinks that the prospect held out to an individual 
of a gain of three or four years in the probable duration of his 
life, may perhaps not be considered by him to balance the im- 
mediate danger of submitting to Inoculation. The relative value 
of the alternatives at least may be too indefinite to be estimated ; 
so that a person may hesitate, even if he does not altogether 
reject Inoculation. 

482. D’Alembert lays great stress on the consideration that 
the additional years of life to be gained form a remote and not 
a present benefit ; and moreover, on account of the infirmities of 
age, the later years of a life must be considered of far less value 
than the years of early manhood. 

D’Alembert distinguishes between the physical life and the 
real life of an individual. By the former, he means life in the 
ordinary sense, estimated by total duration in years ; by the latter, 
he means that portion of existence during which the individual is 
free from suffering, so that he may be said to enjoy life. 

Again, with respect to utility to his country, D’Alembert dis- 
tinguishes between the physical life and the civil life. During 
infancy and old age an individual is of no use to the state ; he 
is a burden to it, for he must be supported and attended by 
others. During this period D’Alembert considers that the indi- 
vidual is a charge to the state ; his value is negative, and becomes 
podtive for the iutermediate periods of his existence. The civil 
life then is measured by the excess of the productive period of 
existence over that which is burdensome. 

Relying on considerations such as these, D’Alembert does not 
admit the great advantage which the advocates for Inoculation found 
in the feet of the prolongation of the mean, duration of human 
life effected by the operation. He looks on the problem as far 
more difiBcult than those who had discussed it appeared to have 
supposed. 

483. We have seen that Daniel Bernoulli assumed that the 
small-pox attacked every year 1 in ri of those not previously 
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attacked, and that 1 died out of every m attacked ; on these 
hypotheses he solved definitely the problem which he undertook. 
D’Alembert also gives a mathematical theory of inoculation; but he 
does not admit that Daniel Bernoullis assumptions are established 
by observations, and as he does not replace them by others, he 
cannot bring out definite results like Daniel Bernoulli does. 
There is nothing of special interest in D’Alembert’s mathematical 
investigation; it is rendered tedious by several figures of curves 
which add nothing to the clearness of the process they are sup- 
posed to illustrate. 

The following is a specimen of the investigations, rejecting the 
encumbrance of a figure which D’Alembert gives. 

Suppose a large number of infants born nearly at the same 
epoch ; let y represent the number alive at the end of a certain 
time ; let u represent the number who have died during this 
period of smalhpox : let z represent the number who would have 
been ahve if small-pox did not exist : required z in terms of y 
and u. 

Let dz denote the decrement of in a small time, dy the 
decrement of y in the same time. If we supposed the z individuals 
subject to small-pox, we should have 



But we must subtract from this value of dz the decrement 
arising from small-pox, to which the z individuals are by hypo- 
thesis not liable ; this is - du. 

y 


Thus, 


dz dy - du\ 

y^y 


we put + - du and not du, because z and y diminish while 

y y 

u increases. Then 

dz dy . du, 

— = 1 ; 

< 3 ^ y y 


therefore 


logs = logy + J y; 




therefore 
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Tlie result is not of practical use because the value of the 
int^ral is not known- D’Alembert gives several formulas 
which involve this or similar unfinished integrations. 

484 D’Alembert draws attention on his page 74 to the two 
distinct methods by which we may propose to estimate the espe- 
ranee de vivre for a person of given age. The mean duration of 
Kfe is the average duration in the ordinary sense of the word 
average; the probable duration is such a duration that it is an 
even chance whether the individual exceeds it or falls short of it. 
Thus, according to Halley’s tables, for an infant the mean life is 
26 years, that is to say if we take a large number N of infants 
the sum of the years of their lives will be 26^"; the probable 

Kfe is 8 years, that is to say ^ of the infants die under 8 years 

old and ^ die over 8 years old. 

A 

The terms mean life and probable life which we here use have 
not always been appropriated in the sense we here explain ; on the 
contraiy, what we call the mean life has sometimes been caKed 
the probable Kfe. D’Alembert does not propose to distinguish the 
two notions by such names as we have used. His idea is rather 
that each of them might fairly be called the duration of life to be 
expected, and that it is an objection against the Theoiy of Proba- 
bility that it should apparently give two different results for the 
same problem. 

485. We will illustrate the point as D’Alembert does, by means 
of what he calls the cum of mortality. 

Let X denote the number of years measured from an epoch ; let 
^ {x) denote the -number of persons aKve at the end of x years 
from birth, out of a large number born at the same time. Let 

{of) be the ordinate of a curve ; then t/t (x) diminishes from 
x-Qiox = G, say, where c is the greatest age that persons can 
attain, namely about 100 years. 

This curve is caUed the curve of mortality by D’Alembert. 
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The mean duration of life for persons of the age a years is 



^{a) • 


The probable duration is a quantity b such that 

(a). 


This is D’Alembert’s mode. We might however use another 
curve or function. Let <f) (x) be such that (f> (x) dx represents the 
number who die in an element of time dx. Then the mean dura- 
tion of life for persons aged a years is 


f (x-- d) <f> (x) dx 
a 

J (f> (x) dx 


that is 


The prohalle duration is a quantity i such that 

f <j) (:d) dx — [ (f> (x) dx, 

•JO, J b 

J <p (x) dx = ^ J ^ 


Thus the mean duration is represented by the abscissa of the 
centre of gravity of a certain area ; and the prohaMe duration is 
represented by the abscissa corresponding to the ordinate which 
bisects that area. 

This is the modern method of illustrating the point; see 
Art. 101 of the Theory of Probahility in the Encychpoedia Metro- 
poUtana. 


486. -We may easily shew that the two methods of the pre- 
ceding Article agree. 

Dor we have ^(x) ^ — k^fr (x), where k is some constant. 
Therefore 




— a) yfr (x) dx 
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and 

therefore 

and 


Thus 


; — a) (x) dx = (x -- a) '\]r (x) — (x) dXf 

f (x — d) ‘yj/ (x) dx = — I yjr (x) dx\ 

Ja J a 

f \l^' (x) dx = — yjr (a), 

J a 

j" (x — d)<f) (x) dx j* yjr (x) dx 


Jj> (^) 


dx 


ir(a) 


This shews that the two methods give the same mean duration. 
In the same way it may be shewn that they give the same probable 
duration. 


487. D’Alembert draws attention to an erroneous solution of 
the problem respecting the advantages of Inoculation, which he 
says was communicated to him by un savant Geometre, D’Alem- 
bert shews that the solution must be eiToneous because it leads to 
untenable results in two cases to which he applies it. But he does 
not shew the nature of the error, or explain the principle on which 
the pretended solution rests ; and as it is rather curious we will 
now consider it. 

Suppose that N infants are born at the same 
epoch, and let a table of mortality be formed by 
recording how many die in each year of all dis- 
cs^ excluding small-pox, and also how many die 
of small-pox. Let the table be denoted as here ; 
so that denotes the number who die in the r^^ year excluding 
those who die of small-pox, and v^. denotes the number who die of* 
small-pox. Ilten we can use the table in the foUowdng way : sup- 
pose M any other number, then if die in the year out of 

from all diseases except small-pox, ^ would die out of if; and 

so for any other proportion. 

Now suppose small-pox eradicated from the list of human dis- 
eases ; required to construct a new table of mortality from the 
above data. The savant Q^metre proceeds thus. He takes the 


1 



2 



3 



4 


^’4 
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preceding table and destroys the column Then he 

assumes that the remaining column will shew the correct mortality 
for the number N—nei^t starting, where n is the total number who 
died of small-pox, that is + . . . 

M 

Thus if we start with the number If of infants would 

die on this assumption in the year. 

There is a certain superficial plausibility in the method, but it 
is easy to see that it is unsound, for it takes too unfavourable 
of human life after the eradication of small-pox. For let 

+ ... bir, 

+ ... Vrl 

then we know from the observations that at the end of r years 
there are N—TJ^—V^ survivors of the original N ; of these die 

in -the next year from all diseases excluding small-pox. Thus 
excluding small-pox 

is the ratio of those who die in the year to those who are aged 
r years at the beginning of the year. And this ratio will be the 
ratio which ought to hold in the new tables of mortality. The 
method of the sa/vant QedfrtetTe gives instead of this ratio fee 
Greater ratio 

N- U,-n 

488, Thus we see where the savant Geometre was wrong, and 
the nature of the errcrr. The pages in ly Alembert are 88 92 ; 

but it will require some attention to extricate the false principle 
really used from the account which D’Alembert gives, which is also 
obscured by a figure of a curve. In D’Alembert s account regard 
is paid to the circumstance that Inoculation is fatal to some on 
whom it is performed ; but this is only a matter of detail : fee 
essential principie involved is that which we have here exhibited. 

489. The next publication of D’Alembert- on the mbject of 
Probabilities appears to consi^ of some remarte in \xm 
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de Pkilosophie, VoL v. I have never seen the original edition of 
this work ; but I have no doubt that the remarks in the Melanges 
de Pkilosophie were those which are reprinted in the first volume 
of the collected edition of the literary and philosophical works of 
D'Alembert, in 5 Vols. 8vo, Paris, 1821. According to the cita- 
tions of some writers on the subject I conclude that these remarks 
also occur in the fourth volume of the edition of the literary and 
philosophical works in 18 Vols. 8vo, Paris, 1805. 

490. In the first volume of the edition of 1821 there are two 
essays, one on the general subject of Probabilities, and the other on 
Inoculation. 

The first essay is entitled Doutes et questions sur le Calcul des 
ProbaMUtes, These occupy pages 451 — 466 ; the pages being 
el(Bely printed. 

lyAJembert commences thus : 

On se plaint assez commun^ment que les formules des mathlma- 
tidms, appliqu^es aux objets de la natui’e, ne se trouvent que trop 
en d^fiiut. Personne n^anmoins n’avait encore apergu ou cru aper- 
cevoir cet inconyinient dans le calcul des prohabditSs. J’ai os6 le 
premier proposer des doutes sur quelques principes qui servent de base 
k oe calcuL Pe grands geom^tres ont juge ces doutes dignes (PaUenbion; 
d’autres grands g^om^tres les ont trouv6s absurdes; car pourquoi adou-* 
cirais-je les termes dont ils se sont servis ? La question est de savoir 
s’ils ont eu tort de les employer, et en ce cas ils aui'aient doublement 
tort. Leur decision, qu’ils nbnt pas jugS a propos de motiver, a en- 
courage des mathematiciens mediocres, qui se sont bates d’ecrire sur ce 
sujet, et de m’attaquer sans m’entendre. Je vais t^cber de m’expliquer 
si clairement, que presque tous mes lecteurs seront k portee de me 
juger. 

491. The essay which we are now considering may be described 
in general as consisting of the matter in the second volume 
of the Opuscules divested of mathematical formulae and so adapted 
to readers less versed in mathematics. The objections against 
the ordinary theory are urged perhaps with somewhat less con- 

2 

fidence ; and the particular case in which ~ was proposed in- 

S ^ 

stead of ^ as the result in an elementary question does not appear. 

But the other errors are all retained. 
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492. There is some additional matter in the essay. D’ Alem- 
bert notices the calculation of Daniel Bernoulli relative to the 
small inclination to the ecliptic of the orbits of the planets; 
see Art,. 394. D’Alembert considers Daniel Bernoulli’s result 
as 'worthless. 

D’Alembert says with respect to Daniel Bernoulli, 

Ce qu’il y a de singulier, c’est que ce grand g^omltre dont je parle, 
a trouve ridicules^ du moins k ce qn’on m’assure, mes raisonnemens 
sur le calcul des 'prohabilites, 

493. D’Alembert introduces an illustration which Laplace 
afterwards adopted. D’Alembert supposes that we see on a table 
the letters which form the word Gonstantinopolitanensibvs, ar- 
ranged in this order, or arranged in alphabetical order ; and he 
says that although mathematically these distributions and a third 
case in which the letters follow at hazard are equally possible, 
yet a man of sense would scarcely doubt that the first or second 
distribution had not been produced by chance. See Laplace, 
ThSorie ... des Prob, page xi. 

494. D’Alembert quotes the article Fatalite in the Encyclo- 
pedjie^ as supporting him at least partially in one of the opinions 
which he maintained ; namely that which we have noticed in the 
latter part of our Art. 474. The name of the writer of the article 
Fatalite is not given in the Encyclopedie, 

495. The other essay which we find in the first volume 
of the edition of D’Alembert’s literary and philosophical works 
of 1821, is entitled Reflexions sur Vlnoculation ; it occupies 
pages 463 — 514. 

In the course of the preface D’Alembert refers to the fourth 
volume of his Opuscules. The fourth volume of the Opuscules is 
dated 1768 ; ip. the preface to it D’Alembert refers to his Mi- 
langes de Philosophie, VoL Y. 

We may perhaps infer that the fifth volume of the Milanges 
and the fourth volume of the Opuscules appeared at about the 
same date. 

496. The essay may be said to consist of the same matter 

18 
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as appeared ontlie subject in the second volume of the Oj/iisculeSy 
omitting the mathematical investigations, but expanding and 
illustrating all the rest. 

D’Alembert’s general position is that the arguments which 
have hitherto been brought forward for Inoculation or against it 
are almost all unsound. His own reflexions however lead to the 
conclusion that Inoculation is advantageous, and that conclusion 
seems more confidently maintained in the essay than in the 
Ofusades. Some additional facts concerning the subject are re- 
ferred to in the essay ; they had probably been published' since 
the ss^x>nd volume of the Opuscules. 

497. D’Alembert retains the opinion he had formerly held as 
to the difficulty of an exact mathematical solution of the problem 
r^pecting the advantages of Inoculation, He says in summing 
up his remarks on this point : S’il est quelqu’un a qui la solution 
de ce problfeme soit r^serv^e, ce ne sera slirement pas h ceux qui 
la croiront facile. 

498. D’Alembert insists strongly on the want of ample col- 
lections of observations on the subject. He wishes that medical 
men would keep lists of ail the cases of small-pox which come 
under their notice. He says, 

...ces registres, donnes au public par les Facultes de m^decine ou 
par les particuliers, seraient certainement d’une utility plus palpable 
et plus prochaine, que les recueils d’observations m6teorologiques pub- 
lic ayec taut de soin par nos Academies depuis 70 ans, et qui pour- 
1. (^rtains %ards, ne sont pas eux-m^mes sans utilite. 

Combien ne serait-il pas K souhaiter que les medecins, au lieu de 
se querelLer, de s’injuiier, de se d^chirer mutuellement au sujet de 
rinoculation avec un aehamement th6ologique, au lieu de supposer 
ou de d^guiser les faits, voulussent bien se r6unir, pour faire de bonne 
foi toutes les experiences necessaires sur une matiere si intiressante 
pour la vie des hommes 1 

499. We next proceed to the fourth volume of D’AUmhergs 
Ojmcuks, in which the pages 73—105 and 283—341 are de- 
voted to our subject. The remarks contained in these pages are 
presented as extracts from letters. 
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500. We will now take the first of the two portions, which 
occupies pages 73 — 105. 

D’Alembert begins with a section Sur le calcul des Probcbbilites. 
This section is chiefly devoted to the Petersburg Problem, The 

chance that head will not appear before the riP throw is ^ 


on the ordinary theory. D’Alembert proposes quite arbitrarily to 
change this expression into some other which will bring out a 

finite result for -4’s expectation. He suggests 
^ is a constant. In this case the summation which the problem re- 
quires can only be effected approximately. He also suggests 


and 


1 


where a is a constant. 


He gives of course no reason for these suggestions, except 
that they lead to a finite result instead of the infinite result of 
the ordinary theory. But his most curious suggestion is that of 

replacing 2* by 2” fl + ^ ^ ^ constants 

I 

and g an odd integer. He says, 


Hous mettons le nombre pair 2 au dlnominateur de Texposant, afin 
que quand on est arrive an nombre n qni donne la probability ygale 
^ zero, on ne tronve pas la probability nygative, en ^isant n pins 
grand qne ce nombre, ce qni seroit choqnant; car la probability ne 
sanroit jamais ^tre an-d^jsons de zero. H est vrai qn’en fidsant n 
pins grand qne le nombre dont il s’agit, elle devient imaginaire^ mais 
oet inconvynient me par6it moindre qne celni de devenir negative j... 


501. D’Alembert’s next section is entitled Sur Tanalyse des 
Jefusc. 

D’Alembert first proposes une considyration trbs-simple et 
trbs-naturelle k faire dans le calcul des jeux, et dont M. de Buffon 
m’a donny la premiere idye, ... This consideration we will explain 
when noticmg a work by Buffon. D’Alembert gives it in the 
form which Buffon ought to have given it in order to do jus^c^ 
to his own argument But soon after in a numerical example 

la— 2 
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D’Alembert falls back on Buffon’s own statement ; for lie supposes 
that a man has lOOOQO crowns, and that he stakes 50000 at an 
equal game, and he says that this man’s damage if he loses is 
greater than his advantage if he gains ; puisque dans le premier 
cas, il s’appauvrira de la moiti^; et que dans le second, il ne 
s’enrichira que du tiers. 


502. If a person has the chance — of gaining x and the 
chance — ^ ^ of losing y, his expectation on the ordinary theory 

is ^ . D’Alembert obtains this result himself on the ordi- 

nary principles; hut then he thinks another result, namely 


px^-M 

P 


, might also be obtained and defended. Let z denote the 


sum which a man should give for the privilege of being placed 
in the position stated. If he gains he receives x, so that as he 

paid z his balance is x — z. Thus is the corresponding 

expectation. If he loses, as he has already paid z he will have 
to pay y — z additional, so that his total loss is y, and his con- 

sequent expectation . Then -g _ 

P-+ q p + q 

pectation, -which ought to be zero if a is the fair sum for him 


to pay. Thus z = . it is almost superfluous to observe 

that the words which we have printed in Italics amount to as- 
signing a new meaning to the problem. Thus D’AJembert gives 
us not two discordant solutions of the same problem, but solu- 
tions of two different problems. See his further remarks on his 
page 283. 


503. D’Alembert objects to the common rule of multiplying 
the value to be obtained by the probability of obtaining it in 
order to determine the expectation. He thinks that the pro- 
babihty is the principal element, and the value to be obtained 
IS subordinate. He brings the foUowing example as an objection 

against the ordinary theory; but his meaning is scarcely intel- 
ligible ; 
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Qu'on propose de choisir entre 100 combinaisons, dont 99 feront 
gagner miUe 4cus, et la 100® 99 mille 6ciis; quel sera I’liomnie assez 
itisens^ pour pr6f6rer celle qui donnera 99 mille 6cus. Uesperance dans 
les deux cas n’est done pas reellement la m^me; quoiqu’elle soit la 
m^me suivant les regies des probabilites, 

504j. D’Alembert appeals to tbe autliority of Pascal, in the 
following words : 

Tin homme, dit Pascal, passeroit pour fou, s’il h^sitoit k se laisser 
dormer la mort en cas qu’avec trois dez on lit vingt fois de suite trois 
six, ou d’etre Empereur si on y manquoit ? Je pense absolument comme 
lui; mais pourquoi cet homme passeroit-il pour fou^ si le cas dont il 
s’agit, est physiquement possible? 

See too the edition of D'Alembert's literary and philosophical 
works, Paris, 1821, VoL I. page 553, note. 

505. The next section is entitled But la duree de la vie. 
D’Alembert draws attention to the distinction between the mean 
duration of life and the probable duration of life ; see Art. 484. 
D’Alembert seems to think it is a great objection to the Theory 
of Probability that there is this distinction. 

D’Alembert’s objection to the Theory of Probability is as 
reasonable as an objection to the Theory of Mechanics would be 
on the ground that the centre of gravity of an area does not 
necessarily fall on an assigned line which bisects the area. 

D’Alembert asserts that a numerical statement of Buffon’s, 
which Daniel Bernoulli had suspected of inaccuracy, was not really 
inaccurate, but that the difference between Buffon and Daniel 
Bernoulli arose from the distinction between what we caU mean 
duration and probable duration of Hfe. 

506. The last section is entitled Sur un Memoirs de M. Ber- 
nowlli concemant T Inoculation. 

Daniel Bernoulli in the commencement of his memoir had 
said, U seroit souhaiter que les critiques fussent plus rdserv^ 
et plus circonspects, et sur- tout qu’Hs se donnassent la peine de se 
mettre au fait des choses qu’ils se proposent d’avance de critiquer. 
The words se mettre au fait seem to have given great offene^ to 
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D’Alembert as he supposed they were meant for him. He 
to them in the OpumileSj VoL iv. pages iX, 99, 100; anoite^ 
seems with ostentatious deference to speak of Daniel BemouUi 
as ce grand Qeometre; see pages 99, 101, 315, 321, 323 of the 
Tolume. 

507. D’AJembert objects to the hjrpotheses on which Daniel 
Bernoulli had based his calculation; see Art. 401. D’Alembert 
brings forward another objection which is quite fallacious, and 
which seems to shew that his vexation had disturbed his judg- 
ment. Daniel Bernoulli had found that the average life of all 
who die of small-pox is 6^ years; and that if small-pox were 
extinguished the average human life would be 29^ years. More- 
over the average human life subject to small-pox is 26^^ years. 
Also Daniel Bernoulli admitted that the deaths by small-pox 

were i of all the deaths. 

13 

Hence D’Alembert affirms that the following relation ought 
to hold, 

but the relation does not hold, for the terms on the left hand side 
wiU give 27f|- nearly instead of 26-j^. D’Alembert here makes the 
mistake which I have pointed out in Art. 487 ; when that Article 
was written, I had not read the remarks by D’Alembert which 
are now under discussion, but it appeared to me that D’Alembert 
was not clear on the point, and the mistake which he now makes 
confirms my suspicion. 

To make the above equation correct we must remove 29^, 
and put in its place the average duration of those who die of 
other diseases while small-pox still prevails ; this number will be 
srywiLl&r than 29-^^ • 

508. We pass on to the j^es 283 — 341 of the fourth volume 
of the OpuBoules, Here we have two sections, one Sur le Calcul 
des probabilites, the other Sur les Calculs relatifs d lHuocvZaUon. 

509. The first section consists of little more than a repetition 
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of the remarks which have abeady been noticed. L’llembeiii 
records the origin of his doubts in these words : 

n y a pr^s de trente ans que j’avois form6 ces doutes en lisant 
I’excellent livre de M, Bernoulli de Arte conjectandi;..* 

He seems to have returned to his old error respecting Croix 
ou Pile with fresh ardour ; he says, 

...si les trois cas, croix, pile et croix, pile et pile^ les seuls qui 
puissent arriver dans le jeu propose, ne sont pas egalement possibles, 
ce best point, ce me semble, par la raison qbon en apporte commu- 

n^ment, que la probabilite du premier est ^ , et celle des deux autres 

A 

^ X i ou ^ . Plus j’y pense, et plus il me par6it que mathhnatique-- 
rmnJb parlant, ces trois coups sont egalement possibles... 

510. D’Alembert introduces another point in which he ob- 
jects to a principle commonly received. He will not admit that 
it is the same thing to toss one coin m times in succession, or 
to toss m coins simultaneously. He says it is perhaps physically 
speaking more possible to have the same face occurring simul- 
taneously an assigned number of times with m coins tossed at 
once, than to have the same face repeated the same assigned 
number of times when one coin is tossed m times. But no person 
will allow what D’Alembert states. We can indeed suppose circum- 
stances in which the two cases are not quite the same ; for example 
if the coins used are not perfectly symmetrical, so that they 
have a tendency to fall on one face rather than on the other. 
But we should in such a case expect a run of resemblances rather 
in using one coin for m throws, than in using m coins at once. 
Take for a simple example w = 2. We should have rather more 

than i as the chance for the former result, and only ^ for the 

latter; see Laplace, Theories -•des Prob. page 402. 

511. D’Alembert says on his page 290, II y a quelque temps 
qu’un Joueur me demanda en combien de coups cons^cutifs on 
pouvoit parier avec avantage d’amener une face donnfe d’un d6*..^ 
This is the old question proposed to Pascal by the Chevalier de 
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M4r^. D’Alembert answered tliat according to the common theory 
in n trials, the odds would be as 6*^ — 5** to 5”. Thus there would 
be advantage in undertaking to do it in four throws. Then 
D’Alembert adds, Ce Joueurme repondit que Texp^rience lui avoit 
paru contraire a ce resultat, et qu’en jouant quatre coups de 
>suite pour amener une face donn^e, il lui ^toit arrivd beaucoup 
plus souvent de gagner que de perdre. DAlembert says that 
if this be true, the disagreement between theory and observation 
may arise from the fact that the former rests on a supposition 
which he has before stated to be false. Accordingly D’Alembert 
points out that on his principles the number of favourable cases 
in n throws instead of being 6” — 5” as by the ordinary theory, 
would be l + 5 + 5““^ This is precisely analogous to what 

we have given for a die with three faces in Art. 477. D’Alembert 
however admits that we must not regard all these cases as equally 
likely. 

512. D’Alembert quotes testimonies in his own favour from the 
letters of three mathematicians to himself ; see his pages 296, 297. 
One of these correspondents he calls, un tr^s-profond et trfes-habile 
Analyste; another he calls, un autre Math^maticien de la plus 
grande reputation et la mieux meritee ; and the third, un autre 
Ecrivain tres-edafre, qui a cultive les Matheniatiques avec succ^s, " 
et qui est connu par un excellent Ouvrage de Philosophic. But 
this Ecrivain trls-eclaire is a proselyte whose zeal is more con- 
spicuous than his judgment. He says ce que vouS dites sur la 
probabilite est excellent et tr^s^evident ; I’ancien calcul des pro- 
babilites est mine . . . D’Alembert is obliged to add in a note, 
Je n’en demande pas tant, a beaucoup pr^s ; je ne pretends point 
rwiner le calcul des probabilites, je desire seulement qu’il soit 
edairci et modifie, 

513. D’Alembert returns to the Petersburg ProUem. He 
says, 

Yous dites, Monsieur, que la -raison pour laquelle on trouve I’enjeu 
infini, cest la supposition tacite qdon fait que le jeu peut avoir 
une duree infinie, ce que n’est pas admissible, attendu que la vie de^ 
bommes ne dure qu’un terapsi 
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D’Alembert brings forward four remarks whieb shew that this 
mode of explaining the difficulty is unsatisfactory. One of them 
is the following; instead of supposing that one crown is to be 
received for head at the first throw, two for head at the second 
throw, four for head at the third throw, and so on, suppose that in 
each case only one crown is to be received. Then, although theo- 
retically the game may endure to infinity, yet the value of the 
expectation is finite. This remark may be said to contradict a 
conclusion at which D’Alembert arrived in his article Ctoxx oit 
Pile, which we noticed in Art. 465. 

514. The case just brought forward is interesting because 
D’Alembert admits that it might supply an objection to his prin- 
ciples. He tries to repel the objection by saying that it only leads 
him to suspect another principle of the ordinary theory, namely 
that in virtue of which the total expectation is taken to be equal 
to the sum of the partial expectations ; see his pages 299—301. 

515. D’Alembert thus sums up his objections against the 
ordinaiy theory : 

Pour r^sumer en un mot tons mes doutes sur le calcul des pro- 
bability, et les mettre sous les yeux des vrais Juges; void ce que 
j’acoorde et ce que je nie dans les raisonnemens explicites ou implidtes 
sur lesquels ce calcul me pardit fondA 

Premier raisonnement. Le nombre deS combinaisons qui amenent 
tel cas, est an nombre des combinaisons qui amenent tel autre cas, 
comme p e&t 1. q. Je conviens de cette verity qui est purement ma- 
thgmatique; done, conclut-on, la prObabilite du premier cas est I celle 
du second comme p est ^ q. Voilh ce que je nie, ou du moins de 
quoi je doute fort; et je crois que si, par exemple, p = q, et que dans 
le second cas le mdme 6v€nement se trouve un tres-grand nombre de 
fois de suite, il sera moins probable phpsiquement que le premier, 
quoique les probability mathdmatiques soient dgales. 

SecoTiP raisonnemenfi La probability ^ est i la probability — comme 

np yens est k mp ecus. J’en conviens; donci x.mp ycu3 = - x np yens; 
j’en conviens encore; done Vesp^cince, ou ce qui est la meme dmse, 
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le sort d’nn Joneur qui aura la probability ~ de gagner ifrup yens, 

sera ygale A resperanoe, au sort d’un Joueiir qui aura la probability 

- de gagna: np ycus. ^oilA oe que je niej je dis que Yesperance est 

plus grande pour celui qui a la plus grande probability, quoique la 
somme espyrye soit moindre, et qu’on ne doit pas balancer de pryfyrer 

le sort d’un Joueur qui a la probability i de gagner 1000 ycus, au 

sort d’un Joueur qui a la probability ^ d’en gagner 1000000. 

.alJUU 

Troisihrie raisonnemerd qui rHest quUmplicite. Soit ^ ^ le nombre 
total des cas, p la probability d’un certain nombre de cas, q la proba^ 
Mlity d^ autres; la probability de cbacun sera ^ la certitude totale, 
^nmne p tiq sent 'kp + q, YiolA ce que je nie encore; je conviens^ 
on plut6t j’aecorde, que les probabilitys de ebaque cas sont co mm a p 
^ q\ je conviens qu’il arrivera certainement et infailliblement un 
des cas dont le nombre est p + q] mais je nie que du rapport des pro- 
bability entr’elles, on puisse en conclure leur rapport k la certitude 
absolue, parce que la certitude absolue est indnie par rapport k la plus 
grande probability. 

Yous me demauderez peut-ytre quels sont les principes qu’il &ut, 
salon moi, substituer k ceux dont je revoque en doute I’exactitude ? Ma 
ryponse sera celle que j’ai deja faite; je n’en sais rien, et je suis myme 
try-porty k croire que la matiere dont il s’agit, ne pent ytre soumise, 
au moins k plusieurs ygards, a un calcul exact et prycis, egalement net 
dans ses principes et dans ses resultats. 

516. D’Alembei-t now returns to the calculations relating to 
Inoculation. He criticises very minutely the mathematical in- 
vestigations of Daniel Bernoulli. 

The objection which D’Alembert first urges is as follows. Let 
s be the number of persons alive at the commencement of the 

time oe ; then Daniel Bernoulli assumes that die from smaU- 

64i 

pox during the time dx. Therefore the whole number who die 
firom small-pox during the + year is 
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But tins is not the same thing as where S denotes the 

number alive at the beginning of the year; for 5 is a variable 
gradually diminishing during the year from the value S with 
S 

which it began. But is the result which Daniel Bernoulli 

professed to take from observation ; therefore Daniel Bernoulli is 
inconsistent with himseE D’Alembert’s objection is sound ; Daniel 
Bernoulli would no doubt have admitted it, and have given the 
just reply, namely that his calculations only professed to be 
approximately correct, and that they were approximately correct 

rn+l 

Moreover the error arising in taking I sdx and S to be equal in 

n 

value becomes very small if we suppose 8 to be, not the value of 

s when x = n or n + 1 but, the intermediate value when x = n + ^; 

and nothing in Daniel Bemoulh’s investigation forbids this sup- 
position. 

517. We have put the objection in the preceding Article as 
D’Alembert ought to have put it in fairness. He himseE however 
really assumes n = 0, so that his attack does not strictly fall on the 
whole of Daniel Bernoulli’s table but on its first line ; see Art. 403. 
This does not affect the principle on which D’Alembert’s ol|ecti!>n 
rests, but taken in conjunction with the remarks in the preceding 
Article, it will be found to diminish the practical value of the ob- 
jection considerably. See D’Alembert’s pages 312 — 814. 

518. Another objection which D’Alembert takes is also sound ; 
see his page 315. It amounts to saying that instead of using the 
Differential Calculus Daniel Bernoulli ought to have used the 
Calculus of Finite Differences. We have seen in Art. 417 that 
Daniel Bernoulli proposed to solve various problems in the Theory 
of Probability by the use of the Differential Calculus. The reply 
to be made to D’Alembert’s objection is that Daniel Bernoulli’s 
investigation accomplishes what was proposed, namely an approxi- 
mate solution of the problem ; we shall however see hereaftmr in 
examining a memoir by Trembley that, assuming the hypotheses of 
Daniel Bernoulli, a solution by cmrmoR algebra might be eSectid^. 
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519. D’Alembert thinks that Daniel Bernoulli might have 
solved the problem more simply and not less accurately. For 
Daniel Bernoulli made two assumptions ; see Art. 401. D’Alembert 
says that only one is required ; namely to assume some function 
of y for w in Art. 483. Accordingly D’Alembert suggests arbi- 
trarily some functions, which have apparently far less to recom- 
mend them as corresponding to facts, than the assumptions of 
Daniel BernoullL 


520. D’Alembert solves what he calls un probleme assez cu- 
tieuw; see his page 325. He solves it on the assumptions of Daniel 
Bernoulli, and also on his own. We will give the former solution. 
Return to Art. 402 and suppose it required to determine out of 
the number s the number of those who will die by the smaU-pox. 
Let 0 ) denote the number of those who do not die of small-pox. 
Hence out of this number a> during the time dx none will diei 
of small-pox, and the number of those who die of other diseases 

will be, on the assumptions of Daniel Bernoulli, | . 


Hence, 


therefore 



G) 


day ___ d^ 

O) “ ^ 


sdx 
^mn ’ 


Substitute the value of 5 in terms of x and ^ from Art. 402, 
and integrate. Thus we obtain 


6) __ Ce" 

^ , 
^ e" - 1) + 1 


where fJ is an arbitrary constant. The constant may be deter- 
mined by taking a result which has been deduced from observa- 


tion, namely that ^ = ~ when x = 0. 


521. D’Alembert proposes on his pages 826—328 the method 
which according to his view should be used to find the value of 
s. at the time instead of the method of Daniel Bernoulli whichi. 
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we gave in Art. 402. D’Alembert’s method is too arbitrary in 
its hypotheses to be of any value. 

522. D’Alembert proposes to develop his refutation of the 
Savant Geometre whom we introduced in Art. 487. He shews 
decisively that this person was wrong; but it does not seem to 
me that he shews distinctly how he was wrong. 

523. D’Alembert devotes the last ten pages of the memoir 
to the development of his own theory of the mode of comparing 
the risk of an individual if he undergoes Inoculation with his 
risk if he declines it. We have already given in Art. 482, a hint 
of D’Alembei’t’s views ; his remarks in the present memoir are 
ingenious and interesting, but as may be supposed, his hypotheses 
are too arbitrary to allow any practical value to his iavestiga- 
tions. 

524. Two remarks which he makes on the curve of mortality 
may be reproduced ; see his page 340. It appears from Buffon’s 
tables that the mean duration of life for persons aged n years 

is always less than ~ (100 — ri). Hence, taking 100 years as the 

extreme duration of human life, it will follow that the curve of 
mortality cannot be always concave to the axis of abscise. Aba 
from the tables of Buffon it follows that the probable duration 
of life is almost always greater than the mean duration. D’Alem- 
bert applies this to shew that the curve of mortality cannot be 
always convex to the axis of abscissse. 

525. The fifth volume of the Opuscules was published in 
1768. It contains two brief articles with which we are con- 
cerned. 

Pages 228 — 231 are Sur les Tables de mortalite. The numeri- 
cal results are given which served for the foundation of the two 
remarks noticed in Art. 524. 

Pages 508 — 510 are Sur les cahuls relatifs d VinocfulMion.,. 
These remarks form an addition to the memoir in pages 283 — 341 
of the fourth volume of the Opuscules, D’Alembert notices a reply 
which had been offered to one of his objections, and enforces the 
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justness of Hs objections. Nevertheless he gives his reasons for 
regarding Inoculation as a useful practice. 

526. The seventh and eighth volume of the Opuscules were 
published in 1780. D’Alembert says in an Advertisement pre- 
fixed to the seventh volume, '^...Ce seront vraisemblablement, ^ 
peu de chose pr^s, mes demiers Ouvrages Mathematiques, ma t^te, 
fatigfi5e par ^[uarante-cinc^ ann5es de travail en ce genre, n 5tant 
plus gu^re capable des profondes recherches qu’il exige.” D’Alem- 
bert died in 1783. It would seem according to his biographers 
that he suffered more from a broken heart than an exhausted 
brain during the last few years of his life. 

527. The seventh volume of the Opuscules contains a memoir 
Sur le calcul des Probabilites, which occupies pages 39 — 60. We 
shall see that D’Alembert still retained his objections to the 
ordinary theory. He begins thus : 

Je demande pardon aux G^ometres de revenir encore sur ce sujet. 
j’avoue que plus j’y ai pens5, plus je me suis confirm! dans mes 
doutes sur les principes de la th!orie ordinaire ; je desire qu’on eclaircisse 
ces doutes, et que cette tlilorie, soit qubn y change quelques principes, 
soit qu’on la conserve telle qu’elle est, soit du moins exposee desormais 
de maniere ^ ne plus laisser aucun nuage. 


528. We will not delay on some repetition of the old remarks ; 
but merely notice what is new. We find on page 42 an error which 
D’Alembeit has not exhibited elsewhere, except in the article 
Oartes in the Encyclopedie M^ihodique, which we shall notice 


hereafter. 


He says that taking two throws there is a chance ^ of 


q 

head at the first throw, and a chance of head at the second 


throw ; and thus he infers that the chance that head will arrive at 
11 

least once is ^ or 1. He says then, Or je demande si cela est 

2i 2i 


vrai, ou du moins si un pared r^sultat, fond! sur de pareils prin- 
cipes, est bien propre ^ satisfaire I’esprit. The answer is that the 
result is false, being erroneously deduced : the error is exposed in 
elementary works on the subject. 

529. The memoir is chiefly devoted to the Petersburg Problem^ 
D’Alembert refers to the memoir in YoL VI. of the Memoires,.,par 
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divers Savans... in wMcli Laplace had made the' supposition that 
the coin has a greater tendency to fall on one side than the other, 
but it is not known on which side. Suppose that 2 crowns are to 
be received for head at the first trial, 4 for head at the second, 
8 for head at the third, . . . Then Laplace shews that if the game is 
to last for X trials the player ought to give to his antagonist less, 
than X crowns if cc be less than 5, and more than x crowns if x be 
greater than 5, and just x crowns if x be equal to 5. On the com- 
mon hypothesis he would always have to give x crowns. These 
results of Laplace are only obtained by him as approximations ; 
D'Alembert seems to present them as if they were exact. 


530. Suppose the probability that head should fall at first to 

be CO and not ~ ; and let the game have to extend over n trial s 

Then if 2 crowns are to be received for head at the first trial, 4 
for head at the second, and so on; the sum which the player 
ought to give is 

2 aj {1 + 2 (1 - 0 )) + 2 ^ (1 - 0 ))^ + ... + 2 "-' (1 

which we will call 


D'Alembert suggests, if I understand him rightly, that if we 
know nothing about the value of co we may take as a solution of 

the problem, for the sum which the player ought to give- f 

But this involves all the difficulty of the ordinary solution, for the 
result is infinite when n is. D'Alembert is however very obscure 
here ; see his pages 45, 46. 


He seems to say that I Sldco will be greater than, equal to, or 
1 0 

less than n, according as 72 is gi*eater than, equal to, or less than 5. 
But this result is false ; and the argument unintelligible or incon- 
clusive. We may easily see by calculation that f Qdco = n when 

J 0 

72 =: 1 ; and that for any value of n from 2 to 6 inclusive 

L 

Ddoo is less than n ; and that when n is 7 or any greater number 


/, 

I fldco is greater than n, 
1 & 
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531. D’Alembert then proposes a method of solving the Peters- 
Imrg I¥ohlem which shall avoid the infinite result ; this method is 
perfectly arbitrary. He says, if tail has arrived at the first throw, 


let the chance that head arrives at the next be 




, and not 


i , where a is some small quantity ; if tail has arrived at the first 
throw, and at the second, let the chance that head arrives at the 
next throw be ^ ^ , and not ^ ; if tail has arrived at the first 

throw, at the second, and at the third, let the chance that head 
arrive at the next throw be , and not ^ ; and so on. 


The quantities a, 5, c, ... are supposed small positive quantities, 
and subjected to the limitation that their sum is less than unity, 
so that every chance may be less than unity. 

On this supposition if the game be as it is described in Art. 389, 
it may be shewn that A ought to give half of the following series : 


1 

4- (1 + <2) 

-f (1 — a) (1 -f + 5) 

+ (1 — a) (1 — a — S) (1 + a + 5 + c) 

+ (1 — a)(l — a — 5 — c) (l + a + S + c + c?) 


+ 

It is easily shewn that this infinite. For 

(1) Each of the factors 1 + a, l+a-f5, l + a + S+c, ...is Jess 
than 2. 


(2) 1 — a — J is less than 1 — a ; 

l — ^ — J — cis less than 1 — a — and a fortiori less than 

1 —a; 
and so on. 


Thus the series excluding the first two teims is less than the 
Geometrical Progression 

2{l-a+(l-a)*+(l-ar + (l-a)S..}, 
and is therefore finite. 
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This is D’Alembert’s principle, only he uses it thus: he shews 
that all the terms beginning with 

(1— a) (1— a— 5— c)(l— a— J — c- J)(l -f a + S + c + + 
are less than 

2 (1 — a) (1 — ~ 5) (1 — a — 5 — c) (1 — a — 5 — c — cZ) 5, 
where s denotes the geometrical progression 
1 + + 

r being = 1 — a — J— c — d, 

532. Thus on his arbitrary hypotheses D’Alembert obtains a 
finite result instead of an infinite result. AEoreover he performs 
what appears a work of supererogation ; for he shews that the suc- 
cessive terms of the infinite series which he obtains form a con- 
tinually diminishing seones beginning from the second, if we suppose 
that a, bjCyd, are connected by a certain law which he gives, 
namely, 

1 — a — 5 — c — e — 7 tt-, 

— l)p’ 

where p is a small fraction, and m — 1 is the number of the quan- 
tities a, h, c, 6, ... Again he shews that the same result holds if 
we merely assume that a,h,c,d,e... form a continually diminish- 
ing series. We say that this appears to be a work of supereroga- 
tion for D’Alembert, because we consider that the infinite result 
was the only supposed difficulty in the Petersburg Problem, and 
that it was sufficient to remove this without shewing that the 
series substituted for the ordinary series consisted of terms con^ 
tinuaUy decreasing. But D’Alembert apparently thought differ- 
ently ; for after demonstrating this continual decrease he says, 

En voil^ assez pour fidre voir que les tennes de Tenjeu vont en 
diminuant d^ le troisitoe coup, jusqu’au dernier. iS'ous avons prouve 
d’ailleurs que Tenjeu total, somme de ces termes, est fini, en supposant 
m^me le nombre de coups infini. Ainsi le I'^sultat de la solution que 
nous donnons ici du probl^me de Petersbourg, n’est pas sujet ^ la diffi- 
culte insoluble des solutions ordinaires. 

533. We have one more contribution of D’Alembert’s to our 
subject to notice; it contains errors which seem extraordin^, 

19 
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even for It is tlie article Cartes in the Encyclojpedie Metho- 

dique. The following problem is given, 

Pierre tient hnit cartes dans ses mains qui sent : nn as, tin deux, 
Tin trois, un quatre, tm cinq, nn six, un sept et un huit, qu’il a m^l^es: 
Paul parie que les tirant Tune apris Tautre, il les devinera K mesure 
qu’il les tirera. L’on demande combien Pierre doit parier contre un 
que Paul ne r6ussira pas dans son enterprise ? 

It is correctly determined that Paul’s chance is 

1111111 

sX^XgX -X^XgX^. 


Then follow three problems formed on this ; the whole is ab- 
surdly false. We give the words : 

Si Paul parioit d’amener ou de deviner juste h un des sept coups 
seulement, son esp6rance seroit g + ^ + . . . + , et par consequent 
Tenjeu de Pierre ^ celui de Paul, comme 

11, 1 . T 1 1 1 

g+^+.-.+^al g y ... 

Si Paul parioit d’amener juste dans les deux premiers coups seule- 
ment, son esperance seroit | et le rapport des enjeux celui de 


1 1 1 
8 + ijr ^ 


1 

'7* 


S’^il parioit d’amener juste dans deux coups quelconques, son espd- 

ranee seroit ;r—=-+ + ... + — ^4- + ^ i ^ . 

8x7 8x6 8x2 7x 6 fT 2 

The first question means, I suppose, that Paul undertakes to he 
ri^t once in the seven cases, and wrong six times. His chance 
then is 




For his chance of being right in the first case and wrong in the 
other six is 


1 6 5 4 3 


X = X t; X - X 


4 X g X that is g 


X 7 
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Hs chance of being right in the second case and wrong in aU the 
others is 

7154321 ^,^. 1 

that IS ; 

and so on. 

If the meaning be that Paul undertakes to be right once at 

7 

least in the seven cases, then his chance is ^ . For his chance of 

o 

being wrong every time is 


7654321 ^, ^.1 

1 . 7 

therefore his chance of being right once at least is 1 — ^ , that is g . 

The second question means, I suppose, that Paul undertakes 
to be right in the first two cases, and wrong in the other five. 
His chance then is 

115432^1 
§^7^6^5^4 3 2’ * 8 X 7 X 6 ■ 

Or it may mean that Paul undertakes to be right in the first 
two cases, but undertakes nothing for the other cas^ Then his 

chance is - x 

The third question means, I suppose, that Paul undertake® 
be right in two out of the seven cases and wrong in the other five 
cases. The chance then will be the sum of 21 terms, as 21 combi- 
nations of pairs of things can be made from 7 things. The chance 
that he is right in the first two cases and wrong in all the others is 
1154321, T,. 1 

8^7^ 6 ^5 ^4 ^3^2’ 

similarly we may find the chance that he is right in any two 
a^dgned cas^ and wrong in all the others. The total chance will 
be found to be 

H Ki ^ 5 i ^ ^ S ^ 3 + 2 + 

+1 S J ^ Hi 1 ^ ^(2 

19^2 
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Or the third question may mean that Paul undertakes to be 
right twice at least in the course of the seven cases, or in other 
words he undertakes to be right twice and undertakes nothing 
more. His chance is to be found by subtracting from unity his 
chance of being never right, and also his chance of being right only 
once. Thus his chance is 


1 


1 1/1 ^ 1.1 

8 8 1,7 6 5 


+ 



534. Another problem is given unconnected with the one we 
have noticed, and is solved correctly. 

The article in the Encyclopedie Methodique is signed with the 
letter which denotes D’Alembert. The date of the volume is 1784, 
which is subsequent to D’Alembert’s death ; but as the work was 
published in parts this article may have appeared during D’Alem- 
bert’s life, or the article may have been taken from his manu- 
scripts even if published after his death. I have not found it in 
the original. Erwyclop^die : it is certainly not under the title Go/rteSj 
nor under any other which a person would naturally consult. It 
seems strange that such errors should have been admitted into the 
Encydopidie Methodique, 

Some time after I read the article Cartes and noticed the 
errors in it, I found that I had been anticipated by Binet in the 
Comptes Rendus ... YoL xix. 1844. Binet does not exhibit any 
doubts as to the authorship of the article ; he says that the three 
problems are wrong and gives the correct solution of the first. 


535. We will in conclusion briefly notice some remarks which 
have been made respecting D’Alembert by other witers. 


536. Montucla after alluding to the article Croix ou Pile says 
on his page 406, 

D’ Alembert ne s’est pas home h, cet exemple, il en a accumul6 plu- 
sieurs autres, soit dans le quatrilme volume de ses Opicscules^ 1768, page 
73, et page 283 du cinqui^me; il s’est aussi 6tay6 da suifrage de divers 
g6ometres qu’il qualifie de distingu^s. Condorcet a appuy6 ces objec- 
tions dans plusieurs articles de TEncyclop^die m6thodique ou par ordre 
de matieres. D’xm autre c6t6, divers autres geometres ont entrepris 
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de r^pondre aux raisonnemens de d’Alembert, et je crois qu’en par- 
ticulier Daniel Bernoulli a pris la defense de la tbeorie ordinaire. 

In this passage tbe word oinqyui^me is wrong; it should be 
quatri^me. It seems to me that there is no foundation for the 
statement that Oondorcet supports D’Alembert’s objections. Nor 
can I find that Daniel Bernoulli gave any defence of the ordinary 
theory ; he seems to have confined himself to repelling the attack 
made on his memoir respecting Inoculation. 

537. Gouraud after referring to Daniel Bernoulli’s controversy 
with D’Alembert says, on his page 59, 

...et quant au reste des matMmaticiens, ce ne fut que par le silence 
ou le didain qu’il ripondit aux doutes que d’Alembert s’etait permis 
d’^mettre. M6pris injuste et malhabile ou tout le monde avait I perdre 
et qu’une post6rit6 moins pr^venue ne devait point sanctionner. 

The statement that D’Alembert’s objections were received with 
silence and disdain, is inconsistent with the last sentence of the 
passage quoted from Montucla in the preceding Article. According 
to D’Alembert’s own words which we have given in Art. 490, he 
was attacked by some indifferent mathematicians. 

538. Laplace briefly replies to D’Alembert; see Theorie...des 
Proh. pages vil. and X. 

It has been suggested that D’Alembert saw his error respecting 
the game of Croix ou Pile before he died ; but this suggestion 
does not seem to be confirmed by our examination of all his 
writings: see Cambridge Philosophical Transactions, Vol. rx. 
page 117. 



CHAPTER XIV. 

BAYES. 

5S9. The name of Bayes is associated with one of the most 
important parts of our subject, namely, the method of estimating 
the probabilities of the causes by which an observed event may 
have been produced. As we shall see, Bayes commenced the in- 
vestigation, and Laplace developed it and enunciated the general 
principle in the form which it has since retained. 

540. We have to notice two memoirs which bear the fol- 
lowing titles : 

An Essay towards solving a Frphlem in tlie Doctrine of Chances. 
By the late Rev. Mr. Bayes^ F.R,S. communicated hy Mr Price in a 
Better to John GantoUj A.M,F.R.S, A Demonstration of the BeconPL 
Rule in the Essay towards the Solution of a Prohlem in the Doctrine of 
ChamceSy 'published in the Philosophical Transactions, Vol. liii. Com- 
mwnicaled ly the Rev. Mr. Richard Price, in a Letter to Mr. John 
CaTiton, M.A.E.RB. 

The first of these memoirs occupies pages 370 — 418 of Vol, Lili. 
of the Philosophical Transactions ; it is the volume for 1763, and 
the date of publication is 1764. 

The second memoir occupies pages 296 — 325 of Vol. LIY. of the 
Philosophical Transactions; it is the volume for 1764, and the 
date of publication is 1765. 


541. Bayes proposes to establish the following theorem : If 
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an event has happened 'p times and failed g times, the probability 
that its chance at a single trial lies between a and h is 

J a 

f of (1 — dx 
0 

Bayes does not use this notation ; areas of curves, according to 
the fashion of his time, occur instead of integrals. Moreover we 
shall see that there is an important condition implied which we 
have omitted in the above enunciation, for the sake of brevity: 
we shall return to this point in Art. 552. 

Bayes also gives rules for obtaining approximate values of the 
areas which correspond to our integrals. 

542. It will be seen from the title of the first memoir that it 
was published after the death of Bayes. The Eev. Mr Eichard 
Price is the weU known writer, whose name is famous in connexion 
with politics, science and theology. He begins his letter to 
Canton thus : 

Dear Sir, I now send you an essay which I have found among the 
papers of our deceased friend Mr Bayes, and which, in my opinion, has 
great merit, and well deserves to be preserved. 

543. The first memoir contains an introductory letter from 
Price to Canton ; the essay by Bayes follows, in which he begins 
with a brief demonstration of the general laws of the Theory 
of Probability, and then establishes his theorem. The enuncia- 
tions are given of two rules which Bayes proposed for finding 
approximate values of the areas which to him represented our 
integrals ; the demonstrations are not given. Price himself added 
An Appendix containing an Application of the foregoing Rules 
to some particidar Ccbses. 

The second memoir contains Bayes’s demonstration of his prin- 
cipal rule for approximation ; and some investigations by Price 
which also relate to the subject of approximation. 

544. Bayes begins, as we have said, with a brief demonstrar- 
tion of the general laws of the Theory of Probability ; this part of 
his essay is excessively obscure, and contrasts most unfavouxabiy 
with the treatment of the same subject by De Moivre. 
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B 3 >y 6 S givBS tli6 principl© by whicti wc must cSilculato the 
probability of a compoxmd event* 

Suppose we denote tbe probability of the compound event by 

the probability of the first event by s, and the probability 

of tbe second on tbe supposition of tbe happening of tbe first 

by ^ . Then our principle gives us ^ ^ ^ tberefore 

5 ? = ~ . This result Bayes seems to present as something new 
0 

and remarkable ; be arrives at it by a strange process, and enun- 
diates it as bis Proposition 5 in these obscure terms : 

If ibere be two sulsequent events, tbe probability of tbe 2nd ^ 

p 

and tbe probability of both together and it being 1st discovered 

^&at tbe 2nd event has happened, firom hence I guess that the 1st event 

p 

has also happened, the probability I am in the right is 

Price himself gives a note which shews a clearer appreciation 
of tbe proposition than Bayes had. 


545. We pass on now to tbe remarkable part of tbe essay. 
Imagine a rectangular billiard table ABCD, Let a ball be rolled on 
it at random, and when tbe ball comes to rest let its perpendicular 
distance from ABhe measured ; denote this by x. Let a denote tbe 
distance between AB and CD, Then the probability that tbe 

, c — h 

value of X lies between two assigned values 5 and c is . This 

a 

we should assume as- obvious ; Bayes, however, demonstrates it 
very elaborately. 


546. Suppose that a ball is rolled in the manner just ex- 
plained ; through tbe point at which it comes to rest let a line EF 
be drawn parallel to AB, so that the billiard table is divided into 
the two portions AEFB and ED OF, A second ball is to be rolled 
on the table ] required the probability that it will rest within the 
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space AEFB. If x denote tlie distance between AB and EF the 
required probability is - : this follows from the preceding Article. 

547. Bayes now considers the following compound event: 
The first ball is to be rolled once, and so EF determined ; then 

+ trials are to be made in succession with the second ball: 
required the probability, before the first ball is rolled, that the 
distance of EF from AB will lie between h and c, and that the 
second ball will rest ^ times within the space AEFB, and g times 
without that space. 

We should proceed thus in the solution : The chance that EF 

doy 

falls at a distance x from AB is — ; the chance that the second 

a 

event then happens p times and fails g[ times is 

\V\q W V 

hence the chance of the occurrence of the two contingencies is 

dx \P'^g[ fxV xY 

a [£ [^ U/ \ «/ * 

Therefore the whole probability required is 
a[p[gji\a) \ a) 

Bayes^s method of solution is of course very different from the 
above. With him an area takes the place of the integral, and 
he establishes the result by a rigorous demonstration of the ex 
absurdo kind. 

548. As a corollary Bayes gives the following ; The proba- 
bility, before the first ball is rolled, that EF will lie between AB 
and GD, and that the second event will happen p times and fail q 
time^, is found by putting the limits 0 and a instead of h and a 
But it is certain that EF will lie between AB and GD, Henee we 
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haYe for the probability, before the first ball is thrown, that the 
second event will happen jp times and fail £ times 

to 

a\£[qJo\a/\ O’/ 

549. We now arrive at the most important point of the essay. 
Suppose we only know that the second event has happened p times 
and failed g' times, and that we wish to infer from this fact the 
probable position of the line EFvfhicla is to us unknown. The 
probability that the distance of EF from AB lies between h 
and c is 



This depends on Bayes’s Proposition 5, which we have given 
in onr Art. 544. For let z denote the required probability; 
then 

z X probability of second event = probability of compound event. 

The probability of the compound event is given in Art. 547, 
and the probability of the second event in Art. 548 ; hence the 
value of z follows. 


550. Bayes then proceeds to find the area of a certain curve, 
or as we should say to integrate a certain expression. We have 



lp+2'^ 1.2 p + Z 


This series may be put in another form ; let u stand for 1 — x, 
then the series is equivalent to 




(P + 1) (^ + 2) (^-f 3> ^ + 4 

This may be verified by putting for u its value and rearranging 
according to powers of x. Or if we differentiate the series with' 
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respect to x, we shall find that the terms cancel so as to leave 
only 


551. The general theory of the estimation of the probabilities 
of causes from observed events was first given by Laplace in the 
Memoir es divers Savans, VoL vi. 1774. One of Laplace's 

results is that if an event has happened p times and failed q 
times, the probability that it will happen at the next trial is 

J 0 

f x^ (1 — xy dx 
J 0 

Lubbock and Drinkwater think that Bayes, or perhaps rather 
Price, confounded the probability given by Bayes's theorem with 
the probability given by the result just taken from Laplace ; see 
Luhhock and Dinnkwater, page 48. But it appears to me that 
Price understood correctly what Bayes's theorem really expressed. 
Price’s first example is that in which = 1, and $ — 0. Price says 
that there would be odds of three to one for somewhat more 
than an even chance that it would happen on a second trial.” 
His demonstration is then given ; it amounts to this : 




xY dx 


xfdx 




where p = \ and ^ = 0. Thus there is a probability - that the 

chance of the event lies between ^ and 1, that is a probability 
3 

- that the event is more likely to happen than not. 


552. It must’ be observed with respect to the result in Art. 549, 
that in Bayes’s own problem we know that a priori any position 
of EF between AB and CD is equally likely ; or at least we know 
what amount of assumption is involved in this supposition. In 
the applications which have been made of Bayes's theorem, and 
of such results as that which we have taken from Lapibc^ in 
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Art. 551, there has however often, been no adequate ground for 
such knowledge or assumption. 


558. We have already stated that Bayes gave two rules for 
approximating to the value of the area which corresponds to the 
integral. In the first memoir. Price suppressed the demonstrations 
to save room ; in the second memoir, Bayes’s demonstration of the 
principal rule is given : Price himself also continues the subject. 
These investigations are very laborious, especially Price’s. 

The following are among the most definite results which Price 
gives. Let n + y, and suppose that neither p nor £ is small ; 

let h = — • Then if an event has happened p times and 

rr jr 

failed times, the odds are about 1 to 1 that its chance at 


^ lb P Th 

a single trial lies between - + -7^ and ; the odds are about 


2 to 1 that its chance at a single trial 'lies between ^ ^ and 

^ — A ; the odds are about 5 to 1 that its chance at a single 

trial lies between V2 and These results may be 

nn ^ 

verified by Laplace’s method of approximating to the value of the 

definite integrals on which they depend. 


554 We may observe that the curve y = (1—x)^ has two 

points of mfiexion, the ordinates of which are equidistant from the 
max im um ordinate ; the distance is equal to the quantity h of the 
precedmg Article. These points of inflexion are of importance in 
methods of Bayes and Price. 



CHAPTER XV. 


LAGEAI^GE. 

555. Lageange was bom at Turia ia 1736, and died at 
Paris ia 1813. His coatribatioas to our subject will be found to 
satisfy the expectations which would be formed from his great 
Qame ia mathematics. 

556. His first memoir, relating to the Theory of Probability, 
is entitled Memoire siir VutiliU de la m^thode de prendre le milieub 
entre les resultats deplnsieurs observations; dam lequel on examine 
Us avantages de cette mSthode par le calcid des prohabiliUs ; et oh 
Von r6soud differens probUmes rdatifs d cette matUre, 

This memoir is published in the fifth volume of the Miscelkmea 
Tawrinmsia, which is for the years 1770 — 1773: the date of 
pubKcation is not given. The memoir occupies pages 167 — 232 
of the mathematical portion of the volume. 

The memoir at the time of its appearance must have been 
extaremely valuable and interesting, as being devoted to a most 
important subject ; and even now it may be read wdth ad- 
vantage. 

557. The memoir is divided into the discussion of tea pro- 
blems ; by a mistake no problem is numbered 9, so that the last 
two are 10 and 11. 

The first problem is as follows : it is supposed that at every 
observation there are a cases in which no error is made, 5 (^ses 
in which an error equal to 1 is made, and b cases in which an 
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error equal to — 1 is made ; it is required to find the probability 
that in taking the mean of n observations, the result shall be 
exact. 

In the expansion of {a + 5 (a? + according to powers of x, 
find the coefficient of the term independent of x\ divide this 
coefficient by (a + 25)” which is the whole -number of cases that 
can occur ; we thus obtain the required probability. 

Lagrange exhibits his usual skill in the management of the 
algebraical expansions. It is found that the probability diminishes 
as n increases. 


558. We may notice two points of interest in the course of 
Lagrange’s discussion of this problem. Lagrange arrives indirectly 
at the following relation 


1 + ^" + 


n {n — 1) 


'n (n — 1) (n — 2) 


_ 1.3. 5. ..(27^-1) 
1.2.3...W 


and he says it is the more remarkable because it does not seem 
easy to demonstrate it a ^priori. 

The result is easily obtained by equating the coefficients of the 
term independent of in the equivalent expressions 




This simple method seems to have escaped Lagrange’s notice. 

Suppose we expand in powers of let the 

V 1 — %az — cz 

result be denoted by 

Lagrange gives as a known result a simple relation which exists 
between every three consecutive coefficients ; namely 
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This may he estahlished by differentiation. For thus 
(1 — 2az — cz 

that is 

(a + cz) {1 + ud^z + - 4 ^ 2 ;* + . . . + + • • •} 

= (1 — 2 ^ 2 ? — cz^) {A^ + 2A^z + ... 4 - nA^z'^"^ +•••}; 

then by equating coefficients the result follows. 

559. In the second problem the same suppositions are made 
as in the &st, arid it is required to find the probability that the 

error of the mean of n observations shall not surpass ± ~ . 

Like the fii*st problem this leads to interesting algebraical ex- 
pansions. 

We may notice here a result which is obtained. Suppose we 
expand (a + S (a? + in powers of x; let the result be de- 

noted by 

A^ + Aj^(x + x'^) + J-g + + ... ; 

Lagrange wishes to shew the law of connexion between the co- 
efficients A^, A ^, ... This he effects by taking the logarithms 
of both sides of the identity and differentiating with re^ct to w. 
It may be found more easily by putting 2 cos 0 for x + x~\ and 
therefore 2 cos r0 for x*' + a?"**. Thus we have 

4- 2b cos 0)^ = Aq 4" 2Aj^ cos 0 4" ^A^ cos 20 4" 2-4g cos 30 4" * . • 

Hence, by taking logarithms and differentiating, 

7ibsm0 __ sin 0 4- 2A^ sin 20 -i -3A^shi30+..^ 
a + 2b CO8 0 ~ A^-j- 2A^ cos 0 + 2A^ cos 20 + 

Multiply up, and arrange each side according to sines of mul- 
tiples of 0 ; then equate the coefficients of sin r0 : thus 

7il {Af_^ - Ar^^} = raA, + & {(r - 1) A^_^ + (r + 1) ; 

h (n — r+\) Ar_^ — ra A^ 

5 (w 4- ^4-1) 


therefore 
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560. In the third problem it is supposed that there are a 
cases at each observation in which no error is made, h cases in 
which an error equal to — 1 is made, and c cases in which an error 
equal to r is made ; the probability is required that the error of 
the mean of n observations shall be contained within given 
limits. 

In the fourth problem the suppositions are the same as in the 
third problem ; and it is required to find the most probable error 
in the mean of n observations ; this is a particular case of the 
fifth problem. 

561. In the fifth problem it is supposed that every observation 
is subject to given errors which can each occur in a given number 
of cases ; thus let the errors be r, 5, ... , and the numbers of 
cases in which they can occur be a, b, c,dj respectively. Then 
we require to find the most probable error in the mean of n ob- 
servations. 

In the expansion of (ax^ + bx^ -1- ex"' +...)" let M be the coeffi- 
cient of ; then the probability that the sum of the errors is fjb, 

and therefore that the error in the mean is - is 

n 

M 

Hence we have to find the value of jm for which M is greatest. 

Suppose that the error jp occurs a times, the error ^ occurs 
yS times, the error r occurs 7 times, and so on. Then 

a + /? + 7 + = 92, 

+ ^*7 + = fju. 

It appears from common Algebra that the greatest value of 
is when 

_ n 

a b c ”"a + 5 + c+...' 

so that t ^ia+qh + rc+^ 

n a4-J + c+... * 

This therefore is the most probable error in the mean result. 

562. With the notation of Ai‘t. 561, suppose that a, 5, c, ... 



LAGRANGE. 


S05 


are not known a priori; but that a, 13, y, ... are known by ob- 
servation. Then in the sixth problem it is taken as evident that 
the most probable values of a, h, c, ... are to be determined from 
the results of observation by the relations 

so that the value of ^ of the preceding Article may be written 

_ 'pa q$ '\-ry-\- ... 

n CL ^ y . 

Lagrange proposes further to estimate the probability that the 
values of a,h, c, ... thus determined from observation do not differ 
from the true values by more than assigned quantities. This is an 
investigation of a different character from the others in the 
memoir; it belongs to what is usually called the theory of in- 
verse probability, and is a difficult problem, 

Lagrange finds the analytical difficulties too great to be over- 
come; and he is obliged to be content with a rude approxi- 
mation. 

5 63. The seventh problem is as follows. In an observation it 
is equally probable that the error should be any one of the 
following quantities —a, — (a — 1), ... — 1, 0, 1, 2 ... required 
the probability that the error of the mean of n observations shall 
have an assigned value, and also the probability that it shall lie 
between assigned limits. 

We need not delay on this problem; it really is coincident 
with that in De Moivre as continued by Thomas Simpson : see 
Arts. 148 and 364, It leads to algebraical work of the same kind 
as the eighth problem which we wiU now notice. 

564. Suppose that at each observation the error must be 
one of the following quantities — a, — (a — 1), ... 0,1, ...a; and 
that the chances of these errors are proportional respectively to 
1, 2, ... a -f 1, a, ... 2, 1 : required the probability that the error in 

the mean of n observations shall be equal to ^ . 


20 
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We must find the coefficient of ^ in the expansion of 

+ ... + + (a + 1) a;® + arc + . . . + 

and divide it by the value of this expression when a; = 1, which is 
the whole number of cases ; thus we obtain the required pro- 
bability. 

Now l-f-2a? + Sa?+ ... + (a+ 1) a?“4- ... + 

= (l + ^ + a^+... + x“)^=(i^) . 

Hence finally the required probability is the coefficient of 
in the expansion of 

(a + 1)^" ’ 

that is the coefficient of in the expansion of 

Lagrange gives a general theorem for effecting expansions, of 
which this becomes an example ; but it will be sufficient for our 
purpose to employ the Binomial Theorem. We thus obtain for 
the coefficient of the expression 

fa + l)^ [2w-I {^.(^« + /^ + l)-2«^(«a+/i + l-a-l) 

2n (2?i — 1) . 

H j— 2 — - ^ (»»ot +/i + 1 — 2a — 2) 


2« (2« - 1) (2n - 2) , , _ . ) 

j 2 g 4’ + /i + l — 3a — 3)4-...|- ; 

where <f> (r) stands for the product 

r (r+1) (r+2) ... (r + 2«-2) ; 

the senes within the brackets is to continue only so long as r is 
2:)Ositive in (f> (r). 


565. We can see ^ priori that the coefficient of of- is equal 
to the coefficient of x and therefore when we want the former 
we may if we please find the latter instead. Thus in the result of 
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Art. 564, 'we may if we please put — fi instead of /x, "witliout 
changing” the value obtained. It is obvious that this would be 
a gain in practical examples as it would diminish the number 
of terms to be calculated. 

This remark is not given by Lagrange. 

566. We can now find the probability that the error in the 
mean result shall lie between assigned limits. Let us find the 
probability that the error in the mean result shall lie between 

_ and - , both inclusive. We have then to substitute in the 
n n ’ 

expression of Article 564 for fx, in succession the numbers 
— na, — (no. — 1)^ • • • 7 — 7> 

and add the results. Thus we shall find that, using 2, as is 
customary, to denote a summation, we have 

lixj) {na + fi + 1) = (nn + y + 1), 

where (r) stands for 

r (r + 1) (r + 2) ... (r + 2n — 1). 

When we proceed to sum (na. + (i — a) we must remember 
that we have only to include the terms for which na + /t-a is 
positive ; thus we find 

2^ (na + ^ — a) = ^ -v/r («a + 7 - «)• 

Proceeding in this way we find that the probability that the 
error in the mean result will lie between - — and both in- 
clusive, is 

^ {■xt (na + 7 + 1) — 2n (na + 7+ I— a — 1) 

(a + ini'* r 

+ (na + 7 + 1 — 2a — 2) 

Air («a + 7 + 1 - 3a - 3) + ...1 1 
1.2.3 r V ' ) 

20—2 
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the series within the hrachets is to continue only so long as r is 
positive in We will denote this by 2^ ( 7 ). 

The probability that the mean error will lie between j3 and 7 , 
where 7 is greater than is F[^) — F (/3) if we include 7 and 
exclude ; it is i ^(7 ~ 1 ) — — 1 ) if we exclude 7 and include 

y 3 ; it is F[y)—F{^—1) if we include both 7 and /S ; it is 
F {y — 1) — F (/3) if we exclude both 7 and 

It is the last of these four results which Lagrange gives. 

We have deviated slightly from his method in this Article in 
order to obtain the result with more clearness. Our result is 
J" (7 — 1 ) —F{^); and the number of terms in F (y- 1 ) is de- 
termined by the law that r in '\Jr (r) is always to be positive : 
the number of terms in F(j3) is to be determined in a similar 
manner, so that the number of terms in F {^) is not necessarily 
so great as the number of terms in F (y — l), Lagrange gives an 
incorrect law on this point. He determines the number of terms 
in F{y — 1) correctly; and then he prolongs F{,8) until it has 
as many terms as Fiy — l) by adding fictitious terms. 


567. Let us now modify the suppositions at the beginning 
of Art. 564 Suppose that instead of the errors — a, — (a ~ 1 ), ... 
we are liable to the errors — (a — 1 ), ... Then the investi- 

gation in Art. 561 gives the probability that the error in the mean 

result shall be equal to ^ ; and the investigation in Art. 566 

gives the probability that the error in the mean result shall lie 

Let a increase indefinitely and h diminish 


between — and 


n n 

indefinitely, and let ok remain finite and equal to h. Let 7 and /9 
also increase indefinitely ; and let 7 = cot and /3 = &a where c and b 
are finite. We find in the limit that F{y)—F (/3) becomes 


each series is to continue only so long as the quantities which 
are raised to the power 2n are positive. 



LAGEANGF. 


309 


This result expresses the probability that the error iu the 
mean result will lie between ^ and ~ on the following hy- 
pothesis ; at every trial the error may have any value between 
— h and + h ; positive and negative errors are equally likely ; 
the probability of a positive error z is proportional to h — and 

in fact — is the probability that the error will lie be- 

tween z and z + 

We have followed Lagrange’s guidance, and our result agrees 
with his, except that he takes A = 1, and his formula involves 
many misprints or errors. 

568. The conclusion in the preceding Article is striking. We 
have an exact expression for the probability that the error in 
the mean result will lie between assigned limits, on a very rea- 
sonalle hypothesis as to the occurrence of single errors. 

Suppose that positive errors are denoted by abscissae measured 
to the right of a fixed point, and negative errors by abscissae 
measured to the left of that fixed point. Let ordinates be drawn 
representing the probabilities of the errors denoted by the re- 
spective abscissae. The curve which can thus be formed is called 
the curve of errors by Lagrange ; and as he observes, the curve 
becomes an isosceles triangle in the case which we have just 
discussed. 

569. The matter which we have noticed in Arts. 563, 564, 
566, 567, 568, had all been published by Thomas Simpson, in his 
Miscellaneous Tracts, 1757; he gave also some numerical illus- 
trations : see Art. 371. 

570. The remainder of Lagrange’s memoir is very curious; 

it is devoted to the solution and exemplification of one general 
problem. In Art. 567 we have obtained a result for a case in 
which the error at a single trial may have any value between 
fixed limits ; but this result was not obtained directly : we started 
with the supposition that the error at a single trial must be one 
of a certain specified number of errors. In other words we stated 
with the hypothesis of errors changing per saltum and bp. 
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to the supposition of continuous errors. Lagrange wishes to solve 
questions relative to continuous errors without starting with the 
supposition of errors changing per saltum. 

Suppose that at every observation the error must lie between 5 
and c; let ^ {x) dx denote the probability that the error will lie 
between x and x + dx: required the. probability that in n obser- 
vations the sum of the errors will lie between assigned limits say 
^ and 7. Now what Lagrange effects is the following. He trans- 
forms |J <^(x)a^d^ into ^f(z)d'dz, where f(z) is a known 

function of z which does not involve a, and the limits of the 
integral are known. When we say that f(z) and the limits of 
z are known we mean that they are determined from the known 
function 0 and the known limits I and c, Lagrange then says 
that the probability that the sum of the errors will lie between 

^ and 7 is I f(z) dz. He apparently concludes that his readers 

will admit this at once ; he ceitainly does not demonstrate it. 
We will indicate presently the method in which it seems the de- 
monstration must be put. 


571. After this general statement we will give Lagrange’s 
first example. 

Suppose that <p (x) is constant = K say ; then 



K (a^ — a^) 
log a 


therefore if (l)(x)d‘dx\ ■ 

in J (log af 

Now we may suppose that a is greater than unity, and then it 
may be easily shewn that 



{I (a^-arf y'-^a^dy. 


thus 
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Let C’-h — t, and expand (a® — dy by the Binomial Theorem ; 


thus 


|?i — 1 


— na 




Now decompose 1 dy its elements; and multiply 

^ 0 

them by the series within brackets. We obtain for the coefficient 
of the expression 

(y-r' + (y- 2r^- .. jc?y. 


where the series within brackets is to continue only so long as the 
quantities raised to the power n — 1 are positive. 

Let 7 ^c — y = ^ ; then dy=^’-dz\ when y = 0 we have z = nc, 
and when y = co we have ^ — oo . Substitute nc’-z for y, and 

we obtain finally 


I j* <^(x) dc^ = j* f {z) ddzy 


where 


f (“) “ r^T 


the series within brackets being continued only so long as the 
quantities raised to the power — 1 are positive. 

Lagrange then says that the probability that the sum of the 
errors in n observations will lie between ^ and 7 is 


r/(z) dz. 

h 

572 . The result is correct, for it can be obtained in another 
way. We have only to carry on the investigation of the problem 
enunciated in Art. 563 in the same way as the problem enunciated 
in Art 564 was treated in Art. 567 ; the result will be very similar 
to those in Art. 567- Lagrange thus shews that his process is 
verified in this example. 
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573. In the problem of Art. 570 it is obvious that the sum 
of the errors must lie between nb and nc. Hence ought 
to vanish if 2 ; does not lie between these limits; and we can 
easily shew that it does. 

For if ^ be greater than no there is no term at all 
for every quantity raised to the power n — 1 would be negative. 

And if z be less than nby then f{z) vanishes by virtue of the 
theorem in Finite Differences which shews that the _ difference 
of an algebraical function of the degree n—l is zero. 

This remark is not given by Lagrange. 

571^. We will now supply what we presume would be the 
demonstration that Lagrange must have had in view. 

Take the general problem as enunciated in Art. 570. It is 
not difficult to see that the following process would be suitable 
for our purpose. Let a be any quantity, which for convenience 
we may suppose greater than unity. Find the value of the ex- 
pression 

■ f I (a?n) a®” dx}^ , 

where the integrations are to be taken under the following 
limitations ; each variable is to lie between b and c, and the sum 
of the variables between ^ and z -f hz. Put the result in the 

form Pa^Sz ; then J Pdz is the required probability. 

Now to find jP we proceed in an indirect way. It follows from 
qm: method that 

f rc 1 » rne 

1 1 (l){x)d"dx> =J Pd dz. 

But Lg@apge by a suitable transformation shews that 

I /& ^ (^) j = Jj/ {^) dz, 

where and are known. Hence 

r Pddz = r^f(z] ddz, 

J nb J SSq 

It will be remembered that a may be <iny quantity which 
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is greater than unity. We shall shew that we must then have 

Suppose that is less than nh, and z^ greater than no. Then 
we have 

rnb rnc fin, 

I f{z) d" dz-\- I {f[z) — P] d dz'-\- I f{z) d dz = 0, 

•i JJfo •j rib ’J nc 

for all values of a. Decompose each integral into elements ; put 
We have then ultimately a result of the following 

form 

a *0 jy, + T^p + T^P^ + T^p^ + ...in inf. . . - j = 0, _ 

where JJ,, are independent of p. And p may have any 

positive value we please. Hence by the ordinary method of in- 
determinate coefficients we conclude that 

2; = o, ... 

Thus 

The demonstration will remain the same whatever supposition 
be made as to the order of magnitude of the limits z^ and z^ 
compared with nl and no. 

575. Lagrange takes for another example that which we have 
already discussed in Art. 567, and he thus again verifies his 
new method by its agreement with the former. 

He then takes two new examples; in one he supposes that 
= A'Vc^ — the errors lying between — c and c; in the 
other he supposes that <j> (x) ^ K cos oo, the errors lying between 

TT , TT 

- 2 and 2 . 

576. We have now to notice another memoir by Lagrange 
which is entitled Recherches sur les suites recurrentes doM hs 
termes varient de plusieurs manieres dij-^rentes, ou sur V integral 
thon des equations lineaires aux differences finies et partieUes ; et 
sur V usage de ces equations dans la theorie des hazards. 

This memoir is published in the Nouveaux Memoires de V Acad, 
.•.Berlin. The volume is for the year 1775; the dale of pub- 
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lication is 1777. The memoir occupies pages 183 — 272 ; the ap- 
plication to the Theory of Chances occupies pages 240 — 272. 

577. The memoir begins thus ; 

J’ai doling dans le premier Yolume des MImoires de la Soci^te des 
Sciences de Turin une methode nouveUe pour trailer la theorie des suites 
recurrenteSj en la faisant dipendre de I’int^gration des Equations lin6aires 
aux differences finies. J e me proposois alors de pousser ces recherches 
plus loin et de les appliquer principalement ^ la solution de plusieurs 
problemes de la theorie des hasards; mais d’autres objets m’ayant depuis 
fait perdre celui Ik de vue, M. de la Place m’a pr^venu en grand partie 
dans deux excellens M^moires sur les suites recrurro-recurrentes^ et sur 
'Umtegration des equations differentielles finies et leur usage dans la 
tMorie des hmards^ imprimis dans les Yolumes Yi et Yii des M^moires 
pr4sent6s k TAcad^mie des Sciences de Paris. Je crois cependant qffon 
|>eut encore ajouter quelque chose an travail de cet illustre Glometre, et 
trailer le m^me sujet d’une maniere plus directe, plus simple et surtout 
plus g6n6rale ; c’est Tobjet des Becherches que je vais donner dans ce 
M^moire; on y trouvera des m^thodes non velles pour Tint^gration des 
Equations linlaires aux differences iSboies et partielles, et I’application de 
ces ra6thodes k plusieurs problemes interessans du calcul des probabilit4s ; 
mais il ffest question id que des Equations dont les coefficiens sont con- 
stants, et je reserve pour un autre M^moire Fexamen de celles qui ont 
des coefficiens variables. 

578. We shall not delay on the part which relates to the 
Integration of Equations ; the methods are simple but not so good 
as that of Generating Functions. We proceed to the part of the 
memoir which relates to Chances. 

579. The first problem is to find the chance of the happening 
of an event I times at least in a trials. 

Let p denote the chance of its happening in one trial ; let 

denote the probability of its happening t times in x trials ; 
then Lagrange puts down the equation 

y=:,t + (1 -T)yx-i,f 

He integrates and determines the arbitrary quantities and thus 
arrives at the usual result. 

In a Corollary he applies the same method to determine the 
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chance that the event shall happen just b times ; he starts from 
the same equation and by a different determination of the arbi- 
trary quantities arrives at the result which is well known, 
namely, 

/ (1 

\A I ^ ^ 

Lagrange refers to De Moivre, page 15, for one solution, and 
adds : mais celle que nous venous d’en dormer est non seulement 
plus simple, mais elle a de plus I’avantage d’etre d^duite de prin- 
cipes directs. 

But it should be observed that De Moivre solves the problem 
again on his page 27 ; and here he indicates the modem method, 
which is self-evident. See Art. 257. 

It seems curious for Lagrange to speak of his method as mo 7 *e 
simple than De Moivre’s, seeing it involves an elaborate solution 
of an equation in Finite Differences. 

580. Lagrange’s second problem is the following : 

On suppose qu’^ chaque coup il puisse arriver deux 6venemens dont 
les probahilitls respectives soient p et q; et on demande le sort d’un 
joueur qui parieroit d’amener le premier de ces 6venemens h fois au 
moins et le second c fois au moins, en un nombre a de coups. 

The enunciation does not state distinctly what the suppositions 
really are, namely that at every trial either the first event happens, 
or the second, or neither of them ; these three cases are mutually 
exclusive, so that the probability of the last at a single trial 
is 1 — jp — q. It is a good problem, weU solved ; the solution is 
presented in a more elementary shape by Trombley in a memoir 
which we shall hereafter notice. 

581. The third problem is the following : 

Les m^mes choses etant suppos6es que dans le Probleme ii, on de- 
mande le sort d’un joueur qui parieroit d’amener, dans un nombre de 
coups ind€termin6, le second des deux 6venemens b fois avant que le 
premier fut arriv6 a fois. 

Let be the chance of the player when he has to obtain the 
second event t times before the first event occurs x times. Then 
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This leads to 


in \ 4 ^ + 1) 2 ^ + 1) -1- 2) 3 

y..t= ]^ + ^P+ 2 2. 3 — P 


+ ... 


\t + X-2 


t- l\x-~l 


V 


This result agrees with the second formula in Art. 172. 


582. The fourth problem is like the third, only tliTee events 
may now occur of which the probabilities are g, r respectively. 
In a Corollary the method is extended to four events; and in 
a second Corollary to any number. 

To this problem Lagrange annexes the following remark : 

Le Probleme dont nous venons de donner une solution tr^s g^nerale 
et tres simple renferme d’une maniere general© celui qu’on nomme com- 
munement dans Tanalyse des kasards le probleme des partis, efc qui 
n’a enoore resolu complettement que pour le cas de deux joueurs. 

. He then refers to Montmort, to De Moivre's second edition, 
Problem VI, and to the memoir of Laplace. 

It is very curious that Lagrange here refers to De Moivre’s 
second edition, while elsewhere in the memoir he always refers to 
the third edition; for at the end of Problem VI, in the third 
edition De Moivi'e does give the general rule for any number of 
players. This he first published in his Miscellanea Analytica, 
page 210 ; and he reproduced it in his Doctrine of Chances. But 
in the second edition of the Doctrine of Chances the rule was not 
given in its natural place as part of Problem vi. but appeared as 
Problem LXIX. 

There is however some difference between the solutions given 
by De Moivre and by Lagrange ; the difference is the same as 
that which we have noticed in Art. 175 for the case of two players. 
De Moivre’s solution resembles the first of those which are given 
in Art. 172, and Lagrange’s resembles the second. 

It is stated by Montucla, page 397, that Lagi*ange intended 
to translate De Moivre s third edition into French. 


583. Lagrange’s fifth problem relates to the Duration of Play, 
in the case in which one player has unlimited capital ; this is De 
Moivre s Problem LXV : see Art, 307. Lagrange gives three solu- 
tions, Lagrange s first solution demonstrates the result given 
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pdthout demonstration in De Moivre’s second solution ; see 
kit. 309. We will give Lagrange’s solution as a specimen of Ms 
methods. We may remark that Laplace had preceded Lagrange 
in the discussion of the problem of the Duration of Play. La- 
place’s investigations had been published in the Meynoires ... par 
Divers Savans^ Vols. VI. and vii. 

Laplace did not formally make the supposition that one player 
had unlimited capital, but we arrive at this case by supposing 
that his symbol i denotes an infinite number ; and we shall thus 
find that on page 158 of Laplace’s memoir in Vol. vii. of the 
M^moires... par Divers Savans, we have in effect a demonstration 
of De Moivre’s result. 

We proceed to Lagrange’s demonstration. 

584j. The probability of a certain event in a single trial is p ; 
a player bets that in a trials this event will happen at least 
I times oftener than it fails : determine the player’s chance. 

Let represent his chance when he has x more trials to 
make, and when to ensure his success the event must happen at 
least t times oftener than it fails. Then it is obvious that we re- 
quire the value of 

Suppose one more trial made ; it is easy to obtain the follow- 
ing equation 

+ (1 -p) 

The player gains when ^ = 0 and x has any value, and he loses 
when £c = 0 and t has any value greater than zero ; so that 1 
for. any value of x, and yo,f== 0 for any value of t greater 
than 0. 

Put y for 1 — then the equation becomes 
py^.t + - yar4.i,<4-i = 

To integrate this assume y = ; we thus obtain 

From this we may by Lagrange’s Theorem expand ^ in pow^ 
of a; there will be two series because the quadratic equation 
gives two values of >8 for an assigned value of a. These two 
seiies are 
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/Pt ^ * C*' + 3) (< + 5) 

a''^^ ^ 1.2 a*” 1.2.3 a*^ 

^ a‘ fpa.*-^ , t(f-S) p^a.^ tjt-^) (t - 5) /a^ , 

P ^ r~^ 1.2.3 * 

If then we put in succession these values of in the ex- 
pression Aa^ we obtain two series in powers of a, namely, 

Ap^ ja*-* + fpqoT^ + pYoT^ + - • j . 

and Aq^ - tpqcf*^ + pYa ^^*^^ - . . .| . 

Either of these series then would be a solution of the equation 
in Finite Differences, whatever may he the values of A and a; 
so that we should also obtain a solution by the sum of any number 
of such series with various values of A and a. 

Hence we infer that the general solution will be 


y=>,t = / jf (a! - 0 + - 2) + (a? - « - 4) 

+ {x t) — tpq {x + t — y) + <p {x+t-4‘) 


1.2.3 


Here f(x) and 4>(x) represent functions, at present arbitrary, 
which must be determined by aid of the known particular values 
of y^o ycf 

Lagrange says it is easy to convince ourselves, that the con- 
dition 3/^^^ = 0 when t has any value greater than 0 leads to the 
following results : all the fanctions with the characteristic <f> must 
be zero, and those with the characteristic f must be zero for aU 
negative values of the quantity involved. [Perhaps this will not 
appear very satisfactory ; it may be observed that will become 
indefinitely great with tj and this suggests that the series which 
multiphes should be zero.] 

Thus the value of becomes a series with a fi.nite number 
of terms, namely, 
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y..< =/ {/(^ - *) + #>}/(* - * - 2) + ‘ I - 1 - *) 

+ ‘(‘^(‘3+°) 6) + ...}, 

the series extends to ^ (cc — ^ + 2) terms, or to ~ (cc - ^ 4- 1) terms, 

according as cc — ^ is even or odd. 

The other condition is that = 1, for any value of x. But if 
we put ^ = 0 we have ya;,o =/(^)* Hence f(x) = l for every 
positive value of x. Thus we obtain 


yx.* =/ |i + tm + pY + * ’ 

the series is to extend to ^ (cc — ^ + 2) terms, or to ^ (a? — ^ + 1) 


terms. This coincides with the result in De Moivre’s second form 
of solution: see Art. 309. 


585. Lagrange gives two other solutions of the problem just 
considered, one of which presents the result in the same form as 
De Moivre’s first solution. These other two solutions by Lagrange 
differ in the mode of integrating the equation of Finite Differences ; 
but they need not be further examined. 

586. Lagrange then proceeds to the general problem of the 
Duration of Play, supposing the players to start with different 
capitals. He gives two solutions, one similar to that in De 
Moivre’s Problem LXiil^ and the other similar to that in De 
Moivre’s Problem LXYlii. The second solution is very remarkable; 
it demonstrates the results which De Moivre enunciated without 
demonstration, and it puts them in a more general form, as De 
Moivre limited himself to the case of equal capitals. 

587. Lagrange’s last problem coincides with that given by 
Daniel Bernoulli which we have noticed in Art. 417. Lagrange 
supposes that there are n urns ; and in a Corollary he gives some 
modifications of the problem. 

588. Lagrange’s memoir would not now present any novelty 
to a student, or any advantage to one who is in possession of the 
method of Generating Functions. But neverthele^ it may be rea4 
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with ease and interest, and at the time of publication its value 
must have been great. The promise held out in the introduction 
that something would be added to the labours of Laplace is 
abundantly fulfilled. The solution of the general problem of the 
Duration of Play is conspicuously superior to that which Laplace 
had given, and in fact Laplace embodied some of it subsequently 
in his own work. The important pages 231 — 233 of the Theorie 
... desProb, are substantially due to this memoir of Lagrange's. 

589. We may notice a memoir by Lagrange entitled Me- 
moire §ur une question concerTiant les annuites. 

This memoir is published in the volume of the MSmoires de 
f Acad. Berlin for 1792 and 1793; the date of publication is 
1798 ; the memoir occupies pages 235 — 246. 

The memoir had been read to the Academy ten years before. 

590. The question discussed is the following: A father wishes 
to i^y a certain sum annually during the joint continuance of his 
own life and the minority of all his children, so as to ensure an 
annuity to his children after his death to last until all have attained 
their majority. 

Lagrange denotes by 2 , 5 , ^, ... the value of an annuity of 
one crown for the minority of the children A, B, 0... respectively. 
Then by AB he denotes the value of an annuity of one crown 
for the joint minority of two children A and B ; and so on. Hence 
he obtains for the value of an annuity payable as long as either 
A or Bis SL minor, 

A-hB-AB. 

Lagrange demonstrates this ; but the notation renders it almost 
obviously self evident. 

Similarly the value of an annuity payable as long as one of 
three children A, B, 0 remains a minor is 

A + B+G-AB- AG-BG + aMJ, 

De Moivre however had given this result in his Treatise of 
Annuities on Lives, and had used the same notation for an annuity 
on joint lives. 

Lagrange adds two tables which he calculated from his 
formulae, using the table of mortality given in the work of 
Sussmilch, 



CHAPTER XVI. 

MISCELLANEOUS INYESTIGATIONS 

Eetween the Yeabs 1750 and 1780. 


591. The present Chapter -will contain notices of various con- 
tributions to our subject which were made between the years 1750 
and 1780. 

592. We first advert to a work bearing the following title: 
Piec6 qui a, reniporM l6 pvix sur le sujet des JSvenemens Fortuits, 
propose par V A.cademie Royals des Sciences et Belles Lettres ds 
Berlin pour Vann4e 1751. ^vec les pieces qui ont concouru. 

This work is a quarto volume of 238 pages ; we notice it 
because the title might suggest a coimexion with our subject, 
which we shall find does not exist. 

The Academy of Berlin proposed the following subject for dis- 
cussion : 

Les Evenemens heureux et malheTireTix, ou ce que nous appellons 
Bonhenr et Malheur dependant de la volonte ou de la permission de 
DieUy de sorte que le terme de fortune est un nom sans r^alit^; on de- 
mande si ces Evenemens nous obligent A de certains devoirs, quels sent 
ces devoirs et quelle est leur 6tendue. 

The prize was awarded to Elaestner professor of Mathematics at 
Leipsic ; the volume contains his dissertation and those of his 
competitors. 

There are nine dissertations on the whole ; the prize disserta- 
tion is given both in French and Latin, and the others in French 

21 
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or German or Latin. The subject was perhaps unpromising ; the 
dissertations are not remarkable for novelty or interest. One of 
the best of the writers finishes with a modest avowal which might 
have been used by all ; 

Ich mache hier den Schluss, weil ich ohnehin mit gar zu guten 
Griinden fiirchte, zu weitlaufig gewesen zu seyn, da ich so wenig neues 
artiges und scharfsinniges gesagt habe. Ich finde auch in dieser Probe, 
dass mein Wille noch einmahl so gut als meine iibrige Pahigkeit, ist. 

593. A work entitled the Mathematical Repository, in three 
volumes, was published by James Dodson, Accomptant and Teacher 
of the Mathematics. The work consists of the solution of Mathe- 
matical problems. The second volume is dated 1753; pages 
S2 — 136 are occupied with problems on chances : they present 
nothing that is new or important. The remainder of this volume 
is devoted to annuities and kindred subjects ; and so also is the 
whole of the third volume, which is dated 1755. 

59 4f. Some works on Games of Chance are ascribed to Hoyle 
in Watt’s Bibliotheca Britannica. I have seen only one of them 
which is entitled: An Essay towards onahing the Doctrine of 
Chances easy to those who understand Vulgar Arithmetich only: 
to which is added, some useful tables on annuities for lives &c, &c. &c. 
By Mr Hoyle... It is not dated; but the date 1754 is given in 
Watt’s Bibliotheca Britannica. 

The work is in small octavo size, with large type. The title, 
preface, and dedication occupy viii pages, and the text itself occu- 
pies 73 pages. Pages 1 — 62 contain rules, without demonstration, 
for calculating chances in certain games ; and the remainder is de- 
voted to tables of annuities, and to Halley’s Breslau table of life, 
with a brief explanation of the latter. I have not tested the rules. 

595. We advert in the next place to a work which is en- 
titled DeW Azione del Caso nelle Invenzioni, e delV influsso degli 
Astri ne Corpi Terrestri Dissertazioni due. 

This is a quarto volume of 220 pages, published anonymously 
at Padua, 1757. It is not connected with the Theory of Pro- 
bability ; we notice it because the title might perhaps suggest 
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sucli connexion, especially when abbreviated, as in the Catalogues 
of Booksellers. 

The first dissertation is on the influence of chance in inven- 
tions, and the second on the influence of the celestial bodies on 
men, animals, and plants. The first dissertation recognises the 
influence of chance in inventions, and gives various examples ; the 
second dissertation is intended to shew that there is no influence 
produced by the celestial bodies on men, animals, or plants, in the 
sense in which astrologers understood such influence. 

The author seems to have been of a sanguine temperament ; 
for he obviously had hopes that the squaring of the circle would 
be eventually obtained ; see his pages 31, 40, 85. 

On the other hand his confidence is not great in the Newtonian 
theory of gravitation ; he thinks it may one day foUow its prede- 
cessor, the theory of vortices, into oblivion ; see his pages 45, 172. 

The following is one of his arguments against Lunar influence. 
If there be such influence we must conceive it to arise from exhala- 
tions from the Moon, and if the matter of these exhalations be 
supposed of appreciable density it will obstruct the motions of the 
planets, so that it will be necessary from time to time to clean up 
the celestial paths, just as the streets of London and Paris are 
cleaned from dust and dirt. See his page 164. 

The author is not very accurate in his statements. Take the 
following specimen from his page 74: Jacopo III. ite d’Inghilterra 
aUa vista d’una spada ignuda, come riferisce il Cavaliere dTgby, 
sempre era compreso d’un freddo, e ferale spavento. This of 
course refers to James L Again ; we have on his page 81 : ...cib 
che disse in lode d’Aristotile il Bemi : II gran Maestro de color 
che sanno. It is not often that an Italian ascribes to any inferior 
name the honour due to Dante. 

596. We have next to notice a work by Samuel Clark en- 
titled The Laws of Chance : or, a Mathematical Investigation of the 
Prohahilities arising from any proposed Circumstance of Play. 
London, 1758, 

This is in octavo ; there is a Preface of 2 pages, and 204 
pages of text. The book may be described as a treatise based on 
those of De Moivre and Simpson; the abstruse problems me 

21—2 



324 < 


SAMUEL CLAEK. 


omitted, and many examples and illustrations are given in order 
to render the subject accessible to persons not very far advanced 
in mathematics. 

The book presents nothing that is new and important. The 
game of bowls seems to have been a favourite with Clark ; he 
devotes his pages 44 — 68 to problems connected with this game. 
He discusses at great length the problem of finding the chance of 
throwing an assigned number of points with a given number of 
similar dice; see his pages 113 — 130. He follows Simpson, but 
he also indicates De Moivre’s Method ; see Art. 364. Clark 
begins the discussion thus : 

In order to facilitate the solution of this and the following problem, 
I shall lay down a lemma which was communicated to me by my inge- 
nious Mend Mr William Fayne, teacher of mathematics. 

The Lemma. 

The sum of 1, 3, 6, 10, 15, 21, 28, 36, &c. continued to (n) number 

. t_,7i + 2 ?^ + l n 

of terms is equal to — = — x x ^ . 

-.1 Ji o 

It was quite unnecessary to appeal to William Payne for such 
a well-known result ; and in fact Clark himself had given on his 
page 84 Newton’s general theorem for the summation of series ; 
see Art. 152. 

dark discusses in his pages 139—153 the problem respecting 
a run of events, which we have noticed in Art. 825. Clark detects 
the slight mistake which occurs in De Moivre’s solution ; and from 
the elaborate manner in which he notices the mistake we may 
conclude that it gave him great trouble. 

Clark is not so fortunate in another case in which he ventures 
to differ with De Moivre ; Clark discusses De Moivre’s Problem ix. 
and arrives at a different result; see Art. 269. The error is 
dark’s. Taking De Moivre’s notation Clark assumes that A must 
either receive from i?, or pay to F. This is wrong. Sup- 
pose that on the whole A wins in ^ + m trials and loses in m trials ; 
then there is the required difference of ^ games in his favour. In 
this case he receives from F the sum (^+ m) and pays to him 
the sum mL ; thus the balance is g^Q m {^Cr -r L) and not gCf bb 
dark says. 
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597. We have next to notice a memoir by Mallet, entitled 
Recherches stir les avantages de trois Joueurs qui font entr'eux une 
Poule au trictrac ou a un autre Jeu quelconque. 

This memoir is published in the Acta Helvetica,,, Basilece, 
VoLv. 1762; the memoir occupies pages 230 — 248. The problem 
is that of De Moivre and Waldegrave ; see Art. 211. Mallet’s 
solution resembles that given byDe Moivre in his pages 132 — 138. 

Mallet however makes some additions. In the problem as treated 
by De Moivre the fine exacted from each defeated player is con- 
stant; Mallet considers the cases in which the fines increase in 
arithmetical progression, or in geometrical progression. A student 
of De Moivre will see that the extensions given by Mallet can be 
treated without any diflSculty by De Moivre’s process, as the series 
which are obtained may be summed by well-known methods. 

598. The same volume which contains Euler’s memoir which 
we have noticed in Art. 438, contains also two memoirs by Beguelin 
on the same problem. Before we notice them it will be convenient 
to consider a memoir by J ohn Bernoulli, which in fact precedes 
Beguelin’s in date of composition but not in date of publication. 
This John Bernoulli was grandson of the John whom we named 
in Art. 194, John Bernoulli’s memoir is entitled Sur les suites cm 
sequences dans la loterie de Genes. It was published in the volume 
for 1769 of the JSistoire de V Acad, ..-Berlin; the date of pub- 
lication is 1771 : the memoir occupies pages 234 — 253. The fol- 
lowing note is given at the beginning : 

Ce Memoire a ^te lu en 1765, apres le M4moire de Mr. Euler sur 
cette matiere ins6r6 dans les M6moires de I’Acad^mie pour cette ann^e. 
Comme les Memoires de Mr. Beguelin imprimes a la suibe de celui de 
Mr. Euler se rapportent au mien en plusieurs endroits, et que la Loterie 
qui Fa occasione est plus en vogue que jamais, je ne le supprimerai pas 
plus longtems. Si ma m€thode ne mene pas aussi loin que celle de 
Mrs. Euler et Beguelin, elle a du moins, je crois, I’avantage d’etre plus 
facile saisir. 

599. In the first paragraph of the memoir speaking of the 
question respecting sequences, John Bernoulli says : 

Je m’en occupai done de terns en terns jusqu’^ ce que j^appd® de 
Mr. Euler qu’il traitoit le m^me sujet; e’en fiit assez perar me &ire 



326 


JOHN BERNOULLI. 


abandonner mon dessein, et je me reservai seulement de voir par le 
Memoire de oet illustre Geometre si j’avois raisonn6 juste; il a eu la 
bonte de me le commuuiquer et j’ai vu que le peu que j’avois fait, etoit 
fond^ sur des raisonnemens qui, s’ils ii’6toieiit pas sublimes, n’etoient du 
moLQS pas faux. 

600. John Bernoulli does not give an Algebraical investiga- 
tion ; he confines himself to the arithmetical calculation of the 
chances of the various kinds of sequences that can occur when 
there are 90 tickets and 2 or 3 or 4 or 5 are drawn. His method 
does not seem to possess the advantage of facility, as compared 
with those of Euler and Beguelin, which he himself ascribes to it. 


601. There is one point of difference between J ohn Bernoulli 
and Euler. John Bernoulli supposes the numbers from 1 to 90 
ranged as it were in a circle; and thus he counts 90, 1 as a 
binary sequence ; Euler does not count it as a sequence. So also 
John Bernoulli counts 89, 90, 1 as a ternary sequence ; with Euler 
this would count as a binary sequence. And so on. 

It might perhaps have been anticipated that from the greater 
sym m etry of John Bernoulli’s conception of a sequence, the in- 
vestigations respecting sequences would be more simple than on 
Euler s conception ; but the reverse seems to be the case on ex- 
amination. 

In the example of Art. 440 corresponding to Euler s results 


n - 2, (tz - 2) (n - 3), 


{n - 2) [n— 3) {n - 4) 

1.2.3 


we shall find on John Bernoulli’s 
n, n (n — 4), 


conception the results 
(9^ — 4) {n— 5) 

OTs • 


602. There is one Algebraical result given which we may 
notice. Euler had obtained the following as the chances that there 
would be no sequences at all in the case of n tickets ; if two 


tickets be drawn the chance is 


7Z- 


n 


if three , if 

n [n — l] 


four ^”- 6 ) .V 

n(n-l){n-2) ' m(w-l) («-2) (w-3) 

and so the law can he easily seen. Now John Bernoulli states 
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that on his conception of a sequence these formulse will hold if we 
change n into n — l. He does not demonstrate this statement, 
so that we cannot say how he obtained it. 

It may be established by induction in the following way. Let 
E{n, r) denote the number of ways in which we can take r tickets 
out of n, free from any sequence, on Euler's conception of a se- 
quence. Let B{n, r) denote the corresponding number on John 
Bernoulli's conception. Then we have given 

(n—r+l){n — r)...(n — 2r + 2) 

M in, r) = ^ , 

and we have to shew that 


B (n, r) = • 


(n — r — 1) ... (yi — + 1) 


Eor these must be the values of E (n, r) and B {n, r) in order 
that the appropriate chances may be obtained, by dividing by the 
total number of cases. Now the following relation will hold : 

jEJ (t?, r) = .S (^, r) + .B (tz ■— 1, r — 1) — (^ — 2, r — 1). 

The truth of this relation will be seen by taking an example. 
Suppose n is 10, and r is 3. Now every case which occurs in 
the total B (n, r) will occur among the total E {n, r ) ; but some 
which do not occur in B (n, r) will occur in E {n, r), and these 
must be added. These cases which are to be added are such as 

(10, 1, 3) (10, 1, 4) (10, 1, 8). We must then examine by what 

general law we can obtain these cases. We should form all the 
binary combinations of the numbers 1 . 2, ... 9 which contain no 
Bernoullian sequence, and which do contain 1. 

And generally we should want all the combinations r — 1 at a 
time which can be made from the first n—1 numbers, so as to con- 
tain no Bernoullian sequence, and to contain 1 as one of the num- 
bers. It might at first appear that E(^^— 1, r-^1) — B (?i— 2, r— 1) 
would be the number of such combinations; but a little con- 
sideration will shew that it is B (^^ — 1, r — 1) ~ E (?i — 2, r — 1), as 
we have given it above. 

Thus having established the relation, and found the value of 
B{ny 1) independently we can infer in succession the values of 
B \n, 2), B {n, 3), and so oh. 
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603. We now consider Beguelin’s two memoirs. These as we 
have stated are contained in the same volume as Euler's memoir 
noticed in Axt. 438. The memoirs are entitled Sur les mites ou 
sequences dans la loUerie de Genes; they occupy pages 281 — 280 
of the volume. 

604. Beguelin's memoirs contain general Algebraical formulae 
coinciding with Euler’s, and also similar formulae for the results on 
John Bernoulli’s conception; thus the latter formulae constitute 
what is new in the memoirs. 

605. We can easily give a notion of the method which 
Beguelin uses. Take for example 18 letters a, b, c, ... h, Z, m. 
Arrange 5 files of such letters side by side, thus 

a a a a a 

h b b h h 

0 C C C 0 


7/6 7/6 


ay 


Consider first only two such files ; take any letter in the first 
file and associate it with any letter in the second file ; we thus 
get IS^ such associations, namely aa, ah, ac ... la, ll, Ic,... 

Here we have al and la both occurring, and so ac and ca, and 
the like. But suppose we wish to prevent such repetitions, we can 
attain our end in this way. Take any letter in the first file and 
associate it with those letters only in the second file, which are in the 
same rank or in a lower rank. Thus the a of the first file will be 
associated with any one of the 13 letters of the second file ; the I of 
the second file will be associated with any one of the 12 letters 
m the second file beginning with 1. Thus the whole number of 

such associations will be 13 + 12 + . . . + 1 ; that is ^ 

Simply if we take three files we shaU have 13^ associations 
d we aUow repetitions; but if we do not aUow repetitions we 
qball 13 X 14 X 15 

1x2x3 ' in this way we find that if 

there are five files and we do not allow repetitions the number of 

associations is x 15 x 16 x 17 

1 x-2x3x4x5 • 
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All tHs is -well known, as Beguelin says, but it is introduced 
by >>irn as leading tbe way for Ms further investigations. 

606. Such cases as a, a, a, a, a cannot occur in the lottery 
because no number is there repeated. Let the second file be 
raised one. letter, the third file two letters; and so on. Thus 
we have 

a h c d e 

I c d e f 

{ j h I 'm 

j h I m 

him 
I m 

m 

We have thus 13-4 complete files, that is 9 complete files ; 
and proceeding as before, the number of associations is found to be 

9 X 10 X 11 X 12 X 13 number is what we know to 

Ix2x3x4x5 

be the number of the combinations of 13 things taken 5 at a time. 

607. Suppose now that we wish to find the number of asso- 
ciations in which there is no sequence at all. Kaise each file two 
letters instead of one, so that we now have 

a c e g i 

I d f h j 

c e g i ^ 

d f h J I 

Q g i h m 

J 3 ^ 

a i h m 

h j I 

i h m 

J i 

k m 

I 

m 
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Here there are only 13 — 8, that is, 5 complete files; and 
proceeding as in Art. 605, we fiLnd that the whole number of asso- 
. 5x6x7x8x9 

In this way we arrive in fact at the value which we quoted 
for Eiriy t) in Ajrfc. 602. 


608. The method which we have here briefly exemplified is 
used by Beguelin in discussing all the parts of the problem. 
He does not however employ letters as we have done ; he supposes 
a series of medals of the Eoman emperors, and so instead of 
a, c,...he uses Augustus, Tiberius, Caligula, ... 


609. It may be useful to state the results which are obtained 
when there are n tickets of which 5 are drawn. 

In the following table the first column indicates the form, the 
second the number of cases of that form according to Euler’s 
conception, and the third the number according to John Ber- 
noulli’s conception. 


Sequence of 5, 

n — 4, 

Sequence of 4, 

(n — 5) (n — 4), 

Sequence of 3 
combined with 
a sequence of 2, 

1 

1 

Sequence of 3, 
and the other 
numbers not 
in sequence. 

(«. — 6) (n—5) (n — 4) 

1.2 

Two sequences 
of 2, 

(n — 6) (n— 5) (n — 4) 

O ' 

Single sequence 

(n—7) (n—6) (w— 5) (^t— 4) 

of 2, 

17273 ’ 

No sequence, see Art. 602. 


n. 

n{n — 6). 
n (ti— 6). 

n (n-^) (n- 6) 

1.2 

n(n‘-7) (n-6) 

1.2 

n(n-8)(n-7)(n-6) 

1.2.3 
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The chance of any assigned event is found by dividing the 
corresponding number by the whole number of cases, that is by the 
number of combinations of n things taken 5 at a time. 

610. We have now to notice another memoir by Beguelin. 
It is entitled. Bur V usage du principe de la raison suffisante dans 
le calcul des prohabilites. 

This memoir is published in the volume of the Histoire de 
VAcad...^BeT}iniox 1767; the date of publication is 1769: the 
memoir occupies pages 382 — il2. 

611. Beguelin begins by saying, Jai montrd dans un M^moire 
prdcddent que la doctriue des probabilit^s dtoit uniquement fondle 
sur le principe de la raison suffisante : this refers apparently to 
some remarks in the memoirs which we have just examined. 
Beguelin refers to D’Alembert in these words. Un illustre Auteur, 
Gdometre et Plnlosophe k la fois, a public depuis pen sur le 
Calcul des probabilit^s, des doutes et des questions bien dignes 
d’etre approfondies ... Beguelin proposes to try how far meta- 
physical principles can assist in the Theory of Probabilities. 

612. Beguelin discusses two questions. The first he says is 
the question : 

... si les 4v4rLemens simm^triques et r^guliers, attribu4s au hazard, 
sont (toutes choses d’ailleiirs ^ales) anssi probables que les €v6nemeiis 
qui n’ont ni ordre ni r^gularitl, et au cas qhils aient le m^me degr4 de 
probability, d’oh vient que leur r%ularity nous frappe, et qu’ils nous 
paroissent si singuliers h 

His conclusions on this question do not seem to call for any 
remark. 

613. His next question he considers more difficult ; it is 

. . . lorsqu’un myme yv^nement est deja arrive une ou plusieurs fois 
de suite, on demande si cet yv^nement conserve autant de probability 
pour sa future existence, que Fevenement contraire qui avec tme %ale 
probability primitive n’est point arrivy encore. 

Beguelin comes to the conclusion that the ojEtener an event 
has happened the less hkely it is to happen at the next trial; 
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thus he adopts one of D’Alembert’s errors. He considers that if 
the chances would have been equal according to the ordinary 
theory, then when an event has happened t times in succession 
it is i + 1 to 1 that it will fail at the next trial. 


614. Beguelin applies his notions to the Petersburg Problem. 

7h ^ . 

Suppose there axe to be n trials; then instead of ^ -which the 
common theory gi-ves for the expectation Beguelin arri-ves at 


2^2^2+l 


+ 


+ 1 


2.3 + 1 ‘ [4 + 1 




— 1 -{- 1 ‘ 


The terms of this series rapidly diminish, and the sum to 
infinity is about 


615. Besides the above result Beguelin gives five other 
solutions of the Petersburg Problem. His six results are not 
coincident, but they all give a small finite value for the expecta- 
tion instead of the large or infinite value of the common theory. 


616. The memoir does not appear of any value whatever; 
Beguelin adds nothing to the objections urged by D’Alembert 
against the common theory, and he is less clear and interesting. 
It should be added that Montucla appears to have formed a 
diflferent estimate of the value of the memoir. He says, on his 
page 403, speaking of the Petersburg Problem^ 

Ce problem e a ete aussi le sujet de savantes considerations metaphy- 
siques pour Beguelin... ce metaphysicien et analyst e examine au flam- 
beau d’une mitaphysique profonde plusieurs questions sur la nature du 
calcul des probabilites... 

617. We have next to notice a memoir which has attracted 
considerable attention. It is entitled An Inquiry into the pro- 
bable ParaUajXj and Magnitude of the fixed Stars, from the Quantity 
of Light which they afford us, and the particular Circumstances of 
their Situation, by the Rev. John Michell, B.D,, F.RS. 

This memoir was published in the Philosophical Transactions, 
VoL LYII. Part l., which is the volume for 1767 : the memoir 
occupies pages 234 — 264. 
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618. The part of the memoir with which we are concerned 
is that in which Michell, from the fact that some stars are very 
close together, infers the existence of design. His method will be 
seen from the following extract. He says, page 243, 

Let ns then examine what it is probable, would have been the least 
apparent distance of any two or more stars, any where in the whole 
heavens, upon the supposition that they had been scattered by mere 
chance, as it might happen. How it is manifest, upon this supposition, 
that every star being as likely to be in any one situation as another, 
the probability, that any one particular star should happen to be within 
a certain distance (as for example one degree) of any other given star, 
wotdd be represented (according to the common way of computing 
chances) by a fraction, whose numerator would be to it’s denominator, 
as a circle of one degree radius, to a circle, whose radius is the diameter 
of a great circle (this last quantity being equal to the whole surface of 


the sphere) that is, by the fraction 


( 600 " 

( 6875 * 50 "’ 


or, reducing it to a deci- 


mal form, *000076154 (that is, about 1 in 13131) and the complement 


of this to unity, viz. *999923846, or the fraction will represent 

the probability that it would not be so. Lut, because there is the same 
chance for any one star to be within the distance of one degree from 
any given star, as for every other, multiplying this fraction into itself 
as many times as shall be equivalent to the whole number of stars, of 
not less brightness than those in question, and putting n for this number, 

( I Q-l OA\ « 

wiU represent the probability, 
that no one of the whole number of stars n would be within one de- 


gree from the proposed given star ; and the complement of this quan- 
tity to unity will represent the probability, that there would be some 
one star or more, out of the whole number n, within the distance of 
one degree from the given star. And farther, because the same event 
is equally likely to happen to any one star as to any other, and there- 
fore any one of the whole number of stars n might as well have been 
taken for the given star as any other, we must again repeat the last 
found chance n times, and consequently the number {(*999923846) } , 


or 


the fi-aotion {(j|^) | ^ represent the prohahility, that no 

vhere, in the whole heavenSj any two stars, amongst those in (jnestionj 
would he within the distance of one degi-ee from each other; and the 
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complement of tlds quantity to unity will represent the probability of 
the contrary. 

619. Michell obtains the following results on his page 246, 

If now we compute, according to the principles above laid down, 
what the probability is, that no two stars, in the whole heavens, should 
ha 76 been within so small a distance from each other, as the two stars 
P Capricorni^ to which I shall suppose about 230 stars only to be equal 
in brightness, we shall find it to be about 80 to 1. 

For an example, where more than two stars are concerned, we may 
take the six brightest of the Pleiades, and, supposing the whole number 
of those stars, which are equal in splendor to the faintest of these, to 
be about 1500, we shall find the odds to be near 500000 to 1, that no 
six stars, out of that number, scattered at random, in the whole hea- 
vens, would be within so small a distance from each other, as the Plei- 
ades are. 

Michell gives the details of the calculation in a note. 

620. Laplace alludes to Michell in the Theorie . , . des ProK, 
page LXIIL, and in the Connaissance des Terns for 1815, page 219. 

621. The late Professor Forbes wrote a very interesting criti- 
cism on Michell’s memoir; see the London, Edinburgh and Lublin 
Philosophical Magazine, for August 1849 and December 1850. He 
objects with great justice to Michell’s mathematical calculations, 
and he also altogether distrusts the vahdity of the inferences 
drawn from these calculations. 

622. Struve has given some researches on this subject in his 
Oatalogus Eovus Stellarum Luplicium et Multiplicium . . . Lorpati, 
1827, see the pages xxxvil— XLV iii. Struve’s method is very 
different from Michell s. Let n be the number of stars in a given 
area S of the celestial surface ; let ^ represent the area of a small 

circle of x" radius. Then Struve takes | as the chance 

of havings a pair of the n stars "within the distance x'f supposing 
that the stars are distributed by chance. Let 8 represent the 
surface beginning from - 15" of declination and extending to the 
north pole; let «= 10229, and » = 4 : then Struve finds the above 
expression to become -007814. 



JOHN BERNOULLI. 


835 


See also Struve’s Stellarum Duplicium et MultipUcium Men- 
surce MicrometriccB . . . Fetrop. 1837, page xci., and liis Stellarum 
Fixarum ...Positiones Medice ... Fetrop. 1852, page CLXXXVIIL 

Sir Jolin Herschel in his Outlines of Astronomy, 1849, page 565, 
gives some numerical results which are attributed to Struve ; hut 
I conclude that there is some mistake, for the results do not 
appear to agree with Struve’s calculations in the works above cited. 

623. For a notice of some of the other subjects discussed in 
Micheh’s memoir, see Struve’s Ftudes dJAstronomie Stellaire, 
St Pitersbourg, 1847. 

624. We have next to notice another memoir by John Ber- 
noulli ; it is entitled Mdmoire sur un prolleme de la Doctrine du 
Hazard. 

This memoir is published in the volume of the Histoire de 
V Acad. ...Berlin for 1768; the date of publication is 1770: the 
memoir occupies pages 384 — 408. 

The problem discussed may be thus generally enunciated. 
Suppose n men to marry n women at the same time ; find the 
chance that when half the 2n people are dead all the marriages 
will be dissolved ; that is, find the chance that all the survivors 
will be widows or widowers. John Bernoulli makes two cas^ ; 
first, when there is no limitation as to those who die ; second, when 
half of those who die are men and half women. 

The memoir presents nothing of interest or importance ; the 
formulae are obtained by induction from particular cases, but are 
not really demonstrated. 

625. We have next to notice a memoir by Lambert, en- 
titled Examm dune espece de Superstition ramende au calcul 
des prohabilites. 

This memoir is published in the volume for 1771 of the 
Houveatix M^moires ...Berlin; the date of publication is 1773: 
the memoir occupies pages 411 — 420. 

626. Lambert begins by adverting to the faith which many 
people in Germany had in the predictions of the almanack makers 
respecting the weather and other events. This suggests to him to 
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consider what is the chance that the predictions will be verified 
supposing the predictions to be thrown out at random. 

The problem which he is thus led to discuss is really the old 
problem of the game of Treize, though Lambert does not give this 
name to it, or cite any preceding writers except Euler’s memoir of 
1751 : see Ails. 162, 280, 430. 


627. We may put the problem thus : suppose n letters to be 
written and n corresponding envelopes to be directed ; the letters 
are put at random into the envelopes : required the chance that 
all, or any assigned number, of the letters are placed in the wrong 
envelopes. 

The total number of ways m which the letters can be put into 
the envelopes is [w. There is only one way in which all can be 
placed in the right envelopes. There is no way in which just one 
letter is in the wrong envelope. Let us consider the number of 
ways in which just two letters are in the wrong envelopes : take 

a pair of letters ; this can be done iu — ways ; then find 


in how many ways this pair can be put in the wrong envelopes 
without disturbiug the others : this can only be done in one way. 
Next consider in how many ways just three letters can be put in 
the wrong envelopes ; take a triad of letters ; this can be done 
n(n—l)(n — 2) _ _ _ 

1~2~3 selected triad can be put in 


m 


wrong envelopes in 2 ways, as wiQ be seen on trial 
Proceeding thus we obtain the following result. 


\ji = A„+A^n+A^ 


n(n—l) 

1.2 


. n{n-l) {n- 

^ "^3 12 3 


-2) , \n 


where A^ expresses the number of ways in which t letters, for 
which there are r appropriate envelopes, can all be placed in wrong 
envelopes. And 


-^0 — -^1 — 0, A^ — 1 , A^ = 2, ... 

_ Now Aj, A^, ... are independent of n; thus we can deter- 
mine them by putting for n in succession the values 1, 2, 3, . . . in 
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the above identity. This last remark is in fact the novelty of 
Lambert’s memoir. 

Lambert gives the general law which holds among the quan- 
tities A ^, namely 

= ( 2 ). 

He does not however demonstrate that this law holds. We 
have demonstrated it implicitly in the value which we have found 
for <f> (n) in Art. 161. 

We get by this law 

A, = 9, A,:=M, A, = 265, A, = 1854, As ^14883,... 

We can however easily demonstrate the law independentlv of 
Art. 161. 

Let A'* stand for — r \r—l -f \t — 2 — ^ 

so that the notation is analogous to that which is commonly used 
in Finite Differences. Then the fundamental relation (1) sug- 
gests that 

A = A’'[P; (8), 

and we can shew that this is the case by an inductive proof For 
we find by trial that 

A^10=10 = 1=:^„ 

A^10== 1 -1 = 0 = 

A^L0= 2 -2 + 1=^,5 

and then from the fundamental relation (1) it follows that if 
= A** [0 for all values of r up to n — 1 inclusive, then = A'^ [0. 
Thus (8) is established, and from (8) we can immediately shew 
that (2) holds. 

628. We now come to another memoir by the writer whom we 
have noticed in Art. 597. The memoir is entitled 8ur h CalcmZ 
des ProhahiliUs, par Mr. Mallet, Prof. d^Astronomie d Omme. 

This memoir is published in the Acta Sdvetica BasUem, 
VoL viL ; the date of publication is 1772 : the memoir occupies 
pages 183 — ^168. 


2S 
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629. The memoir consists of the discussion of two problems 
the first is a problem given in tbe Ars Gonjectandi of James Ber- 
noulli ; tbe other relates to a lottery. 

680. The problem from the Ars Gonjectandi is that which 
is given on page 161 of the work ; we have given it in Art. 117. 

Mallet notices the fact that James Bernoulli in addition to 
the correct solution gave another which led to a different result 
and was therefore wrong, but which appeared plausible. Mallet 
then says, 

Mr. Bernoulli s’etant contente d’indiquer cette singularity apparent^, 
5mTT«=t en donner 1’ explication, j’ai cru qu’il ne seroit pas inutile d’entrer 
dans un plus grand detail l^dessus, pour ydaircir parfaitement cette 
petite difficulty, on verra qu’on peut imaginer une infinity de cas sem- 
blabl^ h celui de Mr. Bernoulli, dans la solution desquels il seroit aussi 
aisy d’etre induit en erreur. 

631. Mallet^s remarks do not appear to offer any thing new or 
important ; he is an obscure writer for want of sufficiently develop- 
ing his ideas. The following illustration was suggested on reading 
his memoir, and may be of service to a student. Suppose we 
refer to the theory of duration of life. Let abscissae measured 
from a fixed point denote years from a certain epoch, and the cor- 
responding ordinates be proportional to the number of survivors 
out of a large number bom at the certain epoch. Now suppose we 
wish to know whether it is more probable than not that a new 
bom infant will live more than n years. James Bernoulli's plausi- 
ble but false solution amounts to saying that the event is more 
probable than not, provided the abscissa of the centre of gramty of 
the area is greater than n : the true solution takes instead of the 
abscissa of the centre of gravity the abscissa which corresponds to 
the ordinate bisecting the area of the curve. See Art. 485. 

632. We pass to MaUet's second problem which relates to a 
certain lottery. 

The lottery is that which was called by Montmort la lotterie 
de Loraine, and which he discussed in his work; see his pages 
257 — 260, 318, 317, 326, 346. The following is practically the 
form of the lottery. The director of the lottery issues n tickets to 
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n persons, charging a certain sum for each ticket. He retains for 
himself a portion of the money which he thus receives, say a\ the 
remainder he distributes into n prizes which will be gained by 
those who bought the tickets. He also offers a further inducement 
to secure buyers of his tickets, for he engages to return a sum, say 
to every ticket-holder who does not gain a prize. The prizes are 
distributed in the following manner. In a box are placed n coun- 
ters numbered respectively from 1 to A counter is drawn, and 
a prize assigned to the ticket-holder whose number corresponds to 
the number of the counter. The counter is then replaced in the box. 
Another drawing is made and a prize assigned to the corresponding 
ticket-holder. The counter is then replaced in the box. This pro- 
cess is carried on until n drawings have been made ; and the prizes 
are then exhausted. 

Hence, owing to the peculiai* mode of drawing the lottery, one 
person might gain more than one prize, or even gain them aU ; for 
the counter which bears his number might be drawn any number 
of times, or even every time. 

The problem proposed is to find the advantage or disadvantage 
of the director of the lottery. 

633. Montmort solved the problem in the following manner. 
Consider one of the ticket-holders. The chance that this per- 
son s number is never drawn throughout the whole process is 

^ drawn he is to receive i from the director ; 

so that his corresponding expectation is b . A similar ex- 

pectation exists for each of the ticket-holders, and the sum of these 
expectations is the amount by which the directors gain is di- 
minished. Thus the director s advantage is 

In th-G case ■wticli Montmort notices & was eqnal to a, and n 
was 20000 ; tlius tie director’s advantage was negative, tiat is, it 
was really a disadvantage. Before Montmort made a complete 
investigation he saw tiat the director’s position was bad, and he 

22 — 2 
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suspected that there was a design to cheat the public, which 
actually happened. 


634. Mallet makes no reference to any preceding writer on 
the subject ; but solves the problem in a most laborious manner. 
He finds the chances that the number of persons without prizes 
should be 1, or 2, or 3, ... up to n\ then he knows the advantage 
of the banker corresponding to each case by multiplying the 
chance by the gain in that case ; and by summing the results he 
obtains the total advantage. 


635. One part of Mallet’s process amounts to investigating 
the following problem. Suppose a die with r faces ; let it be 
thrown s times in succession: required the chance that all the 
faces have appeared. The number of ways in which the desired 
event can happen is 




r{r-l) 

1.2 


(r-2r- 


r (r — 1) (r 2) 

17273 


{r 


3y + ... 


and the chance is obtained by dividing this number by r*. 

This is De Moivre’s Problem xxxix ; it was afterwards dis- 
cussed by Laplace and Euler ; see Art. 448. 

Mallet would have saved himself and his readers great labour 
if he had borrowed De Moivre’s formula and demonstration. But 
he proceeds in a different way, which amounts to what we should 
now state thus : the number of ways in which the desired event 
can happen is the product of [r by the sum of all the homogeneous 
products of the degree a ~ r which can be formed of the numbers 
1, 2, 3, ... r. He does not demonstrate the truth of this statement ; 
he merely examines one very easy case, and says without offering 
any evidence that the other cases will be obtained by following the 
same method. See his page 144. 

Mallet after giving the result in the manner we have just indi- 
cated proceeds to transform it ; and thus he arrives at the same 
formula as we have quoted from De Moivre. Mallet does not 
demonstrate the truth of his transformation generally; he contents 
himself with taking some simple cases. 

636. The transformation to which we have just alluded, 
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involves some algebraical work wbich we will give, since as we 
have intimated Mallet bimself omits it. 

Let there be r quantities a^b, c, ... h Suppose to be di- 
vided by (os — a) (x — h) (x-- c) ... (x — h). The quotient will be 

-{- Jj^ x^"^ + ...in infinitim^ 

where denotes the sum of all the homogeneous products of the 
degree r which can be formed from the quantities a,h,c, h. ^This 
can be easily shewn by first dividing by x — a; then dividing 

the result by a; — 5, that is multiplymg it by x''^ — ^ , and 

so on. 

Again, if^ be not less than r the expression 



(x — a) (x—h) ... (x — h) 

will consist of an integral part and a firactional part ; if ^ be less 
than r there will be no integral part. In both cases the fractional 
part will be 

— +A+— 

x — a x — b x — c x — k 


where 


-4 = 


^ 

(a — i) (a-c) ... (a — k) ^ 


and similar expressions hold for 0,...K. Now expand each of 
A B 

the fractions , 7 , ... according to negative powers of x; 

X a X — ’ o 

and equate the coefficient of ar*“^ to the coefficient in the first 
form which we gave for x^’^{{x — a) (x — h) ... (x — k)}. Thus 


Aa* + Bb^ + Ocf + ••• + 


Put m for p — T + t + then + r — thus we may 

express our result in the following words : the sum of the homoge- 
neous products of the degree m, which can be formed of the r quan- 
tities a^by c, ...k, is equal to 


jm+r-l 


(a-J)(a-c)... (a-h)^ (]}-a){b-c) ...{b-k) 
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This is the general theorem which Mallet enunciates, but only 
demonstrates in a few simple cases. 

If we put 1, 2, 3, ... r respectively for a, 5, c, we obtain 
the theorem by which we pass from the formula of Mallet to that 
of De Moivre, namely, the sum of the homogeneous products of 
the degree s — r which can be formed of the numbers 1, 2, ... r is 
equal to 




The particular case in which s = r + 1 gives us the following 
result, 

1+2 + 3 + .. .+r 



r(r — l) 
1.2 


(r-2)^' 


r(r~l)(r — 2) 

1.2.3 


(r 


3)’'« + 


•J' 


which is a known result. 


637. When Mallet has finished his laborious investigation he 
says, very justly, il y a apparence que celui qui fit cette Lotterie ne 
s’^toit pas donn^ la peine de fairs tons les calculs prdcedens. 

638. Mallet’s result coincides with that which Montmort gave, 
and this result being so simple suggested that there might be an 
easier method of arriving at it. Accordingly Mallet gives another 
solution, in which like Montmort he investigates directly not the 
advantage of the director of the lottery, but the expectation of each 
ticket-holder. But even this solution is more laborious than Mont- 
mort’s, because MaUet takes separately the case in which a ticket- 
holder has 1, or 2, or 3, ... , or w prizes ; while in Montmort’s 
solution there is no necessity for this. 

639. Mallet gives the result of the following problem ; Ee- 
quired the chance that in p throws with a die of w faces a specified 
face shall appear just m times. The chance is 

|y (n - 1)*^ 

I m \p—m nF 
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The formula explains itself; for the chance of throwing the 
specified face at each throw is and the chance of not throwing 

— 1 

it is — . Hence hy the fundamental principles of the subject 
the chance of having the specified face just m times in^ throws is 

\p ny y ~ 

[m \p — m \ri) \ n j ' 

Since the whole number of cases in the p throws is it follows 

that the number of cases in which the required event can happen is 


\p 


{n-iy 


I m [ p — m 

and the result had been previously given by Montmort in this 
form ; see his page 307. 


640. On the whole we may say that Mallet’s memoir shews 
the laborious industry of the writer, and his small acquaintance 
with preceding works on the subject. 


641. William Emerson published in 1776 a volume entitled 
Miscellanies, or a Miscellaneous Treatise ; containing several Mathe- 
matical Subjects, 

The pages 1 — 48 are devoted to the Laws of Chance. These * 
pages foim an outline of the subject, illustrated by thirty-four 
problems. There is nothing remarkable about the work except 
the fact that in many cases instead of exact solutions of the 
problems Emerson gives only rude general reasoning which he 
considers may serve for approximate solution. This he himself 
admits ; he says on his page 47, 

It may be observed, that in many of these problems, to avoid more 
intricate methods of calculation, I have contented myself with a more 
lax method of calculating, by which. I only approach near the truth 

See also the Scholium on his page 21. 

Thus Emerson’s work would be most dangerous for a beginner 
and quite useless for a more advanced student. 

We may remark that pages 49 — 138 of the volume are devoted 
to Annuities and Insurances. 
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642. We have now to examine a contribution to our subject 
from the illustrious naturalist Buffon whose name has already 
occurred in Art. 354 

Buffon’s Essai dl Arithmetique Morale appeared in 1777 in the 
fourth volume of the Supplement ct VSistoire Naturelle, where it 
occupies 103 quarto pages. Gouraud says on his page 54;, that the 
Essay was composed about 1760. 

643. The essay is divided into 35 sections. 

Buffon says that there are truths of different kinds ; thus there 
axe geometrical truths which we know by reasoning, and physical 
truths which we know by experience ; and there are truths which 
we believe on testimony. 

He lays down without explanation a peculiar principle with 
respect to physical truths. Suppose that for n days in succession 
the Sun has risen, what is the probability that it will rise to- 
morrow 1 

Buffon says it is proportional to See his 6th section. 

This is quite arbitrary; see Laplace ThSorie , . . des ProK page xnx 

644. He considers that a probability measured by so small 

a fraction as cannot be distinguished from a zero proba- 

bility. He arrives at the result thus ; he finds from the tables 
that this fraction represents the chance that a man 56 years 
old will die in the course of a day, and he considers that such 
a man does practically consider the chance as zero. The doctrine 
that a very small chance is practically zero is due to D’Alembert ; 

see Art. 472 ; Buffon however is responsible for the value ; 

see his 8th section. 

645. Buffon speaks strongly against gambling. He says at 
the end of his 11th section ; 

Mais nous aliens donner un puissant antidote centre le mal 6pi- 
d^mique de la passion du jeu, et en m^me-temps quelques preservafrfe 
centre rillusion de cet art dangereux. 

He condemns aU gambling, even such as is carried on under 
conditions usually considered fair ; and of course stiU more 
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gambling in which an advantage is ensured to one of the parties. 
Thus for example at a game like Pharaon^ he says : 

,..le banquier n’est qu’un Mpon avou6, et le ponte une dupe, dont 
on est convenu de ne se pas moquer. 

See his 12th section. He finishes the section thus : 

...je dis qu’en g^n^ral le jeu est un pacte mal-eutendu^ un contrat 
d6savantageux aux deux parties, dont Teffet est de rendre la perte tou- 
j ours plus grande que le gain; et d’6ter au bien pour aj outer au mal. 
La demonstration en est aussi ais^e qu’evidente. 


646. The demonstration then follows in the 13th section. 


Buffon supposes two players of equal fortune, and that each 
stakes half of his fortune. He says that the player who wins 
will increase his fortune by a third, and the player who loses will 
diminish his by a half ; and as a half is greater than a third 
there is more to fear from loss than to hope from gain. Buffon 
does not seem to do justice to his own argument such as it is. 
Let a denote the fortune of each player, and h the sum staked. 


Then the gain is estimated by Buffon by the fraction 




and 


the loss by - ; but it would seem more natural to estimate the 


loss by 7 , which of course increases the excess of the lo^ 

to be feared over the gain to be hoped for. 

The demonstration may be said to rest on the principle that 
the value of a sum of money to any pemon varies inversely as his 
whole fortune. 


647. Buffon discusses at length the Petersburg Problem which 
he says was proposed to him for the first time by Cramer at 
Geneva in 1730. This discussion occupies sections 15 to 20 
inclusive. See Art. 389. 

Buffon offers four considerations by which he reduces the ex- 
pectation of A from an infinite number of crowns to about five 
crowns only. These considerations are 

(1) The fact that no more than a finite sum of money 
to pay A. Buffon finds that if head did not Ml unt^ 
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twenty-nintli throw, more money would he required to pay A than 
the whole kingdom of France could furnish. 

(2) The doctrine of the relative value of money which we 
have stated at the end of the preceding Article. 

(3) The fact that there would not he time during a life for 

playing more than a certain number of games; allowing only- 
two minutes for each game including the time necessary for 
paying. ^ 

(4) The doctrine that any chance less than is to be 

considered absolutely zero : see Art. 644. 

Buffon cites Fontaine as having urged the first reason: see 
Arts. 392, 393. 

648. The 18th section contains the details of an experiment 
made by Buffon respecting the Petersburg Problem, He says he 
played the game 2084 times by getting a child to toss a coin in 
the air. These 2084 games he says produced 10057 crowns. There 
were 1061 games which produced one crown, 494 which produced 
two crowns, and so on. The results are given in De Morgan's 
Formal Logic, page 185, together with those obtained by a re- 
petition of the experiment. See also Cambridge Philosophical 
Transactions, Vol. ix. page 122. 

649. The 2Srd section contains some novelties. 

Buffon begins by saying that up to the present time Arith- 
metic had been the only instrument used in estimating probabilities, 
but he proposes to shew that examples might be given which 
would require the aid of Geometry. He accordingly gives some 
simple problems with their results. 

Suppose a large plane area divided into equal regular figures, 
namely squares, equilateral triangles, or regular hexagons. Let 
a round coin be thrown down at random; required the chance 
that it shall fall clear of the bounding lines of the figure, or fall 
on one of them, or on two of them ; and so on. 

These examples only need simple mensuration, and we need 
not delay on them ; we have not verified Buffon's results. 

Buffon had solved these problems at a much earlier date. We 
find in the Hist de VAoad, ...Paris for 1733 a short account of 
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them; they were communicated to the Academy in that year; 
see Art. 354. 

650. Buffon then proceeds to a more difficult example which 
requires the aid of the Integral Calculus. A large plane area is 
ruled with equidistant parallel straight lines ; a slender rod is 
thrown down ; required the probability that the rod will fall across 
a line. Buffon solves this correctly. He then proceeds to con- 
sider what he says might have appeared more difficult, namely to 
determine the probability when the area is ruled with a second 
set of equidistant parallel straight lines, at right angles to the 
former and at the same distances. He merely gives the result, 
but it is wrong. 

Laplace, without any reference to Buffon, gives the problem in 
the TMorie.,.des Proh.y pages 359 — 362. 

The problem involves a compound probability ; for the centre 
of the rod may be supposed to fall at any point within one of 
the figures, and the rod to take all possible positions by turning 
round its centre : it is sufficient to consider one figure. Buffon and 
Laplace take the two elements of the problem in the less simple 
order ; we will take the other order. 

Suppose a the distance of two consecutive straight lines of one 
system, h the distance of two consecutive straight lines of the 
other system ; let 2r be the length of the rod and assume that 
2r is less than a and also less than h. 

Suppose the rod to have an inclination 6 to the line of length 
a; or rather suppose that the inclination lies between 6 and 
6 4- dO. Then in order that the rod may cross a line its centre 
must fail somewhere on the area 

oS — (a — 2r cos 0) (6 — 2r sin 6), 
that is on the area 

2r (a sin 0 + 5 cos 0) — 4r^ sin 0 cos 0. 

Hence the whole probability of crossing the lines is 
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The limits of 0 axe 0 and : Hence the result is 

4r (a + h) — 4ir^ 

Trah 

If a = J this becomes 

Sar — 

7r<2® 

Buffon's result expressed in our notation is 
2 (a — r) r 
rrra 

If we have only one set of parallel lines we may suppose 

4^* 

h infinite in our general result : thus we obtain — . 

ira 

651. By the mode of solution which we have adopted we 
may easily treat the case in which 2r is not less than a and 
aJ^ less than h, which Buffon and Laplace do not notice. 

Let h be less than a. First suppose 2r to be greater than 
h but not greater than a. Then the limits of 6 instead of being 

77" 5 

0 and 2 be 0 and sin'^ ^ . Next suppose 2r to be greater 

(Z h 

than a. Then the limits of 0 will be cos“^ ^ and sin"^ k- ; this 

2r zr 

holds so long as cos"^ ^ is less than sin“^ ^ , that is so long as 

V(4r®— a*) is less than i, that is so long as 2r is less than 
which is geometrically obvious. 


652. Buffon gives a result for another problem of the same 
kind. Suppose a cube thrown down on the area; required the 
probability that it will fall across a line. With the same meaning 
as before for a and 5, let 2r denote the length of a diagonal of 
a fece of the cube. The required probability is 


J (a — 2r cos 0) (5 — 2?-cos0)| d0 




abd0 


the limits of 0 being 0 and Thus we obtain 
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2 (a + S) y sin^— + l') . . 

^ 4 V2 / 4 (ffl+ 5) ?• v'2 — (27r + 4) 

4 

B-affbn gives an incorrect result. 

653. The remainder of BnfEbn’s essay is devoted to subjects 
unconnected with the Theory of Probability. One of the sub- 
jects is the scales of notation: Buffon recommends the duodenary 
scale. Another of the subjects is the unit of length: Buffon re- 
commends the length of a pendulum which beats seconds at the 
equator. Another of the subjects is the quadrature of the circle: 
Buffon pretends to demonstrate that this is impossible. His de- 
monstration however is worthless, for it would equally apply to 
any curve, and shew that no curve could be rectified ; and this we 
know would be a false conclusion. 

654. After the Essay we have a large collection of results 
connected with the duration of human life, which Buffon deduced 
from tables he had formerly published. 

Buffon’s results amount to expressing in numbers the following 
formula : Eor a person aged n years the odds are as a to b that 
he will live x more years. 

Buffon tabulates this formula for all integral values of n up 
to 99^ and for various values of x. 

After these results follow other tables and observations <x>n- 
nected with them. The tables include the numbers of birth^ 
marriages, and deaths, at Paris, from 1709 to 1766. 

655. Some remarks on Buffoffs views will be found in Con- 
dorcets JEssai .. . de V Analyse.,, ^a^e Lxxi., and in Dugald Stewart’s 
Worhs edited hy Hamilton, VoL i. pages 369, 616. 

656. We have next to notice some investigations by Fu^ 
under the foU6wing titles ; Recherches sur un probUme du Calad 
des ProhabiliUs par Nicolas Fuss. SuppUment au m^moire sur tm 
prdbUme du Galcul des Probahilites,,, 

The Recherches,,, occupy pages 81 — 92 of the Pars Po^&rior 
of the volume for 1779 of the Acta Acad. ,,,Petrop,; the date of 
publication is 1783. , 
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The Supplement,., occupies pages 91 — 96 of the Pars Posterior 
of the volume for 1780 of the Acta Acad. ... P strop.; the date of 
publication is 1784. 

The problem is that considered hj J ames Bernoulli on page 161 
of the Ars Oo7ijectandi ; see Art. 117. 

In the Recherches ... Fuss solves the problem ; he says he had 
not seen James Bernoulli’s own solution but obtained his know- 
ledge of the problem from Mallet’s memoir ; see Art. 628. Fuss 
published his solution because his results differed from that 
obtained by James Bernoulli as recorded by Mallet. In the Sap- 
plement,.. Fuss says that he has since procured James Bernoulli’s 
workj and he finds that there are two cases in the problem ; his 
former solution agreed with James Bernoulli’s solution of one 
of the cases, and he now adds a solution of the other case, which 
agre^ with James Bernoulli’s solution for that case. 

Thus in fact Fuss would have spared his two papers if he 
had consulted James Bernoulli’s own work at the outset. We may 
observe that Fuss uses the Lemma given by De Moivre on his 
page 39, but Fuss does not refer to any previous writer for it ; 
see Art. 149. 
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CONDORCET. 

657. CoKDORCET was born in 1743 and died in 1794. He 
wrote a work connected witb our subject, and also a memoir. It 
will be convenient to examine the work first, although part of the 
memoir really preceded it in order of time. 

658. The work is entitled Essai sur VappUcation de Vanalyse 
la prohahilite des decisions r endues ct la pluralite des voix. Par 

M. Le Marquis de Oondorcet ..•Vms 1785. 

This work is in quarto ; it consists of a Biscours PrSliminaire 
which occupies CXCI. pages, and of the Essai itself which occupies 
304 pages. 

659. The object of the Preliminary Discourse is to give the 
results of the mathematical investigations in a form which may he 
intelligible to those who are not mathematicians. It commences 
thus : 

Tin grand homme, dont je regretterai tonjours les legons, les exem- 
ples, et sur-toTit Famitil, 6toit persuade que les verit^s des Sciences 
morales et pohtiques, sent susceptibles de la m6me certitude que celles 
qui forment le syst^me des Sciences physiques, et m^me que les branches 
de ces Sciences qui, comme TAstronomie, paroissent approcher de la 
certitude math€matiqua 

Cette opinion lui 6toit ch^re, parce qu’elle conduit il I’esp^rance con- 
solante que lespece humaine fera n^cessairement des progr^ vers le 
bonheur et la perfection, comme elle en a fait dans la connoissance de ia 
v6rit6. 

CT^toit pour lui que j’avois entrepris oet ouvrage 
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The great man to whom Condorcet here refers is named in 
a note ; it is Turgot. 

Condorcet himself perished a victim of the French Eevolution, 
and it is to be presumed that he must have renounced the faith 
here expressed in the necessary process of the human race to- 
wards happiness and perfection. 

660. Condorcet’s Essai is divided into five parts. 

The Discours PrelimvnaAre, after briefly expounding the funda- 
mental principles of the Theory of Probability, proceeds to give 
in order an account of the results obtained in the five parts of 
the Essai. 

We must state at once that Condorcet’s work is excessively 
difficult ; the difficulty does not lie in the mathematical investi- 
gations, but in the expressions which are employed to introduce 
these investigations and to state their results : it is in many cases 
abnost impossible to discover what Condorcet means to say. The 
obscurity and self contradiction are without any parallel, so far as 
our experience of mathematical works extends ; some examples 
wiU be given in the course of our analysis, but no amount of 
examples can convey an adequate impression of the extent of 
the evils. We believe that the work has been very little studied, 
for we have not observed any recognition of the repulsive peculi- 
arities by which it is so undesirably distinguished. 

661. The Preliminary Discourse begins with a brief exposition 
of the fundamental principles of the Theory of Probability, in 
the course of which an interesting point is raised. After giving 
the mathematical definition of probability, Condorcet proposes to 
shew that it is consistent with ordinary notions ; or in other words, 
that the mathematical measure of probability is an accurate 
measure of our degree of belief. See his page vii. XJnfortunately 
he is extremely obscure in his discussion of the point. 

We shall not delay on the Preliminary Discourse, because it 
is little more than a statement of the results obtained in the 
Essay. 

The Preliminary Discourse is in fact superfluous to any person 
who is sufficiently acquainted with Mathematics to study the 
Essay, and it would be scarcely intelligible to any other person. 
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For in general when we have no mathematical symbols to guide 
us in discovering Condorcet’s meaning, the attempt is nearly 
hopeless. 

We proceed then to analyse the Essay. 


662. Condorcet’s first part is divided into eleven sections, 
devoted to the examination of as many Hypotheses; this part 
occupies pages 1 — 136. 

We will consider Condorcet’s first Hypothesis. 

Let there be 2^ -}- 1 voters who are supposed exactly alike as to 
judgment ; let v be the probabihty that a voter decides correctly, 
e the probability that he decides incorrectly, so that i? + e = 1 : 
required the probability that there will be a majority in favour 
of the correct decision of a question submitted to the voters. We 
may observe, that the letters v and e are chosen from commencing 
the words write and erreur. 

The required probability is found by expanding + by 
the Binomial Theorem, and taking the terms from to that 
which involves both inclusive. Two peculiarities in Con- 

dorcet's notation may here be noticed. He denotes the required 
probability by this is very inconvenient because this symbol 
has universally another meaning, namely it denotes F raised to 

the power a. He uses — to d^ote the coefficient of in 

^ m 

the expansion of {v + ey; this also is very inconvenient bec^uj^ 

the symbol ~ has universally another meaning, namely it denotes 

a fraction in which the numerator is n and the denominator is m. 
It is not desirable to follow Condorcet in these two innovations. 

We will denote the probability required by (g) ; thus 

(^) = +(22 + l)v^e + + 6 ^ + . . . 




\M±L 

g + ^ [g 


663. The expression for <f> (q) is transformed by Condorcet 
into a shape more convenient for his purpose; and this trans- 
formation we will now give. Let <j>(y[ + l) denote what jy (§) 

23 
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becomes wben <1 is changed into J d- 1, that is let (l>(q + l) denote 
the probability that there will be a majority in favour of a correct 
decision when the question is submitted to 2^' + 3 voters. There- 
fore 






(2q + 3) (2q + 2) 
1.2 


Since v + e=l we have 




[ 2y 4 - 3 
k + 2 |9'-h i 




cj> (q) = (v + ey ^ (q). 


Thus ^ + 1) - ^ (^) = ^ (^ + 1) - (v + ey(f>(q). 

Now ^ 4- 1) consists of certain terms in the expansion of 

{v -f e)^, and <f) (q) consists of certain terms in the expansion of 
(©4-6)^^; so we may anticipate that in the development of 
^ (2 + 1) — (t? 4- ey <!> ( 2 ) very few terms will remain uncancelled. 
In fact it will be easily found that 


(2 + 1) - <^ (?) = - 1 


ll+l ^ 

(22 + 1 


L^g+1 . 

l+iL2 


(v — e) 


[l±l L£ 

Hence we deduce 

<i>(s) = v + (v-e) |7)e + |®V+ + 

2g-l 


( 1 ). 


...+ 


|g l2- 1 


( 2 ). 


664 The result given in equation (2) is the transformation 
to which we alluded. We may observe that throughout the first 
part of his Essay, Condorcet repeatedly uses the method of trans- 
formation just exemplified, and it also appears elsewhere in the 
Essay ; it is in fact the chief mathematical instrument which 
he employs. 

It will be observed that we assumed v-\-e = l in order to 
obtain equation (2). We may however obtain a result analogous 
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to (2) which shall he identically true, whatever v and e may be. 
We have only to replace the left-hand member of (1) by 

^(2' + l)-(u + e)Xg), 
and we can then deduce 

+ ( 2 ^ + 1 ) ^ 


•• + , 


[l3±l 
1±1 Li 

3 


= t) (v + e)^ + (u — e) |t)e (v + e)°^ + ^ (v + 

+ («+ e)^+ ... + . 

This is identically true; if we suppose v-Ae=l, we have the 
equation (2). 


665. We resume the consideration of the equation (2). 
Suppose V greater than e ; then we shall find that ^ (g) = 1 
when j is infinite. For it may be shewn that the series in powers 
of ve which occurs in (2) arises from expanding 

in powers of t?e as far as the term which involves Thus wheu 
^ is infinite, we have 

<^(2) = « + («-e)|-| + J(l - 4®e)-4|- . 

Now 1 — = (t? -h cf — = (z? — e)®. Therefore when y is 

infinite 

<j,{q)=v + {v-e) |-|+2(/_e)} 

!= u + e = 1. 

The assumption that v is greater than e is introduced- when 
we put t> — « for (1 — 4re)i 


23—2 
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Thus we have the following result in the Theory of Probability : 
if the probability of a correct decision is the same for every voter 
and is greater than the probability of an incorrect decision, then 
the probability that the decision of the majority will be correct 
becomes indefinitely nearly equal to unity by sufficiently in- 
creasing the number of voters. 

It need hardly be observed that practically the hypotheses on 
which the preceding conclusion rests cannot be realised, so that 
the result has very little value. Some important remarks on the 
subject will be found in Mill’s Logic, 1862, Vol. ii. pages 65, 66, 
where he speaks of misapplications of the calculus of probabihties 
which have made it the real opprobrium of mathematics.” 


666. We again return to the equation (2) of Art. 663. 

If we denote by ^ (^) the probabihty that there will be a 
majority in favour of an incorrect decision, we can obtain the 
value of (g) from that of (j> (q) by interchanging e and v. 

We have also <f> (g) = 1. 

Of course i£ v = e we have obviously (l>(q) (q), for all 

values of q ; the truth of this result when q is infinite is esta- 
blished by Condorcet in a curious way ; see his page 10. 


667. We have hitherto spoken of the probability that the 
decision will be correct, that is we have supposed that the result 
of the voting is not yet known. 

But now suppose we know that a decision has ieen given and 
that m voters voted for that decision and n against it, so that m 
is greater than n. We ask, what is the probability that the de- 
cision is correct ? Condorcet says briefly that the number of com- 
binations in fe,vour of the truth is expressed by 


|jg±l 

\m[n 


V e , 


and the number in favour of error by 


12 ^ + 1 
7 . 

\m\n- 

Thus the probabilities of the correctness and incorrectness of the 
decision are respectively 
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3ee Ids page 10. 

668. The student of Oondorcet’s work must carefully dis- 
binguish between the probability of the correctness of a decision 
that has been given when we know the numbers for and against, 
and the probability when we do not know these numbers. Oon- 
dorcet sometimes leaves it to be gathered from the context which 
he is considering. For example, in his Preliminary Discourse 
page XXJII. he begins his account of his first Hypothesis thus ; 

Je consid^re d’abord le cas le plus simple, celui ou le nombre des 
Yotans 4taut impair, on prononce simplement I, la plurality. 

Dans ce cas, la probability de ne pas avoir une decision fe,usse, celle 
d’avoir une dycision vraie, celle que la dycision rendiie est conforme a la 
vyrity, sont les mymes, puisqu’il ne pent y avoir de cas ou il n"y ait 
]ms de dycision. 

Here, although Condorcet does not say so, the words ceUe que 
la decision rendue est conforme ct la verity mean that we know 
the decision has been given, but we do not know the numbers 
for and against. For, as we have just seen, in the Essay Con- 
dorcet takes the case in which we do know the numbers for and 
against, and then the probability is not the same as that of ike 
correctness of a decision not yet given. Thus, in short, in the 
Preliminary Discourse Condorcet does not say which case he 
and he really takes the case which he does not consider in the 
Essay, excluding the case which he does consider in the Ifesay; 
that is, he takes the case which he might most naturally have 
been supposed not to have taken. 

669. We will now proceed to Condorcet’s second Hypothesis 
out of his eleven ; see his page 14. 

Suppose, as before, that there are 2^" -1- 1 voters, and that a 
certain plurality of votes is required in order that the decidon 
should be valid ; let + 1 denote this plurality. 

Let (f> {q) denote the terms obtained from the expmsion of 
{v-hey^\ from to the term which involves ho& 

iuclusive. Let ^(f) he formed from <f> (f) by mterchanging e 
and t?- 
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Then (^) is the prebability that there will be a valid 

decision, <f> {q) is the probability that there will be a valid and 
correct decision, and {q) is the probability that there wall be a 
valid and incorrect decision. Moreover 1 — (S') is the probability 

that there will not be an incorrect decision, and 1 — <j> (q) is the 
probability that there will not be a correct decision. 

It will be observed that here (q) is not equal to unity. 

In fact 1 —<j> (q) —'sjr (q) consists of aU the terms in the expansion 
of {v + lying between those which involve and 

^-2 exclusive. Thus 1 — (j> (q) — 'yjr (q) is the probability 

that the decision will be invalid for want of the prescribed 
plurality. 

It is shewn by Condorcet that if v is greater than e the 
limit ef (p (q) when q increases indefinitely is unity. See his 
pages 19 — 21. 

Suj^se we know that a valid decision has been given, 
but do not kiK)w the numbers for and against. Then the pro- 

babilitY that the decision is correct is ■ > and the pro- 

bability that it is incorrect is ~ . 

Suppose we know that a valid decision has been given, and 
also know the numbers for and against. Then the probabilities 
of the correctness and incorrectness of the decision are those which 
have been stated in Art. 667. 

671. We win now indicate what Condorcet appears to mean 
by the principal conditions which ought to be secured in a de- 
cision ^ they are : 

1, That an incorrect decision shaH not be given; that is 

1 — (^) must be large. 

2. That a correct decision shall be given ; that is <p (q) must 
be large. 

8. That there shall be a valid decision, correct or incorrect ; 
that is (f> (q) -h '\lr (q) must be large. 

4. That a valid decision which has been given is correct. 
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supposing the numbers for and against not to be known ; that is 




■ must be large. 


4>(q)+i^ (?) 

5. That a valid decision which has been given is correct, 
supposing the numbers for and against to be known; that is 
v'^e^ 

n must be large, even when m and ?2 are such as to 

give it the least value of which it is susceptible. 

These appear to he what Condorcet means by the principal 
conditions, and which, in his usual fluctuating manner, he calls 
in various places five conditions, four conditions, and two con- 
ditions. See his pages xviii, xxxi, lxix. 


672. Before leaving Condorcet’s second Hypothesis we will 
make one remark. On his page 17 he requires the following 
result, 


1 ^ 4 . +3) (n + 2) 

{i+v(i-4^)rv(i"4^) ^ 1 1.2 




[ 91 + 2 y -- 1 

[L I ^ 1 




On his page 18 he gives two ingenious methods by which the 
result may be obtained indirectly. It may however be obtained 
directly in various ways. For example, take a' formula which may 
be established by the Differential Calculus for the expansion of 
{1 -h V(1 — m powers of z, and differentiate with respect 

to z, and put — 2 for m. 

673- Condorcet’s third Hypothesis is similar to his second ; 
the only difference is that he here supposes 2q voters, and that 
a plurality of 2q is required for a valid decision. 


674 In his fourth, fifth, and sixth Hypotheses Condorcet 
supposes that a plurality is required which is proportional, or 
nearly so, to the whole number of voters. We will state the 
resulis obtained in one case. Suppose we require that at least 
two-thirds of the whole number of voters shall concur in order 
that the decision may be valid. Let n represent the whole num- 
ber of voters ; let (f) (n) represent the probability that there will 
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be a valid aod correct decisiori, and '^(n) tbe probability tkat 

there will be a valid and incorrect decision ; let v and e have the 

same meaning as in Art. 662. Then, when n is infinite, if t? is 

2 , . 2 
greater than ^ we have ^ (w) = 1, if v is less than ^ we have 

2 

ip(n)=0; and similarly if e is greater than ^ , that is if is 
less than ^ , we have (n) = 1, and if e is less than ^ , that is 
if 2 ? is greater than | , we have (n) = 0. 


We shall not stop to give Condorcet's own demonstrations of 
these results ; it will be sufficient to indicate how they may be 
derived from BemovlWs Theorem; see Art. 123. We know from 
this theorem that when n is very large, the terms which are in 
the neighbourhood of the greatest term of the expansion of 
{v + eY overbalance the rest of the terms. Now (p (n) consists of 
the first third of all the terms of {v -f e)”, and thus if -y is greater 


than g the greatest term 


is included within 0 (w), and therefore 


^ (w) = 1 ultimately. 

Ihe same considerations shew that when y = , we have 

1 ^ 

^ (m) = ^ ultimately. 


675. Condorcet’s seventh and eighth Hypotheses are thus 
described by himself, on his page xxxiri : 

La septi^me hypoth^e est celle oh Ton renvoie la dScisiou h un autre 
si la pluralite exigle u’a pas lieu. 

Hans la huiti^me hypoth^, on suppose que si Tassembl^e n^a pas 
rendu sa premiere decision h la pluralite exig6e, on prend une seconde 
fois les avi% ^ ainsi de suite, jusqu’^ ce que Ton obtienne cette plurality 

These two E^j?potheses give rise to very brief discussions in the 
Ifesay. 

676. Lhe ninth Hypothesis relates to the decisions formed 
hy various systems of combined tribunals. Condorcet commences 
it thus on his page 57 ; 
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Jusqu’ici nous avons suppose un sen! Tribunal ; dans plusieurs pays 
cependant on fait juger la m^me affaire par plusieurs Tribunaux, ou 
plusieurs fois par le meme, mais d’apris une nouvelle instruction, jus- 
qu’sL ce qu’on ait obtenu un certain nombre de decisions conformes. 
Cette bypotblse se subdivise en plusieurs cas diderens que nous allons 
examiner s^par6nient. En edet, on pent exiger, 1^, Tunanimit^ de ces 
decisions ; 2°, une certaine loi de plurality, form6e ou par un nombre 
absolu, ou par un nombre proportionnel au nombre des decisions 
prises ; 3° un certain nombre consecutif de decisions conformes. Quand 
la forme des Tribunaux est telle, que la decision pent ^fcre nuUe, comme 
dans la septi^me bypotb^e, il faut avoir 4gard aux decisions nulles. 
Endn il dtut examiner ces diffirens cas, en supposant le nombre de ces 
decisions success! ves, ou comme d6terniin6, ou comme indedni. 

677. The rdntb Hypothesis extends over pages 57 — 86; it 
appears to have been considered of great importance by Condorcet 
h i mself. We shall give some detail respecting one very in- 
teresting case which is discussed. This case Condorcet gives on 
pages 73 — 86. Condorcet is examining the probability of the 
correctness of a decision which has been confirmed in succession 
by an assigned number of tribunals out of a series to which the 
question has been referred. The essential part of the discussion 
consists in the solution of two problems which we will now enun- 
ciate. Suppose that the probabiKty of the happening of an event 
in a single trial is v, and the probability of its failing is e, required, 
1st the probability that in r trials the event will happen p times 
in succession, 2nd the probability that in r trials the event will 
happen times in succession 'before it fails p times in succession. 

It is the second of these problems which Condorcet wishes 
to apply, but he finds it convenient to begin with the solution 
of the first, which is much the simpler, and which, as we have 
seen, in Art 325, had engaged the attention of De Moivre. 

678. We have already solved the first problem, in Art 325, 
but it will be convenient to give another solution. 

Let <f> (r) denote the probability that in r trials the event will 
happen p times in succession. Then we shall have 

■ ^ (r) (r ~p) (r — + ... 

... (r— 2) 4- (r— 1) (IX. 
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To shew the tnith of this equation we observe that in the 
first p trials the following jp cases may arise ; the event may 
happen p times in succession, or it may happen p — 1 times in 
succession and then fail, or it may happen p ~ 2 times in succes- 
sion and then fail, , or it may fail at the first trial. The 

probabilities arising from all these cases is ^ (r). 
The probability from the first case is v^. The probability from 
the second case is e cf> (r — j?) : for v^~'^ e is the probability that 
the event will happen p - 1 times in succession, and then fail ; 
and <j>(r—p) is the probability that the event will happen p 
times in succession in the course of the remaining r— jt? trials. 
In a similar way the term ^ (r -f 1) is accounted for ; and 
so on. Thus the truth of equation (1) is established. 

679. The equation (1) is an equation in Finite Differences ; 
its solution is ^ 

4 > W = 0^^;+ o^;+... + G,y;+ o (2). 

Here C^, O^, ... are arbitrary constants ; y^, ... are the 

roots of the following equation in y, 

f = iT^y + + +f-^) (3) j 

and (7 is to be found from the equation 

0=v^ + e(v^-^ + v’’'^+ ... + V + 1) G, 

"f P 

that is + 

1 — 2; ’ 

and as c = 1 — t? we obtain (7=1. 

We proceed to examine equation (3). Put 1-v for e, and 
asssume v = - ; thus 

3(1-2') 

= -Tr~ (4). 

We shall shew that the real roots of equation (3) are nu- 
merically less than unity, and so also are the moduli of the im- 
agmary roots; that is, we shall shew that the real roots of 
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equation (4) are numerically greater than v, and so also are the 
moduli of the imaginaiy roots. 

We know that v is less than unity. Hence from (4) if ^ he 
real and positive it must he greater than v. For if ^ be less than 

^ ‘ ^ an(j d fortiori is less 


V, then 


1-z 


is less than 




V 

than ^ . If ^ be negative in (4) we must have 1 — nega- 
tive, so that j? must be even, and z numerically greater than unity, 
and therefore numerically greater than v. Thus the real roots of 
(4) must be numerically greater than 
Again, we may put (4) in the form 

+ = + ... + 2 ^ .( 5 ). 

Now suppose that z is an imaginary quantity, say 
z = Jc (cos 6 + sin ff) ; 

then if A; is not greater than v, we see by aid of the theorem 
z^ = W (cos -f V— 1 sin n6). 


that the real terms on the right-hand side of (5) will form an 
aggregate less than the left-hand side. Thus h must be greater 
than V, 

After what we have demonstrated respecting the values of the 
roots of (3), it follows from (a) that when r is infinite <f> (r) == 1. 


680. We proceed to the second problem. 

Let ^ (r) now denote the probability that in r trials the event 
will happen p times in succession before it fails p times in suc- 
cession. 

Let '\{r(n) denote the probability that the event will happen 
p tim^ in succession before it fails p times in succession, supposing 
thcd one trial has just been made in which the event failed, and that 
n trials remain to be made. 

Then instead of equation (1) we shall now obtain 

^(r) + e^fr {r-p + 1) ... 

...+ve^ (r — 2) +e^(r--l) ... (6). 

This equation is demonstrated in the same manner as (1) was. 
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We tave now to shew the connexion between the functions 
i}> and ^ ; it is determined by the following relation ; 

( 72 ) = ^ (n) — {<j> (n—p +l)—e^{r (n -^)} (7), 

To shew the truth of this relation we observe that ^|r (n) is 
less than ^ (n) for the following reason, and for that alone. If the 
one failure had not taken place there might be ^ — 1 failures in 
succession, and there would stiU remain some chance of the 
happening of the event p times in succession before its failing 
p times in succession ; since the one failure has taken place this 
chance is lost. The corresponding probability is 

{n — jp + 1) — eyfr (71 —p)}. 

The meaning of the factor is obvious, so that we need only 
explain the meaning of the other factor. And it will be seen 
that <l>(n — p-{-l) — e^{n—p) expresses the probability of the 
desired result in the n—p-\-l trials which remain to be made; 
for here the rejected part €^{ 71 — p) is that part which would 
coexist with failure in the first of these remaining trials, which 
part would of course not be available when p — 1 failures had 
already taken place. 

Thus we may consider that (7) is established. 

In (6) change r into r^p; therefore 

<}) (r^p) = + (p— 2p) + (r — + 1) + ... 

... + ve^ (r — jp — 2) + (r — 1) (8). 

Now multiply (8) by and subtract the result from (6), ob- 
serving that by (7) we have 

^ (n) — e^^jr(n —p) — <f> (n —p -f 1) ; 

thus we obtain 

<j> (r) — <f) (r — jp) = — eV 

+ e {<f> (r —j?) — ^ (r ~ 2p + 1)} 

+ v^e {(f>{r-p + l) (r-2p + 2)} 

+ ... 

+ e{<f>ir^l)-^^^<f>{r^p)} ( 9 ). 

681. The equation in Finite Differences which we have just 
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obtained may be solved in tbe ordinary way ; we shall not how- 
ever proceed with it. 

One case of interest may be noticed. Suppose r infinite ; then 
^ (r — 2p + 1), . . . will all be equal Thus we can obtain 

the probability that the event will happen p times in succession 
before it fails p times in succession in an indefinite number of 
trials. Let V denote this probability ; then we have from (9), 

F (1 - 6^) = ^ (1 - + e F (t? + . . . + + 1) 

- + .. . + + 1 ). 


Hence after reduction we obtain 


F= 


(1 „ e^) 


( 10 ). 


682. The problems which we have thus solved are solved by 
Laplace, TMorie,,.des ProK pages 247 — 251. In the solution 
we have given we have followed Condorcet’s guidance, with some 
deviations however which we will now indicate ; our remarks will 
serve as additional evidence of the obscurity which we attribute 
to Oondorcet. 

Our original equation (1) is given by Oondorcet ; his demon- 
stration consists merely in pointing out the following identity ; 

{v + eY {v+e)'^ + {v + e)^ + {v + 

... +v^e {v + eY'^ + ve {v + e)'^'he {v+eY''\ 

He arrives at an equation which coincides with (4). He shews 
that the real roots must be numerically greater than v ; but with 
respect to the imaginary roots he infers that the moduli cannot 
be greater than unity, because if they were <j> (r) would be infinite 
when r is infinite. 

We may add that Oondorcet shews that (4) has no root whici 
is a simple imaginary quantity, that is of the form a V— 1. 

K in our equation (7) we substitute successively for 'yjr in terms 
of <p we obtain 

W == ^ (r) - 6^^ {(j> {r -j? + 1) - e<j> {r-p)} 

— (r — 4“ 1) — (r — 2p)} 

— {(j) (r — 3jp + 1) — e(j> {r — Sp)} 
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On Hs page 75 Condorcet gives an equivalent result withoui 
explicitly using (7) ; but be affords very little belp in establish- 
ing it. 

Let X W denote wbat (r) becomes when v and e are inter- 
changed ; that is let x (t) denote the probability that in r trials 
the event will fail 'p times in succession before it happens p times 
in succession. 

Let E denote the value of x W when r is infinite. Then we 
can deduce the value of E from that of V by interchanging v and 
e ; and we shall have F-{- = 1, as we might anticipate from the 

result at the end of Art. 679. 

Condorcet says that we shall have 

F= + e + ...-f v^f 

+ e\f, 

where f is une fonction semblahle de v et de e. 

Thus it would appear that he had some way of arriving at 
these results less simple than that which we have employed ; for 
in our way we assign F and E definitely. 

It will be seen that 

F_ 1 — 

and this is less than — if be greater than e. 


We have then two results, namely 
<f> {p) __ V 

the first of these results is obvious and the second has just been 
demonstrated. From these two results Condorcet seems to draw 

the inference that — ■ continually diminishes as r increases ; see 

his page 78. The statement thus made may be true but it is not 
demonstrated. 

Condorcet says on his page 78, La probability en g^n^ral que 
la decision sera en favour de la verity, sera exprim^e par 

v^{l-v) (l~e^) 

(1 — e) — ’ 
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This is not true. In fact Condorcet gives ~ for the probability 

when he ought to give that is V, 

Condorcet says on the same page, Le cas le plus favorable est 
celui oh Ton aura d’abord p decisions consdcutives, sans aucun 
melange. It would be difficult from the words used by Condorcet 
to determine what he means ; but by the aid of some symbolical 
expressions which follow we can restore the meaning. Hitherto 
he has been estimating the probability before the trial is made ; 
but he now takes a different position altogether. Suppose we are 
told that a question has been submitted to a series of tribunals, and 
that at last p opinions in succession on the same side have been 
obtained ; we are also told the opinion of every tribunal to which 
the question was submitted, and we wish to estimate the pro- 
bability that the decision is correct. Condorcet then means to 
say that the highest probability will be when the first p tribunals 
all concurred in opinion. 

Condorcet continues, S’il y a quelque melange dans le cas de 

P — % il est clair que le cas le plus d^favorable sera celui 

de toutes les valeurs paires de r, oh le rapport des probabihtfe 
e v 

est -y . - = - . Let us examine this. 
eve 

Suppose that p = 2. Suppose we are told that a decision has 
been obtained after an odd number of trials ; then we estimate the 

probability of the correctness of the decision at — ^ . For sup- 

v~\-e ^ 

pose, for example, that there were five trials. The probabihties of the 
correctness and of the incorrectness of the decision are proportional 
respectively to evev^ and veve^, that is to v and e. On the other 
hand, suppose we are told that the decision has been obtained after 
an emn number of trials ; then in the same way we shall find that 
the probabihties of the correctness and of the incorrectness of the 
decision are proportional respectively to and e^. Thus the 

probabihty of the correctness of the decision is 5 ; and this 


V 

is greater than , assuming that v is greater than e. Thus 
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we see tlie meaning wMcli Condorcet should have expressed, and 
although it is almost superfluous to attempt to correct what is 
nearly unintelligible, it would seem that paires should be changed 
to impaires. 

683. Condorcet’s problem may be generalised. We may ask 
what is the probability that in r trials the event will happen 
p times in succession before it fails g times in succession. In this 
case instead of (7) we shall have 

'\lr(n) = (j) ip) — 6^^ (w — ^ -f 1) — — g)]) 

instead of (9) we shall have 

(f>{r)-e^^(r-g)=v^ (l-a«) 

+ e -p) - (f> {r — p — g + 1)} 

[r-p — g+2)] 

+ ... 

-f e (r- 1) - ^ 2)}> 

and instead of (10) we shall have 

T7- 

684. We will introduce here two remarks relating to that 
part of Condorcet’s Preliminary Discourse which bears on his' 
ninth Hypothesis. 

On page xxxvi. he says, 

...c’est qu’en supposaut que Ton connoisse le nombre des decisions 
et la plurality de chacune, on pent avoir la somme des pluralit^s obte- 
nu^ centre Topinion qui I’emporte, plus grande que celle des pluralit^s 
oonfonnes K oet avis. 

This is a specimen of a kind of illogical expression which is 
not uncommon in Condorcet He seems to imply that 1iie result 
depends on our knowing something, whereas the result might 
happen quite independently of our knowledge. If he will begin 
his sentence as he does, his conclusion ought to be that we may 
have a certain result and know that we have it 

On page XXXYIL he alludes to a case which is not discussed 
in the Essay. Suppose that a question is submitted to a series 
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of tribunals until a certain number of opinions in succession on 
the same side has been obtained, the opinions of those tribunab 
being disregarded in which a specified plurality did not concur. 
Let V be the probability of an opinion for one alternative of the 
question, which we will call the aflfiimative; let e be the proba- 
bility of an opinion for the negative ; and let 2 ; be the probability 
that the opinion will have to be disregarded for want of the re- 
quisite plurality. Thus -f- e 4- ^ = 1. Let r be the number of 
opinions on the same side required, the number of tribunals. 
Suppose (v + to be expanded, and let all the terms be taken 
between and t;** both inclusive ; denote the aggregate by ^ (t?). 
Let ^ (e) be formed from ^ (v) by putting e for v. Then (f> {v) is 
the probability that there will be a decision in the affirmative, 
and <p (e) is the probability that there will be a decision in the 
negative. But, as we have said, Condorcet does not discuss the 
case. 

685. Hitherto Condorcet has always supposed that each voter 
had only two alternatives presented to him, that is the voter had 
a proposition and its contradictory to choose between ; Condorcet 
now proposes to consider cases in which more than two propo- 
sitions are submitted to the voters. He says on his page 86 that 
there will be three Hypotheses to examine ; but he really arranges 
the rest of this part of his Essay under tvM) Hypotheses, namely the 
tenth on pages 86 — 94, and the eleventh on pages 95 — 136. 

686. Condorcet’s tenth Hypothesis is thus given on his 
page xxii : 

...ceUe ou Ton suppose que les Yotans peuvent non-seulement voter 
pour ou contre une proposition, mais aussi declarer qu’ils ne se croient 
pas assez instruits pour prononoer. 

The pages 89 — 94 seem even more than commonly obscure. 

687. On his page 94 Condorcet begins his eleventh Hypo- 
thesis. Suppose that there are 6^ 4- 1 voters and that there are 
three propositions, one or other of which each voter affirms. Let 
v, e, i denote the probabilities that each voter will affirm these 
three propositions respectively, so that v + 6 4- f = 1. Condorcet 
indicates various problems for consideration. We may for example 
suppose that three persons A, B, G are candidates for an office^ 

24 
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and that v, e, i are the probabilities that a voter will vote for A, B, 0 
respectively. Since there are 6^ + 1 voters the three candidates 
cannot be bracketed, but any two of them may be bracketed. We 
may consider three problems. 

1. Find the probability that neither B nor 0 stands singly at 
the head. 

n. Find the probability that neither B nor 0 is hefore A, 

IIL Find the probability that A stands singly at the head. 

These three probabilities are in descending order of magnitude. 
In III we have all the cases in which A decisively beats his two 
opponents. In II. we have, in addition to the cases in III., those 
in which A is bracketed with one opponent and beats the other. 
In I. we have, in addition to the cases in II., those in which A is 
beaten by both his opponents, who are themselves bracketed, so 
that neither of the two beats the other. 

Suppose for example that q = l. We may expand (v-\-e + 
and pick out the terms which will constitute the solution of each 
of our problems. 

For III. we shall have 

+ 7v^ (e + 0 + 21v^ (e + iy + S5v^ (e + if + S5v^ 6eV. 

For II. we shall have in addition to these 
S5v^ (4e\' + 4ieP). 

For I. we shall have in addition to the terms in II. 

7v 20eHK 

These three problems Condorcet briefly considers. He denotes 
the probabilities respectively by W% W/, and TF'®. It will scarcely 
be believed that he immediately proceeds to a fourth problem in 
which he denotes the probability by W/^, which is nothing but the 
second problem over again. Such however is the fact. His enun- 
ciations appear to be so obscure as even to have misled himself. 
But it .will be seen on examination that his second and fourth 
problems are identical, and the final expressions which he gives 
for the probabilities agree, after allowing for some misprints. 
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688. It may be interesting to give Cordorcet’s own enun- 
ciations. 

I. ...soit la probabilite que ni 6 ni ^ n’obtiendront sur les deux 
autres opinions la pluralite, . . . page 95. 

II. . . . W/ exprimant la probability que e et i n’ont pas sur v la 
plurality exig^e, sans qu’il soit nycessaire, pour rejeter iin terine, que 
Tun des deux ait cette plurality sur Tautre,... page 100, 

III. . . . c’est-^-dire, la probability que v obtiendra sur ^ et e la 
plurality exigeej... page 102. 

rV*. c’est-£L-dire, la probability que v surpassera un des 

deux i ou e, et pourra cependant etre ygal ^ Tautre,... page 102. 

Of these enunciations I., Ill, and IV. present no difficulty; 
II. is obscure in itself and is rendered more so by the fact that 
we naturally suppose at first that it ought not to mean the same 
as IV. But, as we have said, the same meaning is to be given 
to II. as to rV. 

Before Condorcet takes these problems individually he thus 
states them together on his page 95 : 

...nous chercherons la probability pour un nombre donny de Votans, 
ou que ni e ni ne I’emportent sur -z? d’une plurality exigye, ou que e et i 
I’emportent chacun sur v de cette pluralite sans I’emporter Tun sur 
I’autre, ou enfin que v Teniporte I, la fois sur e et sur { de cette plurality. 

Thus he seems to contemplate three problems. The last clatts© 
ou enfin pluraliU gives the enunciation of the third problem 
distinctly. The clause ou que ni...^gee may perhaps be taken 
as the enunciation of the second problem. The clause ou gue ••• 
Vautre will then be the enunciation of the first problem. 

In the Preliminary Discourse the problems are stated together 
in the following, words on page XLiv : 

...qu’on cherche...ou la probability d’avoir la plurality d'un avis sur 
les deux,..., ou la probability que, soit les deux autres, soit un seul des 
deux, hauront pas la plurality 

In these words the problems are enunciated in the order 
HI., II., I. ; and knowing what the problems are we can see that 
the words are not inapplicable. But if we had no other way of 
testing the meaning we might have felt uncertain as to what 
problems II. andX were to be. 


24—2 
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689. Condorcet does not discuss these problems with much 
detail. He gives some general considerations with the view of 
shewing how what he denotes by may be derived from JV^; 
but he does not definitely work out his suggestions. 

We wifi here establish some results which hold when the 
number of voters is infinite. 

We will first shew that when ^ is infinite W/ is equal to unity, 
provided that v is greater than either e or z\ Suppose 
expanded in the form 

(v + + (62 + 1) (^; + e)‘^t+ + 


+ JML 


••• 


Now take the last term which we have here exphcitly given, 
and pick out from it the part which it contributes to Wf, 


We have {v + 


Expand ^ 

(v + e v + e^ 


V 


v + e V -j- e 


e 

v-j-e) 


as far as the term which involves 

\ 2g+i . . 

— j , and denote the sum by /(^, . Then finally 

the part which we have to pick out is 


in ffJH 

1 4j^+l [ 2q • \v + e' v + ej' 

Now if i) be greater than e, then f(-^, — is equal ta 

Vv 4- e v + ej ^ 


mity when 2 is infinite, as we have already shewn ; see Axt. 665. 

Hence we see that when q is infinite the value of W/ is the 
limit of 


(® + + (62 + !)(« + {+ + (v + 6)*^* + 

Now we are at liberty to suppose that { is not greater than e, 
and then v + e is greater than 2f; so that v + e must be greater 
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than g . Hence by Art. 674i the value of W/ will be unity when 
q is infinite. 

Let cf) (v, e{) stand for where we mean by our notation to 
draw attention to the fact that W/ is a symmetrical function of e 
and {, We have then the following result strictly true, 

^ {Vy ei) + ^ (< 3 , vi) + ^ {i, ev) = 1. 


Now suppose q infinite. Let v be greater than e or then as 
we have just shewn <j> {v, ei) = 1, and therefore each of the other 
functions in the above equation is zero. Thus, in fact, <f> {x, yz) 
vanishes if x be less than y or and is equal to unity if ^ be 
greater than loth y and z. 

Next suppose -y = 6, and i less than v or e. By what we have 
just seen j) (f, ev) vanishes ; and {v, ei) = <}> {e, vi), so that each 


of them is 


1 

2 * 


Lastly, suppose that v = e = i Then 

(j> {v, ei) = <f> {e, vi) = j> {i, ev ) ; 

hence each of them is 


We may readily admit that when q is infinite and 
are each equal to TF/ ; thus the results which we have obtained 
with respect to Problem IL of Art 687 will also apply to Problems 
I. and in. 

Oondorcet gives these results, though not clearly. He estab- 
lishes them for without using the fundamental equation we 
have used. He says the same values will be obtained by examining 
the formula for F/®. He proceeds thus on his page 104 : Si 
maintenant nous cherchons la valeur de W\ nous trouverons que 
est ^gal h. Tunit^ moins la somme des valeurs de oh Ton 
auroit mis v pour e, et rdciproquement y pour i, et r^ciproquement. 
The words after are not intelligible ; but it would seem that 
Oondorcet has in view such a fundamental equation as that we 
have used, put in the form 

<f> (v, ei) = 1 — ^ (c, vi) — <jf) (i, ev). 

But such an equation will not be true except on the assumptian 
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that and are equal toF/ ultimately; and on this assump- 
tion we have the required results at once without the five lines 
which Condorcet gives after the sentence we have just quoted. 

690. In the course of his eleventh Hypothesis Condorcet 
examines the propriety of the ordinary mode of electing a person 
by votes out of three or more candidates. Take the following 
example ; see his page LVIII. 

Suppose A, B, G are the candidates ; and that out of 60 votes 
23 are given for Aj 19 for B, and 18 for (7. Then A is elected 
according to ordinary method. 

But Condorcet says that this is not necessarily satisfactory. For 
suppose that the 23 who voted for A would all consider G better 
than B ; and suppose that the 19 who voted for B would all con- 
sider G better than A ; and suppose that of the 18 who voted for 
0, 16 would prefer B to A, and 2 would prefer A to B. Then on 
the whole Condorcet gets the following result. 

The two propositions in favour of G are G is better than A, 
O is better than B, 

The first of these has a majority of 37 to 23, and the second 
a majority of 41 to 19. 

The two propositions in favour of B are B is better than A, 
B is better than (7. 

The first of these has a majority of 35 to 25, the second is 
in a minority of 19 to 41. 

The two propositions in favour of A are A is better than B, 
A is better than G, 

The first of these is in a minority of 25 to 35, and the second 
in a minority of 23 to 37. 

Hence Condorcet concludes that C who was lowest on the 
poll in the ordinary way, really has the greatest testimony in his 
favour ; and that A who was highest on the poll in the ordinary 
way, really has the least. 

Condorcet himself shews that his own method, which has just 
been illustrated, will lead to difficulties sometimes. Suppose, for 
example, that there are 23 voters for A^ 19 for B, and 18 for G, 
Suppose moreover that all the 23 who voted for A would have 
preferred B to G; and that of the 19 who voted for B, there 
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are 17 wlio prefer G to A, and 2 who prefer A io G\ and lastly 
that of the 18 who voted for G there are 10 who prefer A to 
and 8 who prefer B to A, Then on the whole, the following three 
propositions are affirmed: 

B is better than (7, hy 42 votes to 18 ; 

G is better than Ay by 35 votes to 25 ; 

A is better than B, by 33 votes to 27. 

Unfortunately these propositions are not consistent with each 
other, 

Condorcet treats this subject of electing out of more than 
two candidates at great length, both in the Essay and in the 
Preliminary Discourse ; and it is resumed in the fifth part of 
his Essay after the ample discussion which it had received in the 
first part. His results however appear of too little value to detain 
us any longer. See Laplace, ThSorie ...des Proh. page 274. 

691. The general conclusions which Condorcet draws from 
the first part of his work do not seem to be of great importance ; 
they amount to httle more than the very obvious principle that 
the voters must be enlightened men in order to ensure our con- 
fidence in their decision. We will quote his own words : 

On voit done ici que la forme la plus propre remplir toutes les 
conditions exig^es, ^t en m^me temps la plus simple, celle oiL une 
assembl6e unique, compos^e d’hommes €elair6s, prononce seule un juge- 
ment ^ une pluralit6 telle, qu’on ait une assurance suffisante de la 
■v^rit6 du jugement, m^me lorsque la pluraht6 est la moindre, et il faut 
de plus que le nombre des Yotans soitassez grand pour avoir une grande 
probabiht^ d’obtenir une decision, 

Des Yotans 6clair4s et une forme simple, sont les moyens de reunir 
le plus d’avantages. Les formes compliquees ne rem^dient point au 
defaut de lumi^r^ dans 1^ Yotans, ou n’y rem6dient qu’imparfaitement, 
ou m^me entrainent des inconveniens plus grands que ceux qu’on a 
voulu 4viter. xlii. 

... il faut, I"" dans le cas des decisions sur des questions compliquees, 
faire en sorte que le syst^me des propositions simples qui les forment 
soit rigoureusement d^veloppe, que chaque avis possible soit bien expose, 
que la voix de chaque Yotant soit prise sur chacune des propositions qui 
forment cet avis, et non sur le rSsultat seul 
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2®. n fe-ut de plus que les Yotans soient 6olair^s, et d’autant plus 
^claires, que les questions qu’ils decident sont plus compliquees ; sans 
cela on trouvera bien une forme de decision qui preservei’a de la crainte 
d’une decision fausse, mais qui en meme temps rendant toute decision 
presque impossible, ne sera qu’un moyen de perp6tuer les abus et les 
mauvaises loix. Page lxix 

692. We now come to Condorcet’s second part, wbicb occupies 

his pages 137 — 175. In the first part the following three elements 
were always supposed known, the number of voters, the hypothesis 
of plurality, and the probability of the correctness of each voter s 
vote. Prom these three elements various results were deduced, 
the principal results being the probability that the decision will 
be correct, and the probability that it wiU not be incorrect ; these 
probabilities were denoted by (f> (q) and in Art. 669. 

Now in his second part Condorcet supposes that we know only two 
of the three elements, and that we know one of the two results ; 
from these known quantities he deduces the remaining element 
and the other result; this statement applies to all the cases 
discussed in the second part, except to two. In those two cases 
we are supposed to know the probability of the correctness of a 
decision which we know has been given with the least admissible 
plurality ; and in one of these cases we know also the probability 
of the correctness of each voter’s vote, and in the other case the 
hypothesis of plurahty. 

Condorcet himself has given three statements as to the con- 
tents of his second part ; namely on pages xxii, 2, and 137 ; of 
th^e only the first is accurate. 

693. Before proceeding to the main design of his second part 
Condorcet adverts to two subjects. 

First he notices and condemns Buffon’s doctrine of moral cer- 
tainty ; see Condorcet’s pages LXXI and 138. One of his objections 
is thus stated on page 138 ; 

Cette opinion est inexacte en elle-meme, en ce qu’elle tend ^ con- 
fondre deux choses de nature essentieliement difierente, la probability et 
la certitude : c’est precislment comme si on confondoit Tasymptote 
d’une courbe avec une tangente men€e un point fort eloigny ; de telles 
suppositions ne pourroient ^tre admises dans les Sciences exactes sans en 
dytruire toute la prycision. 
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Without undertaking the defence of Buffon we may remark 
that the illustration given by Condorcet is not fortunate ; for the 
student of Geometry knows that it is highly important and useful 
in many cases to regard an asymptote as a tangent at a very re- 
mote point. 

Secondly, Condorcet adverts to the subject of Mathematical 
Expectation ; see his pages LXXV and 142. He intimates that 
Daniel Bernoulli had first pointed out the inconveniences of the 
ordinary rule and had tried to remedy them, and that D’Alembert 
had afterwards attacked the rule itself ; see Arts. 378, 469, 471. 

694. The second pai*t of Condorcet’s Essay presents nothing 
remarkable; the formulae of the first part are now employed again, 
with an interchange of given and sought quantities. Methods of 
approximating to the values of certain series occupy pages 155 — 171. 
Condorcet quotes from Euler what we now call Stirling theorem 
for the approximate calculation of ; Condorcet also uses the 
formula, due to Lagrange, which we now usually express symboli- 
cally thus 

AX=(^^ 

See also Lacroix, TraiU du Calc. Diff. YoL in. page 92. 

Condorcet’s investigations in these approximations are dis- 
figured and obscured by numerous misprints. The method which 
he gives on his pages 168, 169 for successive approximation to a 
required numerical result seems unintelligibla 

695. We now arrive at Condorcet’s third part which occupies 
his pages 176 — 241. Condorcet says on his page 176, 

Hous avons suffisamment expose I’ohjet de cette troisieme Partie : on 
a Tu qn’elle devoit renfermer Texamen de deux questions difierentes. 
Dans la premiere, il s’agit de connoitre, d’apr^ Pobservation, la proba- 
hilit6 des jugemens d’un Tribunal ou de la voix de chaque Yotant ; dans 
la seconde, iL s’agit de determiner le degre de probability necessaire pour 
qu’on puisse agir dans differentes circonstances, soit avec prudence, soit 
avec justice. 

Mais il est aisy de voir que Pexamen de ces deux questions demande 
d’abord qu’on ait ytabli en g6neral les principes d’apres lesquels on pent 
dyterminer la probability d’un yv^nement futur ou inconnu, non par fa 
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connoissance du nombre des combinaisons possibles que donneiit cet 
^v^nemeiit, ou riv^nement oppose, mais seulement par la connoissance 
de Tordre des €venemens connus ou passes de la m^me esp^ce. C’est 
I’objet des probl^mes suivans, 

696. Condorcet devotes bis pages 176 — 212 to thirteen pre- 
liminary problems, and then his pages 213 — 241 to the application 
of the problems to the main purposes of his Essay. 

With respect to these preliminary problems Condorcet makes 
the following historical remark on his page LXXXIII, 

L^id6e de cbercher la probability des yvenemens futurs d’apr^s la loi 
des y venemens passys, paroit s’^tre prysentye a J acques Bemoulli et ^ 
Moivre, mais ils n’ont donne dans lem^ ouvrages aucune methode pour 
y parvenir. 

M” Bayes et Price en ont donny une dans les Transactions pHlo- 
sophiques, anw^s 1764 e>t 1765, et M. de la Place est le premier qui ait 
teiity cette question d’une maniyre analytique. 

697. Condorcet s first problem is thus enunciated : 

Soient deux yvenemens seuls possibles A et N, dont on ignore la 
probability, et qu’on sache seulement que A est arrivy m fois, et 
n fois. On suppose Tun des deux yvenemens arrivys, et on demande la 
probability que c’est ryvdnement -4, ou que c’est Tyvlnement dans 
rhypotbyse que la probability de cbacun des deux yvenemens est con- 
stamment la meme. 


We have already spoken of this problem in connexion with 
Bayes, see Art. 551. 

Condorcet solves the problem briefly. He obtains the ordinary 
result that the probability in favour of A is, 



and this is equal to 


w + n-i- 2* 


Similarly the probability in favour 


of N is 


?^+ 2 ' 


It will of course be observed that it is only by way of abbrevia- 
tion that we can speak of these results as deduced from the hypo- 
thesis that the probability of the two events is constantly the 
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same ; the real h 3 rpothesis involves much more, namely, that the 
probability is of unknown value, any value between zero and unity 
being equally likely a priori. 

Similarly we have the following result. Suppose the event A 
has occurred m times and the event N has occurred n times ; sup- 
pose that the probability of the two events is constantly the same, 
but of unknown value, any value between a and h being equally 
hkely a priori; required the probabihty that the probabiHty of A 
lies between certain limits a and /3 which are themselves com- 
prised between a and 5. 

The required probability is 



Laplace sometimes speaks of such a result as the probability 
that the possibility oiA lies between a and /3; see Theorie.-,des 
Proh. Livre IL Ghapitre Yl. See also De Morgan, Theory of Probor 
hilities, in the Encyclopcedia Metropolitana, Ait. 7‘7; and Essay on 
Probabilities in the Cabinet Oyclopediaj page 87. 

698. Condorcet's second problem is thus enunciated : 

On suppose dans ce Probleme, que la probabilite de .i et de N n’est 
pas la m^me dans tons les €venemens, mais qu’elle pent avoir pour 
chacnn une valeur quelconque depnis zero jusqu’^ Tunit^. 


Condorcet’s solution depends essentially on this statement. The 
probabihty of m occurrences of A, and n occurrences of iV" is 


I m + 





that is 


|7n-f n 1 



The probabihty of having A again, after A has occurred m times 
and N has occurred n times, is found by changing the exponent m 
into m + 1, so that it is 


\m-^n 1 

Proceeding in this way Condorcet finally arrives at the conclu- 


sion that the probabihty of having is ^ and the probabihty of 
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having is ^ . In fact the hypothesis leads to the same conclu- 
sion as we should obtain from the hypothesis that A and N are 
always equally likely to occur. 

In his first problem Condorcet assumes that the probability of 
each event remains constant during the observations ; in his second 
problem he says that he does not assume this. But we must 
observe that to abstain from assuming that an element is constant 
is different from distinctly assuming that it is not constant. Con- 
dorcet, as we shall see, seems to confound these two things. His 
second problem does not exclude the case of a constant probability, 
for as we have remarked it is coincident with the case in which 

there is a constant probabiKty equal to | . 

Ji 

The introduction of this second problem, and of others similar 
to it is peculiar to Condorcet. We shall immediately see an appli- 
cation which he makes of the novelty in his third problem ; and we 
shall not be able to commend it. 


699. Condorcet's third problem is thus enunciated : 

On suppose dans ce probl^me que Ton ignore si ^ chaque fois la pro- 
bability d’avoir A on J\/' reste la inline, ou si elle varie a chaque fois, de 
manilre qu’elle puisse avoir tme valeur quelconque depuis z^ro jusqu’^ 
r unity, et Ton demande, sachant que Ton a eu 77 ^ yv^nemens A, et n 
yvenemens iV^, quelle est la probability d^amener A ou 


The following is Condorcet’s solution. If the probability is 
constant, then the probability of obtaining m occurrences of A 


and n occurrences of if is 


771 -i-n 

7-- I I aj”* (1 — xY dx^ that is 


m + n \m n 


- . If the probability is not constant, then, as ir 


the second problem, the probability of obtaining m occurrences of A 


and n occurrences of iT is 




Hence he infers that the 


probabilities of the hypothesis are respectively 




where P=-) 


971 -f 7Z+ 1 


and 6 = 
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He continues in the usual way. If the first hypothesis he true 
the probability of another A is — ; if the second hypo- 
thesis be true the probability of another is ^ Thus finally the 
probability in favour of A is 

,p+i«}. 

Similarly the probability in favour of N is 


1 

{ OT + 1 

F+Q 

^ + 2 


It should be noticed that in this solution it is assumed that 
the two hypotheses were equally probable d priori, which is a very 
important assumption. 


700. Suppose that m + ?2 is indefinitely large ; if m = w it may 
be shewn that the ratio of P to Q is indefinitely small ; this ratio 
obviously increases as the difference of m and n increases, and is 
indefinitely large when m or n vanishes. Condorcet enunciates 
a more general result, namely this \ if we suppose w, = an and 
n infinite, the ratio of P to $ is zero if a is unity, and infinite 
if a is greater or less than unity. Condorcet then proceeds, 

A ir>Ri supposons m et donn6s et ineganx ; si on continue d’observer 
les 6v^nemens, et que conservent la m^me proportion, on parvi- 

endra k nne valenr de m et de n, telle qn’ on aura une probabilite aussi 
grande qn’on voudra, que la probability des 6venemens A N est con- 

stante. ^ 

Par la rapine raison, lorsque m et sont fort grands, leur dinerence, 

quoique trys-grande en elle-myme, pent ^tre assez petite par rapport au 
nombre total, pour que Ton ait une tres-grande probability que la pro- 
bability d’avoir on iT n’est pas constante. 

The second paragraph seems quite untenable. If in a very 
large number of trials A and N had occurred very nearly the same 
number of times we should infer that there is a constant proba- 

bility namely | for 4 and | for K It is the more necessary to 
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record dissent because Condorcet seems to attacb great importance 
to bis third problem, and the inferences he draws from it ; see his 
pages LXXXIY, xcii, 221. 

701. Condorcet’s fourth problem is thus enunciated : 

On suppose ici un 6venement A arriv6 m fois, et un €venement JV 
SLniyS n fois ; qne TorL sache que la probability inconnue d’un des ^ve- 

nemens soit depuis 1 jusqu’^ et cellede Tautre depuis i jusqu’a z^ro, 

et Ton demande, dans les trois hypotheses des trois probllmes prycedens, 

1®. la probability que c’est^ ouiV^dont la probability est depuis 1 jusqu’k 

2®. la probability d’avoir ^ ou iV" dans le cas d’un nouvel yvlnement; 
3° la probability d’avoir un yvenement dont la probability soit depuis 

1 jusqua g. 

Condorcet uses a very repulsive notation, namely, 

/j «-(! 

The chief point in the solution of this problem is the fact to 
which we have drawn attention in the latter part of Art. 697. 

We may remark that Condorcet begins his solution of the 
second part of his problem thus : Soit suppos^e maintenant la pro- 
bability changeante ^ chaque evbnement. He ought to say, let the 
probability not be assumed constant. See Art. 698. 

702. Condorcet’s fifth problem is thus enunciated : 

Conservant les memes hypotheses, on demande quelle est, dans le cas 
Ah probleme premier, la probability, 1®. que celle de Tyvlnement A n’est 
pas au-de^us d’une quantity donnye ; 2^ qu’elle ne diff^re de la valeur 

moyeinm d’une quantity a j 3°. que la probability d’amener A, 

n’est point au-dessous d’une limite a; 4°. qu’eUe ne difflre de la pro- 

baHHty moyenne d’une quantity moind re que a. On 

demande aussi, ces probabilitys ytant donnyes, quelle est la limite ct 
pour laquelle elles ont lieu. 

The whole solution depends on the fact to which we have 
drawn attention in the latter part of Art. 697. . • 
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As is very common, with Condorcet, it would be uncertain from 
his language what questions he proposed to consider. On examin- 
ing his solution it appears that his 1 and S are absolutely identical, 
and that his 2 and 4 differ only in notation. 

Vos. In his sixth problem Condorcet says that he proposes the 
same questions as in his fifth problem, taking now the hypothesis 
that the probability is not constant. 

Here his 1 and 3 are really different, and his 2 and 4 are really 
different. 

It seems to me that no value can be attributed to the discus- 
sions which constitute the problems from the second to the sixth 
inclusive of this part of Condoreet’s work. See also Cournot’s 
Exposition de la TMorie des Chances. . pa.ge 166. 

704. The seventh problem is an extension of the first. Sup- 
pose there are two events A and N, which are mutually exclusive, 
and that in trials A has happened m times, and N has hap- 
pened n times: required the probability that in the next p + q 
trials A will happen yj times and happen q times. 

Suppose that x and 1 - a: were the chances of A and A" at a 
single trial ; then the probability that va m + n trials A would 
happen m times and N happen n times would be proportional to 
x”' (1 - a;)”. Hence, by the rule for estimating the probabilities of 
causes from effects, the probability that the chance of A li^ be- 
tween X and a: (ia; at a single trial is 

a:’” (1 — xf dx 



And if the chance of A at a single trial is x the probability 
that iap + q trials A will occur p times and JV occur q times is 

x^{l-xy. 

Hence finally the probability required in the problem is 


lP + 2' , 

rx”'^(l-xy^‘dx 

j 0 

i£ll 

fx”(i-xydx 

J 0 
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This important result had been given in effect by Laplace in 
the memoir which we have cited in Art. 551 j but in Laplace s me- 
moir we must suppose the p + 2 events to be required to happen 

in an assigned order, as the factor is omitted. 

We shall see hereafter in examining a memoir by Prevost 
and Lhuilier that an equivalent result may also be obtained by an 
elementary algebraical process. 

705. The remaining problems consist chiefly of deductions 
from the seventh, the deductions being themselves similar to the 
problems treated in Condorcet’s first part. We will briefly illus- 
trate this by one example. Suppose that A has occuri’ed m times 
and B has occurred n times ; required the probability that in the 
next + l trials there will be a majority in favour of A. Let 
jP(j) denote this probability ; then 


I a?"” (1 — a;)" <5!) (^) dx 

^ 

/ aj*” (1 — dx 

0 

where ^ (q) stands for 

-1- {2q -1- 1) (1 - a:) + (1 - xy+ 


2 g+ 1 


( 1 — xy. 


Hence if we use, as in Art. 663, a similar notation for the case 
in which q is changed into g + 1, we have 


F(q+1) 


cc”* (1 — xy (}>{q + l) dx 


f (1 — x)"" i 
0 


Therefore, as in Art. 663, 




y(l-xr^<f>(S+l)-<P(q)jdx 

rx’^ii-xydx 

J 0 
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wliere (g + 1) - 0 ( 2 ) = j - (1 - (1 • 

In this manner Condorcet deduces various formulse similar to 
equation (2) of Art. 663. 

We may remark that at first Condorcet does not seem to deduce 
his formulse in the simplest way, namely by applying the results 
which he has already obtained in his first part; but he does 
eventually adopt this plan. Compare his pages 191 and 208. 

706. Condorcet now proceeds to the application of the problems 
to the main purposes of his Essay. As he says in the passage we 
have quoted in Art. 695, there are two questions to be considered. 
The first question is considered in pages 213 — 223, and the second 
question in pages 223 — 211. 

707. The first question asks for two results ; Condorcet barely 
notices the first, but gives all his attention to the second. 

Condorcet proposes two methods of treatment for the first ques- 
tion ; the preTnier moyen is in pages 213 — 220, and the seconds 
methods in pages 220 — 223. Neither method is carried out to a 
practical application. 

708. We will give a simple illustration of what Condorcet pro- 
poses in his first method. Suppose we have a tribunal composed 
of a large number of truly enlightened men, and that this tribunal 
examines a large number of decisions of an inferior tribunal Sup- 
pose too that we have confidence that these truly enlightened men 
will be absolutely correct in their estimate of the decisions of the 
inferior tribunal Then we may accept from their examination 
the result that on the whole the inferior tribunal has recorded m 
votes for truth and n votes for error. We are now ready to apply 
the problem in Art. 704, and thus determine the probabihty that 
out of the next 2^ + 1 votes given by members of the inferior tri- 
bunal there will be a majority in favour of the truth. 

This must be taken however only as a very simple case of the 
method proposed by Condorcet ; he himseK introduces circum- 
stances which render the method much more complex. For in- 
stance he has not complete confidence even in his truly enhghtened 

25 
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men, but takes into account the probability that they will err in 
their estimate of the decisions of the inferior tribunal. But there 
would be no advantage gained in giving a fuller investigation of 
Condorcet’s method, especially as Condorcet seems to intimate on 
his page 216 that the following is the chief result : 

...ce qui conduit en g^n^ral a cette conclusion tres-importante, que 
tout Tribunal dont les jugemens sont rendus ^ une petite plurality, 
relativement au nonabre total des Yotans, doit inspirer pen de confiance, 
et que ses decisions n’ont qu’une tr^s-petite probabilite. 

Such an obvious result requires no elaborate calculation to 
support it. 

709. In the second method of treating the first question Con- 
dorcet does not suppose any tribunal composed of truly enlightened 
men to review the decisions of those who are less enlightened. 
But he assumes that the probability of the con'ectness of each vote 

lies between ^ and 1 ; and then he proposes to apply some of the 

formulae which he obtained in the solutions of the preliminary 
problems. Nothing of any practical value can be extracted from 
this part of the book. Condorcet himself says on his page c, 

II auroit 6t6 curieux de faire h, la suite des decisions de quelque 
Tribunal existant, Tapplication de ce dernier principe, mais il ne nous 
a its possible de nous procurer les donn^es n6cessaires pour cette appli- 
cation. D’ailleurs les calculs auroient ite trisdongs, et la n€cessit6 
d’en supprimer les r^sultats, s’ils avoient ete trop d6favorables, n’^toit 
pas propre h, donner le courage de s’y livrer. 

710. Condorcet now proceeds to the second question which we 
have seen in Art. 695 that he proposed to consider, namely the 
numerical value of the probability which ought to be obtained 
in various cases. This occupies pages 223—241 of the Essay ; 
the corresponding part of the Preliminary Discourse occupies 
pages cii — cxxYiii. This discussion is interesting, but not of 
much practical value. Condorcet notices an opinion enunciated 
by Buffon. Bufifon says that out of 10,000 persons one will die in 
the course of a day • but practically the chance of dying in the 
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course of a day is disregarded by mankind ; so that — may 

be considered tbe numerical estimate of a risk wbicli any person is 
willing to neglect. Condorcet objects to this on various grounds ; 
and bimseK proposes a different numerical estimate. He finds 
from tables of mortality that the risk for a person aged 37 of a 

sudden death in the course of a week is , and that the 

risk for a person aged 47 is • He assumes that prac- 

tically no person distinguishes between these risks, so that their 
difference is in fact disregarded. The difference between these 

fractions is Condorcet proposes to take as a risk 

which a man would practically consider equivalent to zero in the 
case of his own life. See Art. 644. 

711. Condorcet considers however that the risk which we 
may with propriety neglect will vary with the subject to which it 
relates. He specially considers three subjects, the establishment 
of a new law, the decision between claimants as to the right to a 
property, and the condemnation of an accused person to capital 
punishment. We may observe that he records the opinion that 
capital punishments ought to be abolished, on the ground that^ 
however large may be the probability of the correctness of a 
single decision, we cannot escape having a large probability thM in 
the course of many decisions some innocent person will be con- 
demned. See bis pages cxxvT, 241. 

712. We now arrive at Condorcet’s fourth part, which occupies 
pages 242 — 278. He says on his page 242, 

Jusqu’ici nous n’avons considere notre siijet que d’une mani^re ah- 
straite, et les suppositions generates que nous avons faites s’61oignent 
trop de la r6alit6. Cette Partie est destin^e a d^velopper la m^thode de 
faire entrer- dans le calcul les principales donn€es auxquelles on doit 
avoir ^gard pour que les r6sultats oil Ton est conduit, soient applicahles 
^ la pratique. 

Condorcet divides this part into sis questions.- In these ques- 

25—2 
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tions lie proposes to examine the modifications which the results of 
the preceding parts of his book require, before they can be applied 
to practice. For instance we cannot in practice suppose it true 
that all the voters are of equal skill and honesty ; and accordingly 
one of the six questions relates to this circumstance. 

But the subjects proposed for investigation are too vague to be 
reduced with advantage to mathematical calculation; and ac- 
cordingly we find that Condorcet's researches fall far below what 
his enunciations appear to promise. For example, on page 264, 
he says, 

[N'ous examinerons ici rinfiuence qui pent r^sulter de la passion ou 
de la mauvaise foi des Yotans. 

These words may stimulate our curiosity and excite our atten- 
tion ; but we are quite disappointed when we read the paragraph 
which immediately follows : 

Ooimne la probability n’a pu ^tre dyterminye que par rexp6rieiice, 
si Ton suit la premiere mlthode de la troisieme Partie^ ou qu’en sui- 
vant la seconde, ou suppose que rinfiuence de la corruption ou de la 
passion sur les jugemens ne fait pas tomber la probability au-dessous de 

i , alors il est yvident que cet yiyment est entry dans le calcul, et qu^il 

2t 

n’y a par consyquent rien I, corriger. 

Condorcet himself admits that he has here effected very little ; 
he says on his page CLIV, 

Ainsi Ton doit regarder sur-tout cette quatri^me Partie comme un 
simple essax, dans lequel on ne trouvera ni les developpemens ni les 
dytails que Timportance du sujet pourroit exiger. 


713. Condorcet himself seems to attach great importance to 
his fifth question which relates to that system of forced unanimity 
which is established for English juries. This question he dis- 
cusses in his pages 267 — 276 and cxl — CLI. He believes that he 
shews that the system is bad. He introduces the subject thus on 
page CXL ; 

criminels en Angleterre se rendent sous cette forme ; 
on oblige les Jures de rester dans le lieu d’assembiye jusqu’^ ce qulls 
soient d accord, et on les oblige de se ryunir par cette esp^ce de torture ; 
oar non-seulement la f^m seroit un tourment ryel, mais Fennui, la 
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contrainte, le mal-aise, port6s a -an certain point, penyent devenir nn 
veritable supplice. 

Aussi pourroit-on faire h, cette forme de decision nn reprocbe sem- 
blable celni qu’on faisoit, ayec tant de justice, ^ Tusage barbare et 
inutile de la torture, et dire qu’elle donne de Favantage k un Jur6 
robuste et fripon, sur le Jur4 int^gre, mais foible. 

He says tbat there is a class of questions to which this method 
of forced unanimity cannot be applied ; for example, the truths of 
Physical Science, or such as depend on reasoning. He says on 
page CXLI, 

Aussi, du moins dans des pays ou des silcles 6clair6s, n’a-t-on jamais 
exig4 cette unanimity pour les questions dont la solution depend du 
raisonnement. Personne n’h^site k recevoir comme une y^rit4 Fopinion 
unanime des gens instruits, lorsque cette unanimit6 a 6t6 le produit 
lent des reflexions, du temps et des recherches : mais si Fon enfermoit 
les yingt plus habiles Pliysiciens de FEurope jusqu’^ ce qu’ils fussent 
conyenus d’un point de doctrine, personne ne seroit tent6 d’ayoir la 
moindre confiance en cette esp^ce d’unanimitl. 

714. We shall not reproduce Condorcet’s investigations on the 
English jury system, as they do not seem to us of any practical 
value. They can be easily read by a student who is interested in 
the subject, for they form an independent piece of reasoning, and 
thus do not enforce a perusal of the rest of the book. 

We will make a few remarks for the use of a student who con- 
sults this part of CondorceVs book ; these will occupy our next 
Article. 

715. On page CXLI Condorcet says that we ought to dis- 
tinguish three sorts of questions, and he at once states the first ; 
as usual with him he is not careful in the subsequent pages to indi- 
cate the second and third of these questions. The second is that 
beginning on page CXLII, II y a un autre genre 6! opinions,,.. The 
third is that beginning on page CLi, On pent consid^rer encore,... 

On his page 267 Condorcet says. 

Si Fon prend Fhypoth^se huitieme de la premiere Partie, et qu’en 
consequence Fon suppose que Fon prendra les voix jusqu’^ ce que 
Funanimite se soit rlunie pour un des deux avis, nous avons yn que le 
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calctd donnoit la m^me probability, soit que cette unamroity ait lieu 
iramydiatement, soit qu’elle ne se forme qu’apres plusieurs cbangemens 
d’ayis, soit que Ton se ryunisse ^ la majority, soit que layis de-la 
minority finisse, par avoir tous les suffi'ages. 

We quote tbis passage in order to draw attention to a practice of 
wbicb Oondorcet is very fond, and wbicb causes much obscurity in 
bis writings ; tbe practice is that of needlessly varying tbe lan- 
guage. Ji we compare tbe words soit que Von se reunisse ^ la 
majoriU with those wbicb immediately follow, we discover sucb a 
great diversity in tbe language that we have to ascertain whether 
there is a corresponding diversity in tbe meaning wbicb is to be 
conveyed. We shall conclude on examination that there is no 
sucb diversity of meaning, and we consequently pronounce tbe 
diversity of language to be very mischievous, as it only serves to 
arrest and perplex tbe student. 

It would be well in tbis paragraph to omit all tbe words soit 
que Von,,, suffrages; for without these every thing is fuUy expressed 
which Oondorcet bad obtained in bis first part. 

We would indicate tbe first eleven hues of Condorcet's page 270 
as involving so much that is arbitrary as to render all the conclu- 
sions depending on them valueless. We are not prepared to offer 
more reasonable suppositions than those of Oondorcet, but we 
think that if these are tbe best which can be found it will be 
prudent to give up the attempt to apply mathematics to the 
question. 

We may remark that what is called Trial by Jury would more 
accurately be styled Trial by Judge and Jury, Accordingly a most 
important element in such an investigation as Oondorcet under- 
takes would be the influence which the Judge exercises over the 
Jury; and in considering this element we must remember that 
the probability is very high that the opinion of the Judge will be 
correct, on account of his abihty and experience. 

716. We now arrive at Oondorcet’s fifth part; which occupies 
the remainder of his book, that is, pages 279 — 304. Oondorcet 
says on page CLvn, 

L’objet de cette demiere Partie, est d’appliquer ^ quelques exemples 
les principes que nous avons dyveloppys. II auroit yty h, desirer que 



CONBOECET. 


891 


cette application etlt pu 4tre faite d’apr^s des donn^es r^elles, mais la 
difficulte de se procurer ces domi6es, difficult^s qu’uu particulier ne 
pouvoit esp6rer de yaincre, a force de se contenter d’appliquer les prin- 
cipes de la tli^orie ^ de simples Eypotli^ses, afiu de montrer du moins 
la marclie que pourroient suivre pour cette application r6elle ceux qui 
on. auroit procur6 les donn^es qui doiTent en 6tre la base. 

But it would be ratber more correct to describe this part as 
fumishiug some additions to the preceding investigations than as 
giving examples of them. 

Four so-called examples are discussed. 

717. In the first example Condorcet proposes what he thinks 
would be a good form of tribunal for the trial of civil cases. He 
suggests a court of 25 judges, to decide by majority. He adds, 
however, this condition ; suppose the case tried is the right to a 
certain property, then if the majority is less than 3 the court 
should award compensation to the claimant against whom de- 
cision is given. 

718. In the second example Condorcet proposes what he 
thinks would be a good form of tribunal for the trial of criminal 
cases. He suggests a court of 30 judges, in which a majority of at 
least 8 is to be required to condemn an accused person. 

719. The third example relates to the mode of electing from 
a number of candidates to an oflBce.^ This example is really a 
supplement to the investigation given in the first part of the Essay. 
Condorcet refers to the memoir on the subject by a celebrated 
geometer, and records his own dissent from that geometer s sug- 
gestions ; the geometer alluded to is Borda. See Art. 690. 

720. The fourth example relates to the probability of the 
accuracy of the decision of a large assembly in which the voters 
are not aU alike. Condorcet considers the case in which the num- 
ber of voters whose probability of accuracy is x, is proportional to 

1 -- cc ; and he supposes that x lies between ^ and 1, In such a 

case the mean probability is — / 
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whicli is g . 



If tlie value of x lies between a and 1 tbe mean pro- 


bability is found in tbe same way to be 


1 -j- 2(2 

“ 3 “ 


This example is interesting, but some parts of the investiga- 
tions connected with it are very obscure. 

As in other parts of his book Condorcet draws a very in- 
significant inference jfiom his difficult investigations. He says, 
page 303, 


On voit done comhien il est important, non-seulement que les 
homines soient ^clair^s, mais qn’en m^me temps tons ceux qui, dans 
Topinion pnhlique, passent pour instruits ou habiles, soient exempts de 
pr^juges. Cette demi^re condition est m^me la plus essentielle, pnisqu’ii 
paroit que rien ne pent rem^dier aux ineonveniens qu’elle entraine. 


721. Besides the Essai Oondorcet wrote a long memoir on the 
Theory of Probability, which consists of six parts, and is published 
in the volumes of the Hist, de VAcad.,.,Paris^ for the years 1781, 
1782, 1783, and 1784. 

The first and second parts appear in the volume for 1781 ; 
they occupy pages 707 — 728. The dates of publication of the 
volumes are as usual later than the dates to which the volumes 
belong ; the portion of the memoir which appears in the volume 
for 1781 is said to have been read on August 4th, 1784. 

722. The first part of the memoir is entitled Reflexions sur la 
r^gle generate qui prescrit de prendre pour valeur d’un ev^nement 
mmrkmiy la prohahilite de cet ^vinement, multipliee par la valeur de 
V4vhhement en lui-meme. 

Suppose that p represents the probability that an event will 
happen, and that if the event happens a person is to receive a sum 
of money denoted by a ; then the general rule to which Condorcet 
refers is the rule which estimates the person’s advantage at the 
sum pa. On this rule Condorcet makes some remarks ; and these 
remarks are also given in substance in the Essai, in pages 
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li2 — 147. The sum of the remarks is this ; Condorcet justifies the 
rule on the ground that it will lead to satisfactory results if a very 
large number of trials be made. Suppose for example that A and 
B are playing together, and that A's chance of winning a single 
game is^, and -B’s chance is g : then the rule prescribes that if J.'s 
stake be denoted by hp, then B\ stake must be hg. Now we 
know, by Bernoulli’s Theorem, that if A and B play a very large 
number of games, there is a very high probability that the number 
which A wins will bear to the number which B wins a ratio ex- 
tremely near to the ratio of p to g. Thus if the stakes are adjusted 
according to the general rule there is a very high probability that 
A and B are on terms of equality as to their prospects ; if any 
other ratio of the stakes be adopted a proportional advantage is 
given to one of the players. 

There can be no doubt that this view of the ground on which 
the rule is to be justified is correct. 

723. Condorcet adverts to the Petersburg Problem. The 
nature of his remarks may be anticipated. Suppose that p in 
the preceding Article is extremely small and g very nearly equal to 
unity. Then jB’s stake is very large indeed compared with A's. 
Hence it may be very imprudent for B to play with A on such 
terms, because B may be ruined in a few games. Still it remains 
true 'that if A and B agree to continue playing through a very 
long series of games no proportion of stakes can be fair except that 
which the general rule assigns. 

724. The second part of Condorcet’s memoir is entitled Ap- 
plication de V analyse d cette question: Determiner la probabiliU 
qvbun arrangement rSgulier est Teffet d! une intention de le pro- 
duire. 

This question is analogous to one discussed by Daniel Ber- 
noulli, and to one discussed by MicheU ; see Arts. 395 and 618. 

Condorcet’s investigations rest on such arbitrary hypotheses, 
that little value can be attached to them. We will give one 
specimen. 

Consider the following two series ; 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 

1, 3, 2, 1, 7, 13, 23, 44, 87, 167. 
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In tlie first series eacli term is equal to twice the preceding 
term diminished hy the term which precedes that ; and in the 
second series each term is the sum of the four which precede it. 
Condorcet says, 


n est clair que ces deux suites sont r^gulilres, que tout Math6- 
inaticien qui les examinera, verra qu’elles sont toutes deux assujetties 
^ une loi j mais il est sensible en m^me temps que, si Ton arr^te une de 
ces suites au sixieme terme, par exemple, on sera plut6t port6 ^ regarder 
la premiere, comme ^tant r6guli^re, que la seconde, puisque dans la 
premiere il y aura quatre termes- assujettis I, une loi, tandis qu’il n’y en 
a que deux dans la seconde. 

Pour ^valuer le rapport de ces deux probabilit^s, nous supposerons 
que ces deux suites soient continu^es a I’infinL Comme alors il y aura 
dans toutes les deux un nombre infini de termes assujettis ^ la loi, nous 
supposerons que la probability seroit ^gale; mais nous ne connoissons 
qu’un certain nombre de termes' assujettis a cette loi ; nous aurons 
done les probabilitys que Tune de ces suites sera ryguli^re plut6t que 
Fautre, egales aux probabilitys que ces suites ytant continules k Finfini, 
resteront assujetties ^ la m^me loi. 

Soit done pour une de ces suites e le nombre des termes assujettis 
^ xme loi, et e le nombre correspondant pour une autre suite, et qu^on 
cherche la probability que pour un nombre g' de termes suivans, la m^me 
loi continuera d’etre observee. La premiere probability sera exprim ye 


par 


e +1 

e+g+ 1 ^ 


la seconde 


par 


e' -hi 
e' + g+l^ 


et le rapport de la seconde ^ la 


prmiere par 


(e'+ 1) (e + g+ 1) 
(e+l)(e' + ^ + l)' 


et e, e' des nombres finis, ce rapport devient 


e ^+1 
1 ' 


Ainsi dans Fexemple prycydent, si Fon s’arrete au sixieme terme, on aum 

3 

e = 4, e' = 2, et le rapport sera : si on s’arryte au dixilme, on aura 


e = 8, e' = 6, et le rapport sera ^ . 

y 

Si Fon suppose que e et e' sont du m^me ordre que g, le m^me 

^ ee' + eV , , ^ 2e 

i*apport deYient —7 , et si on suppose e = O' = 1, li sera 7 . 

4 “ Bg X ~h B 


We will make some remarks on this investigation. 
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The result, that the first probability is 
e' + l 


e + 1 


6 + 2 ' + 1 

is we presume obtained by Bayes’s Theorem. 


and the second 


6 + 2 + I ^ 

After supposing that q is infinite it is perplexing to be told 
that e = 2 = l* Condorcet should have proceeded thus. Sup- 
pose e = 2 ^ ihen 


ee +eq 2e 2x , e 

—7 = ; = = where a? = - , 

66+^2 6+6 1+a? e 


The following then is the result which Condorcet considers 
himself to have obtained. Let us suppose we have observed in 
a certain series that a certain law holds during so many terms 
as form the fraction x of the whole series, then the comparative 

. • • 2x 

probability that the whole series is subject to this law is ^ . 

i + iC 

It is however obvious that this result has been obtained by 
means of several most arbitrary hypotheses. 


725, The remainder of this part of Condorcet’s memoir is dif- 
ficult, but the meaning can be discovered by patience. There is 
nothing that appears self-contradictory except perhaps on page 727, 
In the last line Condorcet takes for the limits of a certain integra- 
tion i and 1 — <z + J ; it would seem that the latter limit should be 
1 — a, for otherwise his Article vii. is only a repetition of his 
Article Yl. 


726. The third part of Condorcet’s memoir is entitled 8ur 
devaluation des Droits 4ventuels. It is published in the Hist de 
V Acad... Haris, for 1782 ; it occupies pages 674 — 691. 

This part commences thus : 

La destruction du Gouvemement feodal a Iaiss4 snbsister en Europe 
un grand nombre de droits 6ventuels, mais on pent les r^duire ^ deux 
classes principales ; les uns se payent lorsque les propri§t4s viennent k 
changer par vente, les autres se payent aux mutations par succession^ 
soit directe on collat€rale, soit collaterale seulement. 

Condorcet then proposes to determine the sum of money which 
should be paid down in order to free any property from such feudal 
rights over it. 
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727. The following paragraph appears very remarkable when 
we reflect how soon the expectations it contains were falsified by 
the French Eevolution. 

Tremwr Prindpe. Nous snpposerons d’abord qae I’ordre suivant 
lequel les demieres matations se sont sacc^d^es, sera ind^finiment con- 
tina6. 

Le motif qai nous a fait adopter ce priacipe, est la grande proba- 
bility que noas avons moins de grands changemens, moins de grandes 
ryvolations h. attendre poar Tavenir, qa’il n’y en a eu dans le pass^ : le 
progr^ des lami^res en toat genre et dans toates les parties de FEarope, 
Fesprit de modyration et de paix qai y r^gne, Fesp^ce de mepris oa le 
Machiavelisme commence ^ tomber, semblent noas assurer qae les gaerr^ 
et les ryvolutions deyiendront ^ Favenir moins freqaentes; ainsi le 
principe qae noas adoptons, en m^me temps qa’il rend les calcals et les 
obserrations plas feciles, a de plus Favantage d’etre plas exact. 

728. The memoir is neither important nor interesting, and it 
is disfigured by the contradiction and obscurity which we have 
noticed in CondorceFs Essay. Condorcet says that he will begin by 
examining the case in which the event producing the right neces- 
sarily happens in a certain length of time, as for example, when 
the right accrues on every succession to the property ; and then he 
will consider the case in which the event does not necessarily hap- 
pen, as, for example, when the right accrues on a sale of the pro- 
perty, or on a particular kind of succession. He then gives three 
methods for the first case, and in direct contradiction to what he 
has said, it will be found that only his first method applies to the 
case in which the event producing the right necessarily happens. 

729. We will give the results of the second of CondorcetV 
methods, though not in his manner. 

Let us suppose for simplicity that the sum to be paid if 
the event happens is one pound ; let c represent the present worth 
of one pound due at the end of a year i let x be the probability 
that the event will happen in the course of one year. Then xc 
represents the value of that part of the right which arises from the 
first year, x<^ the value of that part which arises from the second 
year, £cc the value of that part which arises from the third year, 
and so on. Thus the value of the whole right is 
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o) (c + that is ■ — . 

JL ““ C 


The question now arises what is the value of cc ? Suppose that 
during m + n past years the event happened m times and did not 

happen n times ; we might reasonably take so that the 

whole value of the right would be ^ . Condorcet how- 

1 — c m + 

ever prefers to employ Bayes’s Theorem, and so he makes the 
whole value of the right 



dx 


that is 


m-f 1 c 
m + 7i + 2 1 — c* 


Moreover Condorcet supposes that at the present moment the 
event has just happened on which the right depends, so that he 
adds unity to the result and obtains for the value of the whole right 

1 _l- ^+1 c 

1 — c* 


730. The investigation of the preceding Article goes over the 
same ground as that on page 680 of the volume which contains the 
memoir, but is we hope more intelligible. We proceed to make 
two remarks. 

First. It is clear that Condorcet is quite wrong in giving this 
method as applicable to the first case, namely that in which the 
event must happen ia a certain length of years. The method is 
quite inapplicable to such an example as he mentions, namely 
when the right would accrue on the next succession to the property, 
that is, on the death of the present holder ; for the probability of 
such an event would not be constant from year to year for ever as 
this method assumes. The method would be applicable to the 
example of the second case in which the right is to accrue upon 
a sale, for that might without absurdity be supposed as likely to 
happen in one year as in another for ever. 
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Secondly. We see no advantage in applying Bayes’s TheorerQ. 
Condorcet is very fond of it ; and throughout this memoir as well 
as in his other writings on the subject indulges to excess in signs 
of integration. In the above example if m and n are very large 
numbers no practical change is made in the result by using Bayes’s 
Theorem ; if is a small number our knowledge of the past 

would be insufficient to justify any confidence in our anticipations 
of the future. 

731. From what we have said it may be expected that when 
Condorcet comes to his second case he should be obscure; and this 
is the fact. He gives on his page 685 the modifications which his 
three methods now require. The second method is really un- 
altered; for we merely suppose that observation gives w' and ri in- 
stead of m and n. The modification of the third method seems 
unsound ; the modification of the first method is divided into two 
parts, of which only the former appears intelligible. 

But we leave these to students of the original memoir. 

732. We may add that on pages 687 — 690 Condorcet gives an 

investigation of the total value arising from two different rights. 
It is difficult to see any use whatever in this investigation, as the 
natural method would be to calculate each separately. Some idea 
of the unpractical character of the result may be gathered from the 
fact that we have to calculate a fraction the numerator and deno- 
minator of which involve w — 2 successive integra- 

tions. This complexity arises from an extravagant extension and 
abuse of Bayes’s Theorem. 

733. The fourth part of Condorcet’s memoir is intitled Be- 
JlexioTis sur la m4thode de diterminer la Probability des yv^n&mem 
futurs, daprh V Observation des evinemms passes. The fourth and 
fifth parts appeared in the Hist de T Acad... -Paris, for 1783; they 
occupy pages 539 — 559. This volume was published in 1786, 
that is after Condorcet’s Essai which is referred to on page 541. 

734. Suppose that m m-\-n trials an event has happened m 
times and failed n times ; required the probability that in the next 
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^ + g' trials it will happen p times and fail 2 times. The required 
probability is 



as we have abeady remarked in Art. 704. 

Condorcet quotes this result ; he thinks however that better 
formulae may be given, and he proposes two. But these seem 
quite arbitrary, and we do not perceive any reason for preferring 
them to the^ usual formula. We will indicate these formulae pro- 
posed by Condorcet. 

I. Let ^ = + + 2 


_ X^-^X^ + X^+...+Xt 
U : 

then the proposed formula is 


\p + <l. 

jjl*. . . (1 — dx^ dx^... dxt 

LpLi 

— u)''dx^dx^,.. dx 


The limits of each integration are to be 0 and 1. 

n. Suppose an event to have happened n times in succession, 
required the probability that it will happen p times more in suc- 
cession. 

^ , x,-\-x, x, + x^-^x^ a;, + + 

Let g ... - , 


let -y be an expression similar to u but extended to n-\-p factors ; 
then Condorcet proposes for the required probability the formula 


jjj...vdxj^dx^... dxn+p 

jjj udxj^dx^,., dx^ 


The limits of each integration are to be 0 and 1* 

Condorcet proposes some other formulae for certain eases ; they 
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axe as axbitrary as ^ those whicli we have already given, and not 
fully intelligible 5 see his pages 550 — 553. 

735. The fifth part of Condorcet’s memoir is entitled 8ur la 
probaMUte desfaits ecstraordinaires. 

Suppose that p is the probability of an event in itself ; let t 
denote the probability of the truth of a certain witness. This wit- 
ness asserts that the event has taken place ; required the proba- 
bility that the event did take place, and that it did not. The 
required probabilities are 

P and (1 -¥) (1 - <) 

p+{l-p){l-t) 

Condorcet gives these formulae with very little explanation. 

The application of these formulae is not free from difiScuIty. 
Suppose for example a trustworthy witness asserts that one ticket 
of a lottery of 10000 tickets was drawn, and that the number of 

the ticket drawn was 297. Here if we put p = we obtain 

such a very small value of the truth of the witness’s statement that 
we lose our confidence in the formula. See Laplace TheoTie...des 
Proh, pages 446 — 451. De Morgan, Cambridge Philosophical 
Transactions, Vol. ix. page 119. 

736. Condorcet makes remarks on two points, namely the 
mode of estimating p and the mode of estimating t. He recurs to 
the former point in the sixth part of his memoir, and we shall give 
an extract which will shew the view he advocated in his fifth part, 
and the view which he advocated in his sixth part. 

With respect to the second point Condorcet’s chief remark is 
that the probability of a witness is not the same for all facts. If 
we ^timate it at u for a simple fact, then we should estimate it at 
for a (X)mpoun.d feet consisting of two simple facts, and so on. 
One witne^ however may be as capable of observing a compound 
fact consisting of two or more simple facts as another is of observ- 
ing a simple feet 

737 . The sixth part of Condorcet’s memoir is entitled Applin 
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cation des principes de Varticle p>'^'^cedent d quelques questions de 

critique. It is publislied in the Hist, de UAcad Paris for 1784; 

it occupies pages 454 — 468. 

738. In this part Condorcet begins by adverting to some 
remarks which he had made in his fifth pai*t as to the mode of 
estimating the value of what we denoted by^ in Article 735. He 
says, 

J’ai observ6 en m^me-temps qu il ne falloit pas dans ce cas entendre, 
par la probability propre d’un fait, le rapport da n ombre des combi- 
naisons on il a lieu, avec le nombre total des combinaisons. Par ex- 
emple, si d’nn jen de dix cartes on en a tir6 une, et qu’un tymoin me 
dise qne c’est telle carte en particnlier, la probability propre de ce fait, 
qu’il s’agit de comparer avec la probability qui nait da temoignage, n’^t 

pas la probability de tirer cette carte, qai seroit ^ , mais la probability 

d’amener cette carte plat6t qae telle autre carte determinye en parti- 
caHerj et comme toutes ces probabilitys sont Igales, la probability 

propre est ici . 

Cette distinction ytoit nyoessaire, et eUe safi8.t pour expliquer la 
contrariyty d’opinions entre deux classes de philosopbes. Les uns ne 
peuvent se persuader que les m^mes tymoignages puissent produire, 
pour an fait extraordinaire, une probability ygale ^ celle qu’ils produi- 
sent pour un fait ordinaire ; et que, par exemple, si je crois on homme 
de bon sens qui me dit qu’une femme est accouchye d’un. gargon, je 
dusse le croire ygalement s’il me disoit qu’elle est accouchye de douze. 

Les autres an contraire sont convaincus que les tymoignages conser- 
vent toute leur force, pour les faits extraordinaires et tr^s-peu proba- 
bles, et ils sont frappys de cette observation, que si on tire une loterie 
de 100000 billets, et qu’un homme, digne de foi, dise que le numyro 
256, par exemple, a eu le premier lot, personne ne doutera de son tem- 
oignage, quoiqu’il y ait 99999 a parier contre 1 que cet yv^nement 
n’est pas arrivy. 

Or, au moyen de Tobservation precydente, on voit que dans le second 
cas la probability propre du fait etant , le tymoignage conserve toute 

sa force, au lieu que dans le premier, cette probability etant trls-petite, 
ryduit presque a rien celle du tymoignage. 

J’ai propose ensuite de prendre, pour la probabiHty propre du 
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le rapport du nombre de combinaisons qni donneut ce fait^ on un fait 
serablable an nombre total des combinaisons. 

Ain si j par exemple, dans le cas oil on tire nne carte d’nn jeu de 
dix cartes, le nombre des combinaisons oil Ton tire nne carte determinee 
quelconque est un ; celui des combinaisons on Ton tire nne autre carte 

determinee est aussi nn ; done ~ exprimera la probabilite propre. 

Si on me dit qu’on a tire denx fois de suite la m^me carte, alors on 
trouvera qn’il n’ j a qne dix combinaisons qni donnent deux fois nne m^me 
carte, et qaatre-vingt-dix qni donnent deux cartes dijSerentes : la proba- 
bility propre du fait n’est done qne et celle dn temoignage com- 
mence it devenir plus foible. 

Mais je crois devoir abandonner cette maniere de consider er la 
question, V parce qn’elle me paroit trop bypotbetiqne ; 2° parce qiie 
sonvent cette comparaison d’6vMemens semblables seroit difficile ^ faire, 
on, ce qni est encore pis, ne se feroit qne d’apres des suppositions arbi- 
trair^ ; 3° parce qn’en Fappliquant k des examples, elle conduit h des 
rysnltats trop yioign^s de ceux qne donneroit la raison commune. 

J’en ai done ebereby nne autre, et il m’a parn plus exact de 
prendre, pour probability propre d’nn yvenement, le rapport de la 
probability de cet evenement ]3rise dans le sens ordinaire, avec la pro- 
bability moyenne de tons les autres evenemens. 


739. Thus we see tbat Condorcet abandons the suggestion 
which he made in the fifth part of his memoir and offers another. 
It does not seem that the new suggestion escapes any of the objec- 
tions which Condorcet himself advances against the old suggestion, 
will appear by the analysis we shall now give of Condorcet’s 


/40. Suppose there are ten cards and it is asserted that a 
specified card has been drawn twice running; we proceed to estimate 
the proicbilitS propre of the event. There are 9 other ways in 
which the same card can be drawn twice, and the ordinary proba- 
bility of each drawing is ; there are 45 ways in which two dif- 
ferent cards are obtained in two drawings, and the ordinary proba- 
bility of each drawing is . Hence the mean probability of all 
the other events is 
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100 ^ ^ 100 


LI 

OOj ’ 


that is 


99 

5400' 


Hence according to Condorcefs own words the prohabilite ^ropre 
should be 

jwohabiliU projpre is 


54 

that is . But he himself says that the 


153^ 


so that he takes 


{ 99 


and not 


99 


100 ’ 15400 100. 

-itta ^TTTTi • That is, as is so frequently the case with 
100 o400 ^ 

Ckndorcet, his own words do not express his own meaning. 

Again suppose that there are ten cards and it is asserted that a 
specified card has been dra'^^m thrice running ; we proceed to esti- 
mate the prohabilite propre of the event. Here the mean proba- 
bility of all the other events is 


1 

219 


120 X 


1000 


+ 90 X 


1000 1000] ‘ 


9 1 


that is 


999 

219000 ■ 


219 


Condorcet says that the prohabiliU propre is 


takes 


I 999 


1000' 1219000 ■^lOOOj’' 




741. Condorcet now proceeds to apply these results in the 
following words : 

Ainsi supposons, par exemple, que la prohabilit6 du t^moignage soit 
^^5 c’est-^-dire, qne le temoin ne se trompe on ne venille tromper 

qii’une fois sur cent, on aura, d’apres son temoignage, la prohabilite 

99 9900 1 t-'tj.' 9818 

on qn’on a tire nne carte determinee ; la probabiiite y;t7^ 

lUO lOOOO iuouo 

^ . 9540 , 

qu’on a tir4 deux fois la meme carte ; et la probabiiite 
I’a tir^e trois fois. 

We find some difficulties in these numbers. 

Let p denote the prohabilite propre and t the probability of 
the testimony; then the formula to be applied is, we presume, 

P In the first case it seems that Condorcet 

^«+(i-p)(i-0- 


20—2 
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supposes p = 1, that is he takes apparently the pr'obabilite propre 
^ ^ ^ ^ ^ agrees indeed with his own tvords 

but not with his practice which we have exhibited in Art. 740 ; if 
we follow that practice we shall have ^ . 

54 

In the second case we have p — , and with this value the 

JLoo 


54 


formula gives ^ which is approximately *9818. 
oo 

219 

In the third case we have p = ■ ^ , and with this value the 

IZlo 

803 

formula gives which however is very nearly *9560 instead of 
*9540 as Condorcet states. 


742. Oondorcet’s next example seems very arbitrary and ob- 
scure. His words are, 

Supposons encore que rohservation ait constate que, sur vingt mil- 
lions d’hommes, un seul ait vecu 120 ans, et que la plus longue vie 
ait 6t6de 130 ; qu’un homme me dise que quelqu’un vient de mourir h 
120 ans, et que je cherche la probahilite propre de cet 6v^nement : je 
regarderai d’abord comme un fait unique, celui de vivre plus de 130 
ans, fait que je suppose n’etre pas arrive ; j’aurai done 131 faits dif- 
ferens, dont celui de mourir a 120 ans est un seul. La probability de 

celui-ci sera ^bOOOTsI ^ probabilite moyenne des 130 autres sera 

20000130 T 1 . 130 

^000131 x130^ Probabilitg propre cLerclile sera , 

1 

on ^viron , , . 

15384: 

743. Condoroet's next example seems also arbitrary. His 
words are, 

^ Cette mlthode s’appliquera dgalement aux yy^nemens indytermines. 
Ainsi, en continuant le m^me exemple, si le tymoin a dit seulement 
que 1 on a deux fois amene la m^me carte, sans la nommer, alors oes dix 

yv^nemens, ayant chacun la probability exprimera leur pro- 
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babilite mojenne; exprimera de m^me cella dss 45 aiitras evene- 

_ 2 

mens ayant cbacnn la probabilite : ainsi la probabilite propre de 

Tev^nement sera ~ , 
o 

Condorcet bimself observes tbat it may appear singular that 
the result in this case is less than that which was obtained in 
Art. 740 ; so that a man is less trustworthy when he merely says 
that he has seen the same card drawn twice^ than when he tells us 
in addition what card it was that he saw drawn twice. Condorcet 
tries to explain this apparent singularity; but not with any ob- 
vious success. 

The singularity, however seems entirely to arise from Con- 
dorcet's own arbitrary choice ; the rule which he himself lays down 
requires him to estimate la probabilite moyenne de tons les autres 
ev^nemens, and he estimates this mean probability differently in 
the two caseS; and apparently without sufficient reason for the dif- 
ference. 


744. Condorcet’s next example is as follows : We are told that 
a person with two dice has five times successively thrown higher 
than 10; find the probahilitS propre. With two dice the number 
thrown may be 2, 3, ...up to 12 ; the respective probabilities are 

36’ §6’ 36’ 36’ 36’ 36’ 36’ 36’ 36’ 36‘ 


. . T, r , . 11 X 12 X 13 X 14 X 15 - 

The whole number oi events is jj , that is 

3003; and of these only 6 belong to the proposed combination. 

Since the probability of these 6 throws is ^ their mean proba- 


bility is 


1 

6 X 12" * 


The mean probability of the other throws will 


11^ 2997 

^ 2997x ' i2 " ‘ probabilite propre is * 

It is obvious that all this is very arbitrary. When Condorcet 
says there are 6 throws belonging to the proposed combination he 
means that all the throws may be 12, or all 11, or four 12 and one 
11, or three 12 and two 11, . . . And he says the mean probability is 
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— ^ — . But if we consider tbe different orders in wtiicli these 
6 X 12^ 

throws can occur we may say that the whole number is 2 and the 

1/1 2 • 1 
mean probability f + — j , that is . 

Again let us admit that there are 3008 cases in all, and that of 
these only 6 belong to the proposed combination. The other 
2997 cases form two species, namely those in which every throw is 
below 11, and those in which some throws are below 11 and the 

11® 

others above 10 ; when Condorcet takes 2997 x 12® ^ mean 
probability, he forgets this division of species and only con- 
sider the first species. He should take 29 ^ “ 12 ^) 

f 11" 

2997 X 12®* 

715, Suppose two classes of events A and B‘, let the pro- 
bability of an A be a and the probability of a 5 be & ; let there 
be m events A and n events B, The jyrobcihiliti projpre of an 
assigned event of the class B will be, according to Condorcefis 
practice, 

^ that is im + n-l)h _ 

ma -f (w -- 1) ^ j — 2) 5 

2b 

If m and n be equal and very large this becomes . If 

we suppose i extremely small and consequently a very nearly 
unity we obtain 2h as an approximate value. 

716. Condorcet proceeds to apply his doctrine to the credi- 
bility of two st^ments in the History of Borne. He says, 

Je vais maiiiteiiant essay er de faixe a une question de critique 
Tapplii^tion de^ principes que je viens d’etablir. Hewton paroit ^tre 
le premier qui ait eu Fid^e d’appliquer le calcul des probabilitls h. la 
critique des faits. II propose, dans son ouvrage sur la chronologie, 
d’employer la oonnoissance de la dur6e moyenne des generations et des 
regnes, telle que Fexplrlence nous la donne, soit pour fixer d’une 
maniere du moius approch^ d^ points de chronologie fort incertains. 
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so it pour juger du plus ou du moius de coufiance que meritent les 
differens systemes imagines pour concilier entr elles des ^poques qui 
paroissent se contredire. 

Condorcet names Frdret as having opposed this application of 
the Theory of Probability, and Voltaire as having supported it; but 
he gives no references. 

747 . According to some historians the whole duration of the 
reigns of the seven kings of Rome was 257 years. Condorcet pro- 
poses to examine the credibility of this statement. He assumes 
that in an elective monarchy we may suppose that a king at the 
date of his election will be between 30 years old and 60 years old. 
He adopts De Moivre’s hypothesis respecting human mortahty ; 
this hypothesis, as Condorcet uses it, amounts to assuming that 
the number of people at any epoch who are y years old is 
Ic (90 — y), where h is some constant, and that of these k die every 
year. 

Let n denote the greatest number of years which the youngest 
elected king can live, m the greatest number of years which the 
oldest elected king can live ; then the probability that a single 
reign will last just r years is the coefficient of a?"* in the expan- 
sion of 

(?? — M 4 - 1) x(\—X)'— 

(l-a:)'— g— {n-m + 1) 

A few words will be necessary to shew how this formula can be 
verified. It follows from our hypothesis that the number of per- 
sons from whom the king must be elected is 

k -f (?z — 1) + (w — 2) -h • . • + wi}, 

that is k (n-m+ 1). And if r be less than m + 1 the num- 

ber of persons who die in the year will be ^ + 1) ; if r be 

between m + l and + 1, both inclusive, the number who die in 
the year will be k (n — r + l) ; if r be greater than n + 1 the 
number who die in the year will be zero. Now the coefficient 
of in the expansion of 

{n-m+1) X 

1 —X (1 - 
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■wifl be found to be m-m+lifris less than jw + l, and 0 if r is 
greater than 71 + 1 , and in other cases to be n - r + 1 . 


748. Hence the probability that the duration of seven reigns 
will amount to just 257 years is the coefScient of in the expan- 
sion of the seventh power of 

(n-m + l)x(l-x)-x'^^^ + x”^ 

(1 -rr)"— ^ in^m + V) 


Now Condorcet takes = 60 and m = 30 ; and he says that the 
Talne of the required coefl&cient is ‘000792, which we will assume 


he has calculated correctly. 

Thus he has obtained the probability in the ordinary sense, 
which he denotes by P ; he requires the probabiliU propre. He 
considers there are 414 events possible, as the reigns may have 
any duration in years between 7 and 420. Thus the mean proba- 


bility of all the other events is 


413 ^ 


and so the probabiliU propre 


413P 
1 4 - 412P ’ 


or about 7 . 
4 


749 . Condorcet says that other historians assign 140 years in- 
stead of 257 years for the duration of the reigns of the kings. 
He says the ordinary probability of this is *008887, which we 
may denote by Q, He then makes the probabiliU propre to be 


4125 

l-i-4115' 


which is more than ^ . 


He seems here to take 413, and not 414, as the whole number 
of events. 


750. Condorcet then proceeds to compare three events, namely 
that of 257 years’ duration, that of 140 years’ duration, and what 
he calls m avire ^vhrwmeni indAtermine quelconque qui auroit pu 
avoir li&ti. He mates the prohahilit^s propres to be respectively 


4115 ^ i-p~5 

4io(P+5) + r 410 (p+ 5)4-1 4lo (P+ 5) + r 


which are approximately 


50’ 


m 10 

50’ 50* 
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Here again lie seems to take 413 as the whole nnmher of 
events. 

He proceeds to combine these probabilities with probabilities 
arising from testimony borne to the first or second event. 

751. Condorcet considers another statement which he finds in 
Eoman History, namely that the augur Accius Nasvius cut a stone 

1 

with a razor. Condorcet takes ordinary proba- 

bility, and then by Art. 745 makes the probabiliU propre to be 

2 

1000000 * 

752. We have spent a long space on Condorcet’s memoir, on 
account of the reputation of the author ; but we fear that the 
reader will conclude that we have given to it far more attention 
than it deserves. It seems to us to be on the whole excessively 
arbitrary, altogether unpractical, and in parts very obscure. 

753. We have in various places expressed so decidedly our 
opinion as to the obscurity and inutility of Condorcet’s investiga- 
tions that it will be just to notice the opinions which other writers 
have formed. 

Gouraud devotes, pages 89 — 104 of his work to Condorcet, and 
the following defects are noticed : IJn style embarrass^ denu^ de 
justesse et de colons, une philosophie souvent obscure on bizarre, 
une analyse que les meilleurs juges ont trouv^e confuse. With this 
drawback Condorcet is praised in terms of such extravagant eulogy, 
that we are tempted to apply to Gouraud the reflexion which Du- 
gald Stewart makes in reference to Voltaire, who he says ‘ds so 
lavish and undistinguishing in his praise of Locke, as almost to 
justify a doubt whether he had ever read the book which he extols 
so highly.” Stewaiis Works, edited by Hamilton, YoL i. page 220. 

Galloway speaks of Condorcet’s Essay as '' a work of great in- 
genuity, and abounding with interesting remarks on subjects of 
the highest importance to humanity.” Article Frobability in the 
JEncyclopcedia Britannica, 

Laplace in his brief sketch of the history of the subject do^ 
not name Condorcet ; he refers however to the kind of qu^tions 
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which Condorcet considers and says, Tant de passions, d’intdr^ts 
divers et de circonstances compliquent les questions relatives a 
ces objets, qu’elles sont presque toujours insolubles. Theorie..,des 
Prob. page cxxxviii. 

Poisson names Condorcet expressly; with respect to his Prelimi- 
nary Discoui'se, he says, ... oil sont ddvelopp(^es avec soin les con- 
siderations propres h montrer Tutilite de ce genre de recherches. 
And after referring to some of Laplace’s investigations Poisson 
adds, . . . il est juste de dire que c’est a Condorcet qu’est due Tidde 
ingenieuse de faire ddpendre la solution, du principe de Bayes, en 
considerant successivement la culpabilite et Tinnocence de I’accuse, 
comme une cause inconnue du jugement prononce, qui est alors le 
fait observe, duquel il s’agit de deduire la probabilite de cette 
cause. Recherches sur la Prob page 2. 

We have already referred to John Stuart Mill, see Art. 665. 
One sentence of his may perhaps not have been specially aimed 
at Condorcet, but it may well be so applied. Mr Mill says, It is 
obvious, too, that even when the j^robabilities are derived from ob- 
servation and experiment, a very slight improvement in the data, 
by better observations, or by taking into fuller consideration the 
special circumstances of the case, is of more use than the most 
elaborate application of the calculus to probabilities founded on the 
data in their previous state of inferiority.” Logic, Vol. ii. page 65, 
Condorcet seems really to have fancied that valuable results could 
be obtained from any data, however imperfect, by using formulcB 
with an adequate supply of signs of integration. 



CHAPTER XVIIL 

TREMBLEY. 

754<. We have now to examine a series of memoirs by 
Trembley. He was born at Geneva in 1749, and died in 1811. 

The first memoir is entitled Disquisitio ElementaHs circa Cal- 
culum Prohahiliim, 

This memoir is published in the Commentationes Societatis 
Regiai Scientiarimi Getting ensis, Vol. xii. The volume is for the 
years 1793 and 1794; and the date of publication is 1796. The 
memoir occupies pages 99 — 136 of the mathematical portion of 
the volume. 

755. The memoir begins thus : 

Plurimae extant hie et illic sparsae ineditationes analyticae circa cal- 
calum Probahilinm, qnas hie recensere non est animus. Quae cum 
Iilerumque quaestiones particulares spectarent, summi Geometrae la 
Place et la Grange hanc theoriam generalius tractare sunt aggressi, 
auxilia dexivantes ex intimis calculi integral ium visceribus, et eximios 
quidem fructus inde perceperunt. Cum autem tota Pi'obabilium theoria 
principiis simplicibus et obviis sit innixa, quae nihil aliud fere requirunt 
quam doctrinam combinationum, et pleraeqxie difldcultates in enume- 
randis et distinguendis casibus versentur, e re visum est easdem quaes- 
tiones generaliores methodo elementari ti'actare, sine ullo alieno auxilio. 
Oujus tentaminis primum specimen hae paginae complectuntur, continent 
quippe solutiones elementares Problematum generaliorum quae vir 
illustrissimus la Grange soluta dedit in Cominentariis Academiae Regiae 
Berolinensis pro anno 1775. Si haec Geometris non displicuerint, alias 
deinde ejusdem generis dilucidationes, deo juvante ipsis proponam. 

756. The intention expressed ^t the end of this paragraph was 
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carried into effect in a memoir in the next volume of the Gottin- 
gen CoiTiTifbeutobtiones. The present memoir discusses nine problems, 
most of which are to be found in De Moivre’s Doctrine of Ghccnces. 
To this work Trembley accordingly often refers, and his references 
obviously shew that he used the second edition of De Moivre s 
work ; we shall change these references into the corresponding 
references to the third edition, ^ 

In this and other memoirs Trembley proposes to give elemen- 
tary investigations of theorems which had been previously treated 
by more dijBGicult methods ; but as we shall see he frequently leaves 
his results really undemonstrated. 

757. The first problem is, to find the chance that an event 
shall happen emctly b times in a trials, the chance of its happening 
in a single trial being p. Trembley obtains the well known result. 



/(1-p) 


a—b . 


he uses the modern method ; see Art. 257. 


758. The second problem is to find the chance that the event 
shall happen at least b times. Trembley gives and demonstrates 
independently both the formulae to which we have already drawn 
attention ; see Art. 172. He says, longum et taediosum foret has 
formulas inter se comparare a priori; but as we have seen in 
Ai’t. 174 the comparison of the formulae is not really difficult. 


759. The third problem consists of an application of the second 
problem to the Problem of Points, in the case of two players j the 
fourth problem is that of Points in the case of three players ; and 
the fifth problem is that of Points in the case of four players. The 
results coincide with those of De Moivre ; see Art. 207. 

760. Trombleys next three problems are on the Duration of 
Play. He begins with De Moivre’s Problem LXV, which in effect 
supposes one of the players to have an unlimited capital; see 
Axts. 307, 309. Trembley gives De Moivre’s second mode of 
solution, but his investigation is unsatisfactory ; for after having 
found in succession the first six terms of the series in brackets, he 
says Perspicua nunc est lex progressionis, and accordiugly writes 
down the general term of the series. Trembley thus leaves the 
main difficulty quite untouched. 
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761. Trembley’s seventli problem is De Moivre’s Problem Lxiv, 
and he gives a result equivalent to that on De Moivre’s page 207 ; 
see Art. 306. But here again after investigating a few terms the 
main difficulty is left untouched with the words Perspicua nunc 
est lex progressionis. Trembley says, Eodem redit solutio Cel. 
la Grange, licet eaedem formulae non prodeant. This seems to 
imply that Lagrange’s formulae take a different shape. Trembley 
probably refers to Lagrange’s second solution which is the most 
completely worked out ; see Art. 583. 

Trembley adds in a Scholium that by the aid of this problem 
we can solve that which is lxyii. in De Moivre ; finishing with 
these words, in secunda enim formula fieri debet c — 1, which 
appear to be quite erroneous. 

762. Trembley’s eighth problem is the second in Lagrange’s 
memoir ; see Art. 580 : the chance of one event is ^ and of an- 
other 2^, find the chance that in a given number of trials the first 
shall happen at least I times and the second at least c times. 
Trembley puts Lagrange’s solution in a more elementary form, so 
as to avoid the Theory of Finite Differences. 

763. Trembley’s ninth problem is the last in Lagrange’s me- 
moir; see Art. 587. Trembley gives a good solution. 

764. The next memoir is entitled De Probabilitate Causarum 
ah effectihus oriunda. 

This memoir is published in the Comm. Soc. Reg..,.OoU. 
Vol. XIIL The volume is for the years 1795 — 1798 ; the date of 
publication is 1799. The memoir occupies pages 64 — 119 of the 
mathematical portion of the volume. 

765. The memoir begins thus : 

Hanc raateriam pertractarunt eximii Geometrae, ac potissinuim Cel. 
la Place in Commenfcariis Academiae Parisinensis. Cum autem in 
hujusce generis Problematibus solvendis sublimior et ardua analysis 
fuerit adhibita, easdem quaestiones methodo elementari ao idoneo usu 
doctrinae serierum aggredi operae pretium duxi. Qua ratione haec altera 
pars calculi Probabilium ad theoriam combinationum reduceretur, sicut 
et primam reduxi in dissertatione ad Begiam Societatem transmissa. 



TREMBLEY. 


41 - 1 ^ 

Primarias quaestiones L.ic breyiter attingere conabor, mebbodo diliici- 
dandae imprimis intentas. 

VGG. The first problem is the following. A bag contains an 
infinite number of white balls and black balls in an unknown 
ratio ; 'p white balls and q black have been drawn out in j? + ^ 
drawings ; what is the chance that m -f n new drawings will give 
m white and n black balls % 

The known result is 


1 m 4 - n ^ 

(L-xY'^'^dx 

1^ [h 

I (1 — a?)® dx 

j 0 


\m + n \ni-\-p In-^-q + l 

that is, —= 7 — ; — T • 

jm [p 1 + p 4- n + y + 1 

Trembley refers to the memoir which we have cited in 
Art. 551, where this result had been given by Laplace ; see also 
Art. 704. 

Trembley obtains the result by ordinary Algebra ; the investi- 
gations are only approximate, the error being however inappreci- 
able when the number of balls is infinite. 

If each ball is replaced after being drawn we can obtain an 
exact solution of the problem by ordinary Algebra, as we shall see 
when we examine a memoir by Prevost and Lhuilier ; and of course 
if the number of the balls is supposed infinite it will be indifferent 
whether we replace each ball or not, so that w^e obtain indirectly 
an exact elementary demonstration of the important result which 
Trembley establishes approximately. 

767. We proceed to another problem discussed by Trem- 
bley. A bag is known to contain a very large number of balls 
which are white or black, the ratio being unknown. + 

drawings p white balls and q black have been drawn. Eeqiiired 
the probabihty that the ratio of the white to the black lies between 
zero and an assigned fraction. This question Trembley proceeds 
to consider at great length ; he supposes p and q very large and 
obtains approximate results. 

If the assigned fraction above refei'red to be denoted by 
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— 6, lie obtains as tlie numerator of the required probability, 

approximately 


1 

\p + q / 

i’+l 

1 1 

f 1 +"/ 

\1L±JL 1 

5+1 

L] 

' n + + qf d“l 

ip + q)^ 

The donomiuatur would bo p 

1 

\jl\ 

r ] 

\i 

I T * 


|y + g + l 


Trembley refers to two places in which Laplace had given this 
result; they are i\\e Uist. de FAcad.... Paris for 1778, page 270, 
and for 1783 page 443. In the Theorie...des Proh. Laplace does 
not reproduce the general formula ; he confines himself to suppos- 
X 

ing — —6 = 1 ^', see page 379 of the work. 

p + q 2 ' 

Trembley’s methods are laborious, and like many other at- 
tempts to bring high mathematical investigations into more 
elementary forms, would probably cost a student more trouble 
than if ho were to sot to work to enlarge his mathematical know- 
ledge and then study the original methods. 

708. Trembley follows Laplace in a numerical application 
relating to the births of boys and girls at Yitteaux in Bourgogne. 
Laplace first gave this in the Hist, de V Acad.... Paris for 1783, 
page 448 ; it is in the TMorie...des Proh. page 380. It appears 
that at Yitteaux in five years 212 girls were born to 203 boys. 
It is curious that Laplace gives no information in the latter work 
of a more recent date than he gave in the Hist, de V Acad.... Paris 
for 1783 ; it would have been interesting to know if the anomaly 
still continued in the births at Yitteaux. 

769. We may observe that Laplace treats the problem of 
births as analogous to that of drawing black and white balls from a 
bag. So he arrives at this result ; if we draw 212 black balls to 203 
white balls out of a bag, the chance is about '67 that the black 
balls in the bag are more numerous than the white. It is not 
very easy to express this result in words relating to births ; Laplace 
says in the Hist, de V Acad... .Paris, la difference '670198 sera la 
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probability qu’a Viteaux, la possibility des naissances des filles est 
supyriouro ^ colic dos naissances des garc^ons j in tlio TIiSotiq . . . 
des Prob. be says, la supyriority do la facility des naissances des 
filles, est done indiquye par ces observations, avec une probability 
ygale k ‘&7. These phrases seem much better adapted to the idea 
to be expressed than Trembley s, Probabilitas numerum puellarum 
superaturam esse numerum puerorum erit = ‘67141. 


770. Trembley now takes the following problem. From a 
bag containing white balls and black balls in a large number but 
in an unknown ratio p white balls and ^ black have been drawn j 
required the chance that if 2a more drawings are made the white 
balls shall not exceed the black. This problem leads to a series 
of which the sum cannot be found exactly. Trembley gives some 
investigations respecting the series which seem of no use, and of 
which he himself makes no application ; these are on his pages 
103 — 105. On his page 106 he gives a rough approximate value 
of the sum. He says, Similem seriem refert Cel. la Place. This 
refers to the Hist de V Acad,... Paris for 1778, page 280. But the 
word similem must not be taken too strictly, for Laplace's approxi- 
mate result is not the same as Trembley's. 

Laplace applies his result to estimate the probability that more 
boys than girls will be born in a given year. This is not repeated 
in the ThSorie...des Prob., but is in fact included in what is there 
given, pages 397 — 401, which first appeared in the Hist de 
I Acad.... Paris for 1783, page 458. 

771. Trembley now takes another of Laplace's problems, 
namely that discussed by Laplace in the Memoires ...par divers 
Bavans, Vol. vi. page 633. 

Two players, whose respective skills are unknown, play on the 
condition that he who first gains n games over his adversary shall 
take the whole stake ; at a certain stage when A wants / games 
and B wants h games they agree to leave off playing : required 
to know how the stake should be divided. Suppose it were given 
that the skill of ^ is cc and that of 5 is 1 — x. Then we know 
by Art. 172 that B ought to have the fraction (j> (x) of the stake, 
where 
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4:1^ 


^ («) = (1 - a)” -jl + mYzr^ + 


X m{m~ 1) 


as 


1.2 

m (m ■ 


{1-xy 
■l)(m — 2 ) 


1.2.3 


(1-asy 




15 as^-' ] 

(i-a^rr 

where m =/+ A — 1. 


Now if cc represents A's skill the probability that in 2n — h 
games A would win n — / and £ would win — A is (1 — £c)”‘^ 
disregarding a numerical coefficient which we do not want. 

Hence if A wins n —f games and B wins n—h, which is now 
the observed event, we infer that the chance that A'b skill is x is 


(1 - dx 



Therefore the fraction of the stake to which B is entitled is 


f <f> (x) x^’'^ (1 — dx 

{_Q 

f x’'~^ (1 — xy~’‘ dx 

j 0 

All this involves only Laplace’s ordinary theory. Now the 
following is Tremble/s method. Consider ^ (a;) ; the first term 
is (1 — a;)”* ; this represents the chance that £ wiLl win m games 
running on the supposition that his skiU is 1 — a;. If we do not 
know his skill a priori we must substitute instead of (1 — a:)” the 
chance that B will win m games running, computed from the 
observed fact that he has won n — h games to ^’s n —f games. 
This chance is, by Art. 766, 


I n +f— 1 I 2w —f— ^ + 1 
\n — h 1 2w 


= M say. 


Again consider the term ma: (1 - aj)"*'" in ^ (a;). This represents 
the chance that B will win m - 1 games out of m, on the suppo- 
sition that his skill is 1 - a;. If we do not know his skill a prion 
we must substitute instead of this the chance that B will win, 

27 
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m — 1 games out of m, deduced from the observed fact that he has 
'won ^ games to Ain —/games. This chance is, by Art. 766, 


m (n — /+ 1) 
n +/- 1 


M. 


It is needless to go farther, as the principle is clear. The final 
result is that the fraction of the stake to which B is entitled is 




I 




(/+A-1)...(7. + 1) (n-/+l)(n-/+2)...(^-l) | 


1/-1 


(^+/-l)(^+/'-2) ... (?^ + l) J 


This process is the most interesting in Trombley’s memoir. 
Laplace does not reproduce this problem in the TMorie . . . des 
Prob, 


772, Trembley gives some remarks to shew the connexion 
between his own methods and Laplace’s. These amount in fact 
to illustrations of the use of the Integral Calculus in the summa- 
tion of series. 

For example he gives the result which we may write thus : 

_i__2 I 2(2'-!) ^ ?(S’-1)(2-2) f , 

p + 1 lp + 2^ 1,2 + 3 1.2.3 p + 4!'^'" 

■■ i’+S + l 

= J ^ (1 - txy dx = ~J V (1 - xY dx. 

773, Trembley remarks that problems in Probability consist 
of two paj^ ; first the formulae must be exhibited and then modes 
of approximate calculation found. He proposes to give one ex- 
ample from Laplace. 

Observation indicates that the ratio of the number of boys 

bom to the number of girls bom is greater at London than at 
Paris. 

Laplace says : Cette difference semble indiquer ii Londres une 
plus grande facilite pour la naissance des gar 9 ons, il s’agit de deter- 
miner combien cela est probable. See Hist, de V Acad.... Paris 
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for 1778, page 304, for 1783, page 449; and Theorie . . . des Prob. 
page 381. 

Trembley says, 

Suppouit Cel. la Place natos esse Parisiis iiitra certum tempus, p 
pueros q puellas, Londiiii autem intra aliud temporis spatium p' pneros 
q' piiellas, et qnaerit Probabilitatem, catisam quae Parisiis producit 
pueros esse efficaciorem quam Londini. E su2)ra dictis sequitur banc 
Probabilitatem repraesentari per formulam 

jjx^ (1 — xy (1 — x'Y dxdx! 

jjx^ (1 — xy x^’ (1 — x'Y dx dx' 


Trembley then gives the limits of the integrations; in the 
numerator for x' from = 0 to = Xy and then for x from a? = 0 
to cc = 1 ; in the denominator both integrations are between 0 
and 1. 

Trembley considers the numerator. He expands x^ (1 — x'Y in 
powers of x and integrates from ci?' = 0 to cc' = x. Then he expands 

(1 — cc)^ and integrates from = 0 to a; = 1 ; he obtains a result 
which he transforms into another more convenient shape, which 
he might have obtained at once and saved a page if he had not 
expanded x^{l-xY. Then he uses an algebraical theorem in 
order to effect another transformation ; this theorem he does not 
demonstrate generally, but infers it from examining the first three 
cases of it ; see his page 113. 

We will demonstrate his final result, by another method. We 
have 





y+l 1 + 1.2 / + 3 




Multiply by cc” (1 - cc)’ and integrate from a: = 0 to a; = 1 ; 
thus we obtain by the aid of known formulae 


I y I jp + jp' + 1 (■ 1 4 ■ 1 y? + y>' + 2 

y) + p' + g + 2 |p' + l 1 y + 2j9+p' + 2 + 3 

, i (?' -1) + + + + - _ 

1.2 y + 3 (p +y + 2 + 3) (p +p' + 2 + 4) 

27—2 
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This result as we have said Trembley obtains, though he goes 
through more steps to reach it. 

Suppose however that before effecting the integration with 
respect to x we use the following theorem 

_2. 1 I g'(g'-i) ^ y'(y'-i) (y'-2) x’' 

y+i 1 p'+2'^ 1.2 y + 3 1.2.3 

-g 1 I I L_ 

\p +q + [p + ^ + 1) {p' + 4) 1 - ® 

, g'(g'-i) 

+ [p' + 2' + 1) (/ + 2') {p' + 2' - 1) (1 - 

. g'(g-l)(g'-2) L_+ I 

(/ + g' + 1) (?' + 2') (y + g'- 1) ip’ + 2' - 2) (1 - 0.)“ + •••}• 

Then by integrating with respect to x, we obtain 

1'2+g' \p+p'+l f 1 4_ F+/+g+g'+2 

|p+p'+2 + g'+2 tp' + 2'+l (p'+g'+l)(g>'+g’) g+g' 

. g'(g'--l) (j3+j?'+2+2'+2)(jP+;p'+2+g'+l) . I 

(/+g'+l) (j^'+g') (i^'+g'-l) (g+g') (g+g'-l) ■ "J ■ 

It is in fact the identity of these two results of the final inte- 
gration which Trembley assumes from observing its truth when 
q = 1, or 2, or 3. 

With regard to the theorem we have given above we may 
remark that it may be obtained by examining the coefficient of 
on the two sides \ the identity of these coefficients may be estab- 
lished as an example of the theory of partial fractions. 

774. Trembley then proceeds to an approximate summation 
of the series ; his method is most laborious, and it would not repay 
the trouble of verification. He says at the end, Series haec, quae 
similis est seriei quam refert Cel. la Place ... He gives no refer- 
ence, but he probably has in view the Hist de V Acad,,,, Paris 
for 1778, page 310. 

775. We have next to consider a memoir entitled Pecherckes 
sur une question relative au calcul des prolaUlites, This memoir is 
published in the volume for 1794 and 1795 of the M6moires de 
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T Acad..., Berlin; the date of publication is 1799: the memoir 
occupies pages 69 — 108 of the mathematical portion of the volume. 
The problem discussed is that which we have noticed in Art. 448. 

776. Tremblej refers in the course of his memoir to what had 
been done by De Moivre, Laplace and Euler. He says, 

L’analyse dont M. Euler fait usage dans ce M^moire est tr§s-ingl- 
nieuse et digne de ce grand glom^tre, mais comme elle est un pea 
indirecte et qu’il ne seroit pas ais6 de Tappliquer au prohl^me gln^ral 
dont celui-ci n’est qu’un cas particulier, j’ai entrepris de traiter la chose 
directement d’apr^s la doctrine des combinaisons^ et de donner ^ la 
question toute^l’^tendue dont elle est susceptible. 

777. The problem in the degree of generality which Trembley 
gives to it had already engaged the attention of De Moivre ; see 
Art, 293. De Moivre begins with the simpler case in his Pro- 
blem XXXIX, and then briefly indicates how the more general 
question in his Problem XLI. is to be treated. Trembley takes the 
contrary order, beginning with the general question and then 
deducing the simpler case. 

When he has obtained the results of his problem Trembley 
modifies them so as to obtain the results of the problem discussed 
by Laplace and Euler. This he does very briefly in the manner 
we have indicated in Art. 453. 

778. Trembley gives a numerical example. Suppose that a 
lottery consists of 90 tickets, and that 5 are drawn at each time \ 
then, he obtains -74102 as the approximate value of the probability 
that all the numbers will have been drawn in 100 drawings. 
Euler had obtained the result ’7419 in the work which we have 
cited in Art. 456. 

779. Trembley’s memoir adds little to what had been given 
before. In fact the only novelty which it contains is the investi- 
gation of the probability that — 1 kinds of faces at least should 
come up, or that n — 2 kinds of faces at least, or n-S, and so on. 
The result is analogous to that which had been given by Euler and 
which we have quoted in Art. 458. Nor do Trembley’s methods 
present any thing of importance ; they are in fact such as would 
naturally occur to a reader of De Moivre’s book if he wished to 
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reverse the order which De Moivre has taken. Trembley does not 
supply general demonstrations ; he begins with a simple case, then 
he proceeds to another which is a little more complex, and when 
the law which governs the general result seems obvious he enun- 
ciates it, leaving to his readers to convince themselves that the law 
is universally true. 

780. Trembley notices the subject of the summation of a cer- 
tain series which we have considered in Art. 460. Trembley says, 
M. Euler remar que que dans ce cas la spmme de la suite qui donne 
la probability, pent s’exprimer par des produits. Cela peut se de- 
montrer par le calcul integral, par la mythode suivante qui est 
fort simple. But in what follows in the memoir, there is no use of 
the Integral Calculus, and the demonstration seems quite unsatis- 
factory. The result is verified when a? = 1, 2, 3, or 4 and then is 
assumed to be universally true. And these verifications them- 
selves are unsatisfactory; for in each case r is put successively 
equal to 1, 2, 3, 4, and the law which appears to hold is assumed 
to hold universally. 

Trembley also proposes to demonstrate that the sum of the 
series is zero, if n be greater than rx. The demonstration how- 
ever is of the same unsatisfactory character, and there is this ad- 
ditional defect. Trembley supposes successively that = r (cc + 1), 
= r (cr -j- 2), n = r and so on. But besides these cases n 

may have any value between rx and r (cr-f- 1), or between r (a?+ 1) 
and r (a? + 2), and so on. Thus, in fact, Trembley makes a most 
imperfect examination of the possible cases. 

781. Trembley deduces from his result a formula suitable for 
approximate numerical calculation, for the case in which and a; 
are large, and r small ; his formula agrees witli one given by La- 
place in the Hist de V Acad,. ..Pams 1783, as he himself observes. 
Trembley obtains his formula by repeated use of an approximation 
which he establishes by ordinary Algebraical expansion, namely 



Trembley follows Laplace in the numerical example which 
we have noticed in Art. 455. Trembley moreover finds that in 



TREMBLEY. 


423 


about 86927 drawings tliere is an even chance that all the tickets 
except one will have been drawn j and he proceeds nearly to the 
end of the calculation for the case in which all the tickets except 
two are required to be drawn. 

782. The next memoir is entitled Recherches sur la mortalite 
de la petite v^role. 

This memoir is published in the Memoir es de V Acad.,.. Berlin 
for 1796 ; the date of publication is 1799 : the memoir occupies 
pages 17 — 38 of the mathematical portion of the volume. 

783. This memoir is closely connected with one by Daniel 
Bernoulli ; see Art. 398. Its object may be described as twofold; 
first, it solves the problem on the hypotheses of Daniel Bernoulli 
by commoir Algebra without the Integral Calculus ; secondly, it 
examines how far those hypotheses are verified by facts. The 
memoir is interesting and must have been valuable in a practical 
point of view at the date of publication. 

784. Let m and n have the same signification as in Daniel 
Bernoulli’s memoir ; see Art. 402 : that is, suppose that every year 
small-pox attacks 1 in w of those who have not had the disease, 
and that 1 in m of those who are attacked dies. 

Let a^ denote a given number of births, and suppose that 
denote the number of those who are alive at the end 
of 1, 2, 3, . . . years : then Trembley shews that the number of per- 
sons alive at the beginning of the year who have not had the 
small-pox is 



on on V nj 


For let denote the number alive at the beginning of the 
year who have not had the small-pox, and number at the 

beginning of the [x + 1)*^ year. Then in the year small-pox 

attacks ~ persons ; thus would be alive at the begin- 

ning of the next year without having had the small-pox if none of 
them died by other diseases. We must therefore find how many of 
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these — die of other diseases, and subtract. Now the total 


number who die of other diseases during the year is 

5 . 


- 


these die out of the number ^ . Hence, by proportion, the 
number who die out of 


j. 1-- 

V n 


Therefore = 






We can thus establish our result by induction; for we may 
shew in the manner just given that 


and then universally that 


f 1 - - 

TTT' 

mn 


\ n. 


l-- + i (l-- 

m n. 


785. We may put our result in the form 


H-(m-l) fl-- 
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Now there is nothing to hinder us from supposing the intervals 
of time to be much shorter than a year ; thus n may be a large 
number, and then 

/ i\-» * 

f 1 — - j = e” nearly. 

The result thus agrees with that given by Daniel Bernoulli, see 
Art. 402 : for the intervals in his theory may be much shorter than 
a year. 

786. Hitherto we have used Daniel Bernoulli’s hypotheses ; 
Trembley however proceeds to a more general hypothesis. He 
supposes that m and n are not constant, but vary from year to 
year ; so that we may take and to denote their values for the 

year. There is no difficulty in working this hypothesis by 
Trembley's method ; the results are of course more complicated 
than those obtained on Daniel Bernoulli’s simpler hypotheses. 

787. Trembley then compares the results he obtains on his 
general hypothesis with a table which had been furnished by ob- 
servations at Berlin during the years 1758 — 1774. The comparison 
is effected by a rude process of approximation. The conclusions he 
arrives at are that n is very nearly constant for all ages, its value 
being somewhat less than 6 ; but m varies considerably, for it be- 
gins by being equal to 6, and mounts up to 120 at the eleventh 
year of age, then diminishes to 60 at the nineteenth year of 
age, and mounts up again to 133 at the twenty-fifth year of age, 
and then diminivshes. 

Trembley also compares the results he obtains on his general 
hypothesis with another table which had been furnished by obser- 
vations at the Hague. It must be confessed that the values of m 
and n deduced from this set of observations differ very much from 
those deduced from the former set, especially the values of m. 
The observations at Berlin were nearly five times as numerous as 
those at the Hague, so that they deserved more confidence. 

788. In the volume for 1804 of the Mdmoires de FAcad.,,. 
Berlin, which was published in 1807, there is a note by Trem- 
bley himself on the memoir which we have just examined. 
This note is entitled Eclaircissement relatif an MSmoire sur la 
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mortaUte.,..&c.; it occurs on pages 80 — 82 of the mathematical 
portion of the volume. 

Trembley corrects some misprints in the memoir^ aud he says : 

Au reste, je dois avertir que la m^thode d’ approximation que j’ai 
donn6e dans ce m^moire comme nn essai^ en attendant qne des obser- 
vations plus detaill6es nous missent en 6tat de proc6der avec plus de 
r6gularit6, que cette m^thode, dis-je, ne vaut absolument rien, et je dois 
des excuses au public pour la lui avoir presentee. 

He then shews how a more accurate calculation may be made ; 
and he says that he has found that the values of n instead of 
remaining nearly constant really varied enormously. 

789. The next memoir is entitled Essai sur la manihre de 
trouver le terme g6n4ral des siries r^currentes. 

This memoir is published in the volume for 1797 of the Md- 
moires de V Acad..,. Berlin ; the date of publication is 1800. The 
pages 97 — 105 of the memoir are devoted to the solution of a pro- 
blem which had been solved by Laplace in Vol. vii. of the 
Memoir es... par divers Savans; Trembley refers to Laplace. 

The problem is as follows : Suppose a solid having n equal 
faces numbered 1, 2, S required the probability that in the 
course of n throws the faces will appear in the order 1, 2, 3, ...p. 

This problem is very nearly the same as that of De Moivre on 
the run of luck ; see Art. 325. Instead of the equation 

^ “b (1 “ 

we shall now have 

'^n+i = -b (1 - ; and a = i . 

V 

Trembley solves the problem in his usual incomplete manner ; 
he discusses in succession the cases in which = 2, 3, 4 ; and then 
he asssumes that the law which holds in these cases will hold 
generally. 

790. The next memoir is entitled Olservations sur les calculs 
relatifs d la dur^e des mariages et au noonbre des 4poux subsistans. 

This memoir is published in the volume for 1799—1800 of 
the Memoires de I Acad... Berlin; the date of publication is 1803; 
the memoir occupies pages 110 — 130 of the mathematical portion 
of the volume. 
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791. The memoir refers to that of Daniel Bernoulli on the 
same subject which we have noticed in Art. 412. Trembley ob- 
tains results agreeing with those of Daniel Bernoulli so far as the 
latter was rigorous in his investigations ; but Trembley urges ob- 
jections against some of the results obtained by the use of the 
infinitesimal calculus, and which were only presented as approxi- 
mate by Daniel Bernoulli. 

792, As is usual with Trembley, the formulae 'which occur 
are not demonstrated, but only obtained by induction from some 
simple cases. Thus he spends three pages in arriving at the re- 
sult which we have given in Art. 410 from Daniel Bernoulli ; he 
examines in succession the five most simple cases, for which 
m = 1, 2, 3, 4, 5, and then infers the general formula by analogy. 


793. For another example of his formulae we take the follow- 
ing question. Suppose n men marry n women at the same time; 
if m out of the 2n die, required the chance that m marriages are 
dissolved. 


We may take m pairs out of n in 


ways. In each 


[ m \n--m 

of the m pairs only one person must die ; this can happen in 2’^ 
ways. Thus the whole number of cases favourable to the result 
2’^[w 


IS 


But the whole number of cases is the whole 


1 — m 


number of ways in which m persons out of 2n may die ; that is 
^ Hence the required chance is 


I m I 2yi — m 


2’’" I 2-}%^ 


* on 


I jn — m 


Trembley spends two pages on this problem, and then does 
not demomtrate the result. 


794. Trembley makes some applications of his formulae to the 
subject of annuities for widows. He refers to a work by Karstens, 
entitled TMoHe von Wittwencassen, Halle, 1784; and also names 
Tetens. On the other hand, he names Michelsen as a writer who 
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had represented the calculations of mathematicians on such sub- 
jects as destitute of foundation. 

Trembley intimates his intention of continuing his investi- 
gations in another memoir, which I presume never appeared. 

795. The next memoir is entitled Olservations sur la meihode 
de prendre les milieux entre les observations. 

This memoir is published in the volume for 1801 of the 

Mdmoires de I Acad Berlin; the date of publication of the 

volume is 1804 : the memoir occupies pages 29 — 58 of the mathe- 
matical portion of the volume. 

796. The memoir commences thus: 

La mani^re la plus avantageuse de prendre les milieux entre les 
observations a 6t6 detaill6e par de grands geomItres. M. Daniel Ber- 
noulli, M. .Lambert, M. de la Place, M. de la Grange s’en sont occup6s. 
Le dernier a donn6 1^-dessus un tr^s-beau m^moire dans le Tome v. des 
MImoires de Turin. II a employ^ pour cela le calcul integral. Mon 
dessein dans ce m^moire est de montrer comment on pent parvenir aux 
memes r^sultats par un simple usage de la doctrine des combinaisons. 

797. The preceding extract shews the object of the memoir. 
We observe however that although Lagrange does employ the 
Integral Calculus, yet it is only in the latter part of his memoir, 
on which Trembley does not touch; see Arts. 570 — 575. In the 
other portions of his memoir, Lagrange uses the Differential Cal- 
culus ; but it was quite unnecessary for him to do so ; see 
Art. 564. 

Trembley’s memoir appears to be of no value whatever. The 
method is laborious, obscure, and imperfect, while Lagrange’s is 
simple, clear, and decisive. Trembley begins with De Moivre’s 
problem, quoting from him; see Art. 149. He considers De 
Moivre’s demonstration indirect and gives another. Trembley’s 
demonstration occupies eight pages, and a reader would probably 
find it necessary to fill up many parts with more detail, if he were 
scrupulous about exactness. 

After discussing De Moivre’s problem in this manner, Trem- 
bley proceeds to inflict similar treatment on Lagrange’s problems. 

We may remark that Trembley copies a formula from La- 
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grange with all the misprints or errors which it involves; see 
Art. 567. 

798. The last memoir by Trembley is entitled Observations 
sur le calcul dJun Jeu de hasard. 

This memoir is published in the volume for 1802 of the 

MSmoires de VAcad Berlin; the date of publication is 1804: 

the memoir occupies pages 86 — 102 of the mathematical portion 
of the volume. 

799. The game considered is that of Her, which gave rise to 
a dispute between Nicolas Bernoulli and others; see Art. 187. 
Trembley refers to the dispute. 

Trembley investigates fully the chance of Paul for every case 
that can occur, and more briefly the chance of Peter. He states 
his conclusion thus : 

...M. de Montmort et ses amis concluoient de 1^ contre Nicolas 
Bernoulli, q^ue ce cas Itoit insoluble, car disoient-ils, si Paul sait que 
Pierre se tient au huit, il changera au sept, mais Pierre venant savoir 
que Paul change au sept, changera au huit, ce qui fait un cercle vicieux. 
Mais il r^sulte seulement de que chacun sera perpetuellement dans 
I’incertitude sur la mani^re de jouer de son adversaire ; des lors il con- 
viendra ^ Paul de changer au sept dans un coup donn^, mais il ne 
pourroit suivre constamment ce syst^me plusieurs coups de suite. Il 
conyiendra de m^me ^ Pierre de changer au huit dans im coup donn6, 
sans pouvoir le faire plusieui's coups de suite, ce qui s’accorde avec les 
conclusions de M. Nicolas Bernoulli contre celles de M. de Montmort. 

800. It is hardly correct to say that the conclusion here 
obtained agrees with that of Nicolas Bernoulli against that of 
Montmort. The opponents of Nicolas Bernoulli seem only to 
have asserted that it was impossible to say on which rule Paul 
should uniformly act, and this Trembley allows. 

801. In Trembley's investigation of the chance of Peter, he 
considers this chance at the epoch before Paul has made his choice 
whether he will exchange or not But this is of little value for 
Peter himself ; Peter would want to know how to act under cer- 
tain circumstances, and before he acted he would know whether 
Paul retained the card he obtained at first or compelled an ex- 
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cliange. Hence TremHey’s investigation of Peter’s chance differs 
from the method which we have exemplified in Art. 189. 

802. Tremhley makes an attempt to solve the problem of 
Her for three players ; but his solution is quite unsound. Sup- 
pose there are three players, Paul, James, and Peter. Trembley 
considers that the chances of Paul and James are in the propor- 
tion of the chance of the first and second players when there are 
only two players ; and he denotes these chances by oo and y. He 
takes a? to 2 / as 8496 to 8079; but these numbers are of no con- 
sequence for our purpose. He supposes that the chances of J ames 
and Peter are also in the same proportion. This would not be 
quite accurate, because when James is estimating his chance with 
respect to Peter he would have some knowledge of Paul’s card ; 
whereas in the case of Paul and James, the former had no know- 
ledge of any other card than his own to guide him in retaining or 
exchanging. 

But this is only a minute point. Trembley’s error is in the 

next step. He considers that — ^ is the chance that Paul will 

x + y 

beat James, and that ~ — is the chance that Peter will beat 
x-\y 

J ames ; he infers that - is the chance that both Paul and 

(x + yy 

Peter will beat James, so that James will be thrown out at the 
first trial. This is false: the game is so constructed that the 

players are neccrly on the same footing, so that ™ is very nearly 

o 

the chance that a given player -will he excluded at the first trial. 
Trembley’s solution would give i as the chance that James will 

1 

be excluded i£ x = y; whereas ^ should then be the value. 

The error arises from the fact that and — — do not 

x + y x + y 

here represent independent chances ; of course if Paul has a higher 
card than James, this alone affords presumption that James will 
rather have a card inferior to that of Peter than superior. This 
error at the beginning vitiates Trembley’s solution. 
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803. As a subsidiary part of bis solution Trembley gives 
a tedious numerical investigation whicb might be easily spared. 
He wishes to shew that supposing James to have a higher card 
than both Peter and Paul, it is an even chance whether Peter 
or Paul is excluded. He might have proceeded thus, which will 
be easily intelligible to a person who reads the description of the 
game in Montmort, pages 278, 279 : 

Let n denote the number of James’s card. 

I. Suppose n — r and n — s the other two cards; where r and 
s are positive integers and different. Then either Paul or Peter 
may have the lower of the two ^ — r and n — s\ that is, there are 
as many cases favourable to one as the other. 

II. Peter’s card may also be n\ then Paul’s must be 1, or 
2, or 3, ... or ^ — 1. Here are n ~ 1 cases favourable to Peter. 

III. Peter and Paul may both have a card with the same 
mark tz — r ; this will give n — 1 cases favourable to Paul. 

Thus II. and III, balance. 



CHAPTER XIX. 

MISCELLANEOUS INVESTIGATIONS 
Between the Years 1780 and 1800. 


804. The present Chapter will contain notices of various 
contributions to our subject which were made between the years 
I7o0 and 1780. 

805. We have first to mention two memoirs by Prevost, en- 
titled, 8ur les principes de la TMorie des gains fortuits. 

The first memoir is in the volume for 1780 of the Wouveaux 
Memoires ...Berlin ; the date of publication is 1782: the memoir 
occupies pages 430 — 472. The second memoir is in the volume 
for 1781 ; the date of publication is 1783 : the memoir occupies 
pages 463 — 472. Prevost professes to criticise the account of the 
elementary principles of the subject given by James Bernoulli, 
Huygens, and De Moivre. It does not seem that the memoirs 
present anything of value or importance ] see Art. 103. 

806. We have next to notice a memoir by Borda, entitled 
MSmoire sur les Mecticms au Scrutin, 

This is in the Hist,..d6 V Acad.... Paris for 1781 ; the date of 
publication is 1784 : the memoir occupies pages 657 — 665. 

This memoir is not connected with Probability, but we notice 
it because the subject is considered at great length by Condorcet, 
who refers to Borda’s view j see Art, 719. 
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Borda observes that the ordinary mode of election is liable to 
error. Suppose, for example, that there are 21 voters, out of 
whom 8 vote for A, 7 for £, and 6 for (7; then A is elected. But 
it is possible that the 7 who voted for jB and the 6 who voted 
for 0 may agree in considering A as the worst of the three can- 
didates, although they differ about the merits of jB and O. In such 
a case there are 8 voters for A and 13 against him out of the 
21 voters ; and so Borda considers that A ought not to be elected. 
In fact in this case if there were only A and B as candidates, or 
only A and 0 as candidates, A would lose ; he gains because he 
is opposed by two men who are both better than himself. 

Borda suggests that each voter should arrange the candidates 
in what he thinks the order of merit. Then in collecting the 
results we may assign to a candidate a marks for each lowest 
place, a + & marks for each next place, a-i-2b marks for each next 
place, and so on if there are more than three candidates. Suppose 
for example that there are three candidates, and that one of them 
is first in the lists of 6 voters, second in the lists of 10 voters, and 
third in the lists of 5 voters; then his aggregate merit is ex- 
pressed by 6 (a + 25) -h 10 + 6) + that is by 21a + 225. Ifc 

is indifferent what proportion we establish between a and 5, be- 
cause in the aggregate merit of each candidate the coefficient of a 
will be the whole number of voters. 

Oondorcet objects to Borda’s method, and he gives the follow- 
ing example. Let there be three candidates. A, By and C] and 
suppose 81 voters. Suppose that the order ABC is adopted by 
30 voters, the order (75 by 1, the order CAB by 10, the order 
BAGhj 29, the order BCA by 10, and the order CBA by 1. In 
this case B is to be elected on Borda’s method, for his aggregate 
merit is expressed by 81a + 1095, while that of A is expressed 
by 81a + 1015, and that of G by 81a + 335. Oondorcet decides 
that A ought to be elected ; for the proposition A is better tfian B 
is affirmed by 30 + 1 + 10 voters, while the proposition B is better 
than A is affirmed by 29 + 10 + 1 voters, so that A has the ad- 
vantage over B in the ratio of 41 to 40. 

Thus suppose a voter to adopt the order AB G ; then Condoi'cet 
considers him to affirm with equal emphasis the three propositions 
A is better than 5, B is better than (7, A is better than G ; but 
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Borda considers him to affirm the first two with equal emphasis, 
and the last with double emphasis. See Condorcet’s Discours 
Priliminaire, page CLXXVII, Laplace, Thiorie...des Frol), page 274. 

807. We have next to notice a memoir by Malfatti, entitled 
Esame Critico di un Prohlema di prohabilitd del Big. Daniele 
Bernoulli^ e soluzione d'un altro Prohlema analog o al Bernulliano. 
Del Sig. Gio: Francesco Malfatti Professore di Matematica nelP 
Dniversit^ di Ferrara. 

This memoir is published in the Memorie di Matematica e 
Fisica della Societd Italiana, Tomo I. 1782 ; the memoir occupies 
pages 768 — 824. The problem is, that which we have noticed in 
Art. 416. Malfatti considers the solution of the problem about 
the balls to be erroneous, and that this problem is essentially 
different from that about the fluids which Daniel Bernoulli used 
to illustrate the former ; see Art. 420. Malfatti restricts himself 
to the case of two urns. 

Malfatti in fact says that the problem ought to be solved by 
an exact comparison of the numbers of the various cases which 
can arise, and not by the use of such equations as we have given 
in Art. 417, which are only probably true ; this of course is quite 
correct, but it does not invalidate Daniel Bernoulli’s process for 
its own object. 

Let us take a single case. Suppose that originally there are two 
white balls in A and two black balls in B ; required the probable 
state of the urn A after x of Daniel Bernoulli’s operations have 
been performed. Let denote the probability that there are 

two black balls in .4 ; the probability that there is one black 
ball and one white one, and therefore 1 — — Va, the probability 

that there are two white balls. 

808. We will first give a Lemma of Malfatti’s. Suppose there 
axe n - white balls in A, and therefore p black balls ; then there 
are n —p black balls in B and p white balls. Let one of Daniel 
Bernoulli’s operations be performed, and let us find the number 
of cases in which each possible event can happen. There are r^‘ 
cases altogether, for any ball can be taken from A and any ball 
from B, Now there are three possible events ; for after the opera- 
tion A may contain n-p+1 white balls, or n or n-p-1. 



MALFATTI. 


435 


For the first event a black ball must be taken from A and a white 
ball from B; the number of cases is For the second event a 
black ball must be taken from A and a black one from B, or else 
a white one from A and a white one from B ; the number of cases 
is For the third event a white ball must be taken 

from A and a black ball from B; the number of cases is 
(w 

It is obvious that 

2p (n — j?) -I- (n 

as should be the case. 


809. Now returning to the problem in Art. 807 it will be 
easy to form the following equations : 

1 

Integrating these equations and determining the constant by 
the condition that = 1, we obtain 



Daniel BernoulFs general result for the probable number of 
white balls in A after x trials if there were n originally would be 



Thus supposing x is infinite Daniel Bernoulli finds that the 
probable number is This is not inconsistent with our result; 

2 1 

for -we have when x is infinite = therefore 

1 _ so that the case of one white hall and one black 

ball is the most probable. 

810. Malfatti advances an objection against Daniel Bernoulli’s 
result which seems of no weight. Daniel Bernoulli obtains as 

28—2 
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we see ^ for the probable number of white balls in A after an 

infinite number of operations. Now Malfatti makes Daniel Ber- 
noulli’s statement imply conversely that it will require an infinite 

number of trials before the result ^ will probably be reached. 

But Daniel Bernoulli himself does not state or imply this con- 
verse, so that Malfatti is merely criticising a misapprehension of 
his own. 

811. Malfatti himself gives a result equivalent to our value 
of in Art. 809 ; he does not obtain it in the way we use, but 
by induction founded on examination of successive cases, and not 
demonstrated generally. 

812. The problem which Malfatti proposes to solve and which 
he considers analogous to Daniel Bernoulli’s is the following. 
Let r be zero or any given integer not greater than n : required 
tt) determine the probability that in x operations the event will 
never occur of having just n — r white balls in A. This he treats 
in a most laborious way ; he supposes y = 2, 3, 4, 5 in succession, 
and obtains the results. He extracts by inspection certain laws 
from these results which he assumes will hold for all the other 
values of r between 6 and n inclusive. The cases r = 0, and r = 1, 
require special treatment. 

Thus the results are not demonstrated, though perhaps little 
doubt of their exactness would remain in the mind of a student. 
The patience and acuteness which must have been required to 
extract the laws will secure high admiration for Malfatti. 

813. We will give one specimen of the results which Malfatti 
obtains, though we shall adopt an exact method instead of his in- 
duction from particular cases. 

Bequired the probability that in x trials the number — 2 of 
white balls will never occur in A, Let (x, n) represent the whole 
number of favourable cases in x trials which end with n white balls 
in A; let n— 1) be the whole number of favourable cases 
which end with n - 1 white balls in A. There is no other class of 
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favourable cases ; by favourable cases we mean cases of non-occur- 
rence of n — 2 white balls. 

By aid of the Lemma in Art. 808 the following equations are 
immediately established^ 

(}>(x+l, n) =(l)(x, n-1), 

<p (x + 1, n-1) = n^(l> (Xj n) + 2(n — l)(l>(x,n — 1). 

By aid of the first the second becomes 

(f) {x-\-l, n — 1) ^ (x—l,n'-V) + 2(n—V)(p{x,n — 1). 

Thus denoting ^(x, n— 1) by % we have 

This shews that is of the form Aa® + jB/ 3* where a and /3 are 
the roots of the quadratic 

z^-^2(n-l)z^n^^0. 

From the first of the above equations we see that ^ (a; + 1, n) 
is of the same/om as (j>{x, n^l ) thus finally we have 

<f) (Xj n) + (j) (xj n -- 1) = ack + 5^ # 

where a and J are constants. The required probability is found by 
dividing by the whole number of cases, that is by Thus we 
obtain 

gg” 4- 
r?" 

We must determine the constants a and I by special examina- 
tion of the first and second operations. After the first operation 
W6 must have — 1 white balls and one black ball in A . , all the 
cases are favourable ; this will give 

• gg -h 5)8 = 

Similarly we get 

ga^ + 5/3^-nMl + 2(7^-l)}; 

for the second operation must either give n white balls in A, or 
- 1, or 7 ^ ~ 2 ; and the first and second cases are favourable. 
Thus a and 6 become known, and the problem is completely 
solved. 
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814. We -will briefly indicate the steps for the solution of the 
problem in which we require the probability that n — S white balls 
shall never occur in A, 

Let (f> (iTj n)j (xj n — 1), (j> {x, n — 2) represent the number of 
favourable cases in x trials, where the final number of white balls 
in is -- 1, n — 2, respectively. 

Then we have the following equations 

(}){x + l, n)=^(xj n-1), 

<j> (x-]rl, Ti’—l) = n^(f> (xj n) + 2 (n-'l) (}> (x, n-^ 1) + 40 (x, n — 2), 
0 (cc + 1, 71 — 2) = (7^ — 1)^ 0 (a?, n — 1) + 4 (7i — 2) 0 (cr, 71 — 2). 

If we denote 0 (a?, 7^ — 2) by we shall arrive by elimination at 
the equation 

^a;+8 *“ (6^ — 10) — 167^ + 12) + 4;^® (u — 2) = 0. 

Then it will be seen that (f>{X} n — 1) and 0 (x, n) will be ex- 
pressions of the same form as 0 (a?, n — 2). Thus the whole num- 
ber of favourable cases will be acf + -1- cy"®, where a, 5, c are 

arbitrary constants, and a, /?, <y are the roots of 

^3 _ (0^ ^ 10) + (3;^" - 16?z -M2) 0 + 47 z" (ti - 2) = 0. 

815. A work on «ur subject was published by Bicquilley, en- 
titled Du Galcul des Probahilites, Par 0. F, de Bicquilley, Garde-- 
du-Corps du Poi 1783. 

This work is of small octavo size, and contains a preface of 
three pages, the Privilege du JRoi, and a table of contents ; then 
164 pages of text with a plate. 

According to the Catalogues of Booksellers there is a second 
edition published in 1805 which I have not seen. 

816. The author’s object is stated in the following sentence 
from the Preface : 

La theorie des Prohahilit4s 4bauch6e par des G6om^tres c61§hres m’a 
pam susceptible d’etre approfond^e, et de faire partie de renseignement 
el6meutaire : j’ai pens6 qu’un trait6 ne seroit point indigne d’etre offert 
au public, qui pourroit enricher de nouvelles v6rit6s cette matiere int6- 
ressante, et ]a mettre ^ la port6e du plus grand nombre des lecteurs. 
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The choice of matter seems rather unsuitable for an elementary 
work on the Theory of Probability. 

817. Pages 1 — 15 contain the definitions and fundamental 
principles. Pages 15 — 25 contain an account of Figurate numbers. 
Pages 26 — 39 contain various theorems which we should now 
describe as examples of the Theory of Combinations. Pages 40 80 

contain a number of theorems which amount to little more than 
easy developments of one fundamental theorem, namely that which 
we have given in Art. 281, supposing p = 0. 


818. Pages 81 — 110 may be said to amount to the following 
theorem and its consequences : if the chance of an event at a 
single trial be y) the chance that it will occur m times and fail n 

I ^ d" ^ /1 \n 

times in m + n trials is •; ^ (1 —p) * 

\m \7i 

Here we may notice one problem which is of interest. Sup- 
pose that at every trial we must have either an event P alone, oi 
an event Q alone, or both P and Q, or neither P nor Q. Let p 
denote the chance of P alone, q the chance of Q alone, t the 
chance of both P and Q : then l^p^q-tisthe chance of nei- 


ther P nor Q; we will denote this by u. Various problems may 
then be proposed; Bicquilley considers the following: required 
the chance that in fju trials P will happen exactly m times, and Q 


exactly n times. 

I. Suppose P and Q do not -happen together in any case. 
Then we have P happening m times, Q happening n times, and 
neither P nor Q happening iz — m — n times. The corresponding 
chance is 



Ijn [n jjji — m— n ^ 


II. Suppose that P and Q happen together once. Then we 
have also P happening m — l times, Q happening n — 1 times, and 
neither P nor Q happening /jL — m — n-]rl times. The correspond- 
ing chance is 
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III. Suppose that P and Q happen together twice. The cor- 
responding chance is 

L? ( ^ I n — 2 [ya — 9??— ^4-2 -^ 

And so on. 

819. As another example of the hind of problem noticed in 
the preceding Article, we may require the chance that in ya trials P 
and Q shall each happen at least once. The required chance is 

1 — (1 — ^ — — (1 — £ — (1 

See also Algehra^ Chapter LVI. 

820. Pages 111 — 133 contain the solution of some examples. 
Two of them are borrowed from Buifon, namely those which we 
have noticed in Art. 649, and in the beginning of Art. 650. 

One of Bicquilley’s examples may be given. Suppose p and q 
to denote respectively the chances of the happening and failing of 
an event in a single trial. A player lays a wager of a to 5 that the 
event will happen ; if the event does not happen he repeats the 
wager, making the stakes ra to r5; if the event fails again he 
repeats the w^ager, making the stakes Pa to Ph ; and so on. If the 
player is allowed to do this for a series of n games, required his 
advantage or disadvantage. 

The player’s disadvantage is 

{qa -pi) [l+qr^qV-^ 

This is easily shewn. For qa—pl is obviously the player’s dis- 
advantage at the first trial Suppose the, event fails at the first 
trial, of which the chance is q \ then the wager is renewed ; and 
the disadvantage for that trial qar—plr. Similarly (f is the 
chance that the event will fail twice in succession; then the wager 
IS renewed, and the disadvantage is qaP-plP. And so on. If 
then qa is greater than pi the disadvantage is positive and in- 
creases with the number of games. 

Bicquilley takes the particular case in which a = 1, and 
^ 4- 1 , . 

^ ^ ^ solution is less simple than that which we have 
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^1V6I1. T1i6 o1dJ 6C1} of 1jll6 prol)l6ini is fo sllOTV to SL ^3init)l6rj 3,11 
example, that if a Tvager is really unfayourable to him he suffers 
still more by increasing his stake while the same proportion is 
maintained between his stake and that of his adversary. 


821. Pages 134 — 149 relate to the evaluation of probability 
from experience or observation. If an event has happened m 

times and failed n times the book directs us to take 
chance in a single trial. 


m 


m + n 


as its 


822. Pages 150 — 164 relate to the evaluation of probability 
from testimony. Bicquilley adopts the method which we have 
exhibited in Art. 91. Another of his peculiarities is the following. 
Suppose from our own experience, independent of testimony, we 
assign the probability P to an event, and suppose that a witness 
whose probability is p offers his evidence to the event, BicquiUey 
takes for the resulting probability P+ (1 -P) and not as we 
might have expected from him P + (1 - P) He says that the 
reliance which we place on a witness is proportional to our own 
previous estimate of the probability of the event to which he 
testifies. 


823. We will now notice the matter bearing on our subject 
which is contained in the JEncydo^pedie Methodique; the mathema- 
tical portion of this work forms three quarto volumes which are 
dated respectively 1784, 1785, 1789. 

Absent This article is partly due to Condorcet: he applies 
the Theory of Probability to determine when a man has been ab- 
sent long enough to justify the division of his property among his 
heirs, and also to determine the portions which ought to be assigned 
to the different claimants. 

Assurances. This article contains nothino: remarkable. 

Probahilite. The article from the original JSncydopedie is re- 
peated : see Art. 467. This is followed by another article under 
the same title, which professes to give the general principles of 
the subject. The article has not Condorcet’s signature formally 
attached to it ; but its last sentence shews that he was the author. 
It may be described as an outline of Condorcet’s own writings on 
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the subject, but from its brevity it would be far less intelligible 
than even those writings. 

Substitutions. Condorcet maintains that a State has the autho- 
rity to change the laws of succession to property ; but when such 
changes are made the rights which existed under the old laws 
should be valued and compensation made for them. In this article 
Condorcet professes to estimate the amount of cordpensation. The 
formulae however are printed in such an obscure and repulsive 
manner that it would be very difficult to determine whether they 
are correct ; and certainly the attempt to examine them would be 
a waste of time and labour. 

824. Tt should be observed that in the JEncfclopSdie Miiho- 
dique various threats are uttered which are never carried into 
execution. Thus in the article Assurances we are referred to 
JEv^nemens and to SociSte ; and in the article Probahilite we are 
referred to VeritS" and to Votaris. Any person who is acquainted 
with Condorcet’s writings will consider it fortunate that no articles 
are to be found under the titles here named. 

825. The only important article connected with our subject 
in the JEncyclopedie Methodique is that under the title Milieu, 
which we will now proceed to notice. The article is by John 
Bernoulli, the same person, we presume, whom we have noticed 
in Arts. 598 and 624. 

The article gives an account of two memoirs which it asserts 
had not then been printed. The article says : 

Le premier meinoire dont je me propose cle doimer Textrait, est un 
petit 6crit latiu de M. Daniel Bernoulli, ‘ qu’il me commuiiiqua, en 
1769, et quhl gardoit depuis long-terns parmi ses manuscrits dans le 
dessein sans donte de I’^tendre davantage. II a pour titre : Pijudicatio 
TTicucirm probabills plurium observationum discrepantium j atque verisi- 
millima, inductio inde formanda. 

The title is the same as that of the memoir which we have 
noticed in Art. 424 ; but this article Milieu gives an account of 
the memoir which does not correspond with what we find in the 
Acta Acad....Petrop., so we conclude that Daniel Bernoulli modi- 
fied his memoir before publishing it. 
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The following is the method given in the article Milieu. Let 
the numerical results of discordant observations be set off as 
abscissae from a fixed point ; draw ordinates to represent the pro- 
babilities of the various observations ; trace a curve through the 
extremities of these ordinates and take the abscissa of the centre 
of gravity of the area of the curve as the correct value of the 
element sought. The probabilities are' to be represented by the 
ordinates of a certain semi-ellipse or*semicircle. , The article says 
that to determine analytically the centre of the semicircle would 
be very difficult, because we arrive at an equation which is almost 
unmanageable; accordingly a method of approximation is pro- 
posed. First take for the centre the point corresponding to the 
mean of all the observations, and determine the centre of gravity 
of the area corresponding to the observations; take this point 
as a new centre of a semicircle, and repeat the operation; and 
so on, until the centre of gravity obtained corresponds with 
the centre of the respective semicircle. The magnitude of the 
radius of the semicircle must be assigned arbitrarily by the cal- 
culator. 

This is ingenious, but of course there is no evidence that we 
thus obtain a result which is specially trustworthy. 

The other memoir which is noticed in this article Milieu is 
that by Lagrange, published in the Miscellanea Taurinensia; see 
Art. 556. It is strange that the memoirs by Daniel Bernoulli 
and Lagrange should be asserted to be unprinted in 1785, when 
Daniel Bernoulli had published a memoir with the same title in 
the Acta Acad....Petrop. for 1777. and Lagrange’s memoir was 
published in the Miscellanea Taurinensia for 1770 — 1773. The 
date of publication of the last volume is not given, but that it 
was prior to 1777 we may infer from a memoir by Euler; see 
Art. 447. 


826. We will now notice the portions of the JEncyclopMie 
Mithodique which relate to games of chance. The three volumes 
which we have mentioned in Art. 817 contain articles on various 
games ; they do not give mathematical investigations, with a slight 
exception in the case of Bassette : see Art. 467. The commence- 
ment of the article Breland is amusing; il se joue d tant. de 
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personnes que Von vent : mais il ifHest hean, est-^-dire, trls-ruineux, 
qu’d trois on cinq. 

There is however a distinct work on games, entitled Diction- 
naive des Jeux, faisant suite au Tome III. des Mathematiques. 
1792. The Avertissement begins thus : Comme il j a, dit Mon- 
tesquieu, une infinite de choses sages qui sont menses d’une 
manibre tr^s-folle, il y a aussi des folies qui sont conduites d’une 
mani^re tr^s-sage. The work contains 316 pages of text and 
16 plates. There are no mathematical investigations, but in three 
cases the numerical values of the chances are given. One of these 
cases is the game of Trente et quarante ; but the results given are 
inaccurate, as Poisson shewed in the memoir which we have cited 
in Art. 358. The other two cases in which the results are given 
are the games Krahs and Passe-dix. 

The copy of the Pncyclopedie MSihodique which belongs to the 
Cambridge University Library includes another work on games 
which is wanting in other copies that I have examined. This is 
entitled Dictionnaire des Jeux Mathematiques.... An. Yll The 
advertisement states that after the publication of the Dictionary 
of Games in 1792 many of the subscribers requested that this 
treatise should be enlarged and made more complete. The pre- 
sent Dictionary is divided into two parts ; first, the Dictionnaire 
des Jeux Mathematiques^ which occupies 212 pages ; secondly, a 
Dictionnaire de Jeux familiers, which is unfinished, for it extends 
only from A to Girammairien, occupying 80 pages. 

The Dictionnaire des Jeux Mathematiques does not contain 
any thing new or important in the calculation of chances. The 
investigations which are given are chiefly taken from Montmort, 
in some cases with a reference to, him, but more often without. 
Under the title Joueur we have the names of some writers on the 
subject, and we find a very faint commendation of Montmort tO' 
whose work the Dictionary is largely indebted : 

Plusieurs auteurs se sont exerces sur Tanalyse des jeux ; on en a un 
trait! !l!mentaire de Huygens j on en a un plus profond de Moivre ; 
on a des morceaux tres-savans de Bernoulli sur cette matiere. Il y a 
un analyse des jeux de hasard par Montmaur, qui n’est pas sans m6rite. 

The game oi Draughts obtains 16 pages, and the game of Chess 
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73 pages. Under the title Cartes (jeu de) we have the problem 
which we noticed in Art. 533, omitting however the part which 
is false. 

Under the title Whish ou Wisih we have 8 pages, beginning 
thus : 

Jeu de cartes mi-parti de hasard et de science. II a et6 invents par 
les Anglais, et continue depuis long terns d’etre en vogue dans la 
Grand-Bretagne. 

C’est de tons les jeux de cartes le plus judicieux dans ses principes, 
le plus convenable ^ la soci^te, le plus difficile, le plus int6ressant, le 
plus piquant, et celui qui est combin.6 avec le plus d’art. 

The article quotes some of the results obtained by De Moivre 
in his calculations of the chances of this game : it also refers to 
Hoyle’s work, which it says was translated into French in 1770. 

With respect to the Dictionnaire de Jeux familiers we need 
only say that it comprises descriptions of the most trifling games 
which serve for the amusement of children ; it begins with J'aime 
mon amant^ar A, and it includes CoUn-Maillard, 

827. We next advert to a memoir by D’Anieres, entitled 
Reflexions sur les Jeux de hazard. 

This memoir is published in the volume of the JSFouveaux 
MSmoires de V Acad.... Berlin for 1784; the date of publication is 
1786 ; the memoir occupies pages 391 — 398 of the volume. 

The memoir is not mathematical ; it alludes to the fact that 
games of hazard are prohibited by governments, and shews that 
there are different kinds of such games, namely, those in which a 
man may ruin his fortune, and those which cannot produce more 
than a trifling loss in any case. 

There is a memoir by the same author, entitled, Sur les Paris, 
in the volume of the JSfouveaux MSmoires de V Acad,... Berlin for 
1786 ; the date of publication is 1788 : the memoir occupies 
pages 273—278 of the volume. 

This memoir is intended as a supplement to the former by the 
same author, and is also quite unconnected with the mathematical 
Theory. of Probability. 

828. We have now to notice a curious work, entitle^ On the 
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Principles of translating Algebraic quantities into prolalle rela- 
tions and annuities, &c. By P, Waring, M.D. Lucasian Professor 
of Mathematics at Cambridge, and Fellow of the Royal Societies 
of London, Bononia and Gottingen. Cambridge, Printed by J , Arch- 
deacon, Printer to the University ^ For J. Nicholson, Bookseller, in 
Cambridge. 1792. 

This is an octavo pamphlet. Besides the leaf on which the. 
title is printed there are 59 pages of text, and then a page 
a few corrigenda. The work is excessively scarce ; for the ns^ 
of a copy I am indebted to the authorities of Queens’ College,^ 
Cambridge. 

829. The author and the printer seem to have combined their 
efforts in order to render the work as obscure and repulsive as 
possible ; and they have attained a fair measure of success. The 
title is singularly inaccurate ; it is absurd to pretend to translate 
algebraical quantities into probable relations or into annuities. 
What Waring means is that algebraical identities may be trans- 
lated so as to afford propositions in the Theory of Probabilities or 
in the Theoiy of Annuities. 

830. Waring begins with a Lemma. He proposes to sum the 
series 

1 q. 2*"^ r + 3*"^ r^ + 4""V® + 5*^^/ -f . . . m infinitum. 

The sum will be 

AJrBr+Cr’^^ DF + ... 

(1-rr 

The coefficients (7... are independent of t) they must' 

be determined by multiplying up and equating coefficients. Thus 

A = l, 

B:=2^^-Z, 

J - ^3^1 I ?■ (^ - 1) ^ ~ . 

Proceeding in this way we shall find that in the numerator of 
the fraction which represents the sum the last term is ; that 
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is there is no power of r higher than this power, and the coefficient 
of this power is unity. Waring refers to another work by himself 
for the demonstration ; the student will see that it may be deduced 
from the elementary theorem in Finite Differences respecting the 
value of when n is not less than m. 

Waring does not apply his Lemma until he comes to the 
|)art of the work which relates to Annuities, which forms his 
pages 27 — 59. 


831. Waring now proceeds to his propositions in the Theory 
of Probabilities ; one of his examples will sufiSce to indicate his 
method. 


It is identically true that ^ ^ ^ 

to represent the chance of the happening of an assigned event in 
]Sr — a 

one trial, and therefore — • the chance of its failing : then the 


identity shews that the chance of the happening of the event in 
the first trial and its failing in the second trial is equal to the dif- 
ference between the chance of the happening of the event once 
and the chance of its happening twice in succession. 


832. There is nothing of any importance in the work respect- 
ing the Theory of Probability until we come to page 19. Here 
Waring says, 


Let the chances of the events A and B happening be respectively 
a , h 


— , and , 

a+o a+o 


more than B iur trials will be 
in r 4- 2 trials will be 


; then the chance of the event A happening r times 
dr 




dr f- ah ) 


in r + 4 trials will be 

dr f T ah r (r + 3) 

((X + 6/ 2 

and in general it will be 
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oT ah r (r + 3) r (r + 4) (r + 5) aV 

(^Tfe^r 2~(^T6)*^ "[3 (a + 6)* 

■ + ^ [T^-^ mmfinitum| 

This may be deduced from the subsequent arithmetical theorem, viz. 

2m{2m-l) {2m — 2)... {2m- s) {2m^2){2m — %)...{2m — s — l) 
_ - 

r (r 4 - 3) {2m — 4) {2m — 5) . . . {2m — s-2) 



r(r+4)(r + 5) (2m- 6). ..(2m — 5- 3) 


[3 


U-2 


+ ... 


• (r + s + 2) (r + 5 + 3)... (r+ 2^+ 1) 

uTi ' 


(r + 2m) {r 4- 2m - 1) ... (r + 2m - s) 
I 5+ 1 


Waring’s words, happening r times more than B” are 
scarcely adequate to convey his meaning. We see from the for- 
mula he gives that he really means to take the problem of the 
Duration of Play in the case where B has a capital r and A has un- 
limited capital. See Art. 309. 

Waring gives no hint as to the demonstration of his arith- 
metical theorem. We may demonstrate it thus : take the formula 
in Art. 584, suppose a = l + ^, p = g = we shall find that 

2z 


Thus we get 

^ " (1 +«)* ^ (1 + ^ 2 (1 +«)« 

«(< + 4)(i + 5) a’ 

[3 (1 + z)^ 

#(f+5)(« + 6)(< + 7) , 

li (l + a)'+“ 

Multiply botli sides by (1 + zf ^ : thus 
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(1 + = (1 + + ^ ^^ 2 n -4 


t (^ + 3) 
2 


+ 


^ + 4) (i5 + 5) 

L3 




If we expand the various powers of 1 + ^ and equate the coeffi- 
cients of z* we shall obtain the arithmetical theorem with t in 
place of r. 

But it is not obvious how Waring intended to deduce the 
theorem on the Duration of Play from this arithmetical theorem. If 

we put - for z we obtain 


{a + = a*{a+ hT + ta* (« + 5)^^ ah + a< {a + 5)“-* a%-‘ 

+ l ( i ± {a + l)^-^ aW + . . . 

12 


and it was perhaps from this result that Waring considered that 
the theorem on the Duration of Play might be deduced; but it 
seems difficult to render the process rigidly strict. 


833. Waring gives another problem on the Duration of Play ; 
see his page 20. 

If it be required to find the chance of A’s succeeding n times as 
offc as JB's precisely : in ^ + 1 trials it will be found 

in 271 + 2 trials it will be found 

in 371 + 3 it will be 

^ n{n + V) (Zn + 1) a®" 

2 {a + bf^^' 

Waring does not give the investigation; as usual with him 
until we make the investigation we do not feel quite certain of 
the meaning of his problem. 

The first of his three examples is obvious. 


29 
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In tlie second example we observe that the event mcty occur in 
the first ^ + 1 trials, and the chance of this is P ; or the event may 
have failed in the first n + 1 trials and yet may occur if we proceed 
to n + 1 more trials. This second case may occur in the following 
ways : B may happen twice in the first w + 1 trials, or twice in 
the second n + 1 trials; while A happens in the remaining 
trials. Thus we obtain 

^(n + l)n 

^ 2 {a + hy^^^^ 

which must be added to P to give the chance in the second ex- 
ample. 

In the third example we observe that the event may occur in 
the first 2n + 2 trials, and the chance of this is Q; or the event 
may have failed in the first 2^2 + 2 trials, and yet may occur if we^ 
proceed to ^ + 1 more trials. This second case may occur in the 
following ways : 

B may happen three times in the first n + 1 trials, or three 
times in the second ^ -f 1 trials, or three times in the last n + 1 
trials ; while A happens in the remaining Bn trials. 

Or B may happen twice in the first n+1 trials and once in the 
second n + 1 trials, or once in the second n + 1 trials and twice in 
the third n + 1 trials ; while A happens in the remaining 3n trials. 

Thus we obtain 

' (?2 4- 1) w (w - 1) o (^ + 1)^ n\ 

[3 "^ 2 + 

which must be added to Q to give the chance in the third ex- 
ample. 

834. The following specimen maybe given of Waring’s imper- 
fect enunciations ; see his page 21 : 

Let a, 5, c, d, <fec. be the respective chances of the happening of 
a, y, S, &c. : in one trial, and 

{a^ + + cccv + 4 - (fee.)” = + . . , + + (fee.; 

then will N" be the chance of the happening of tt in ^ trials. 

Nothing is said as to what tt means. The student will see that 
the only meaning which can be given to the enunciation is to 
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suppose that a, b, c, d, are the chances that the numbers 
A • respectiyely will occur in one trial ; and then N is the 

chance that in n trials the sum of the numbers will be tt, 

835. Waring gives on his page 22 the theorem which we 
now sometimes call by the name of Vandermonde. The theorem 
is that 

(of -f" 5) — 1) ... {ot ‘\'b — 71+1) 

= a(a — 1) ... (a — 71+1) 

+ Tia (a — 1) ... (a - 71 + 2) 5 

-+-- ^”~l) a(a-l) ...(a-n + 3)5(J-l) 

+ ^ - 1) •••(«- n + 4) 5 (5 - 1) (5 - 2) 


+ 5(5-1) ...(&-«+!). 

From this he deduces a corollary which we will give in our 
own notation. Let ^ (a?, y) denote the sum of the products that 
can be made from the numbers 1. 2, 3, ... x, taken y together. 
Then will 

^ [n — l^ n — s) 


+ 

+ 


\n 

1 r 1 n - 

L!! L? 

— (^ (72 - ( 

[n 

1 r + 1 1 

72 — r — 1 

1?2 

+ + 21 

72 — 7* — 2 

\n 

lr + 3 

1 72 — T*— 3 


0 (ti — T* — 3, 72 — 5 — 2) ^ (r + 1, 2) 
(72 — r — 4, 72 — 5 — 3 ) (r + 2 , 3 ) 


It must be observed that 5 is to be less than 72 , and t less than 
s ; and the terms on the right-hand side are to continue until we 
arrive at a term of the form ^ (a?, 0), and this must be replaced 
by unity. 


29—2 
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This result is obtained by equating the coefficients of the term 
in the two members of Vandermonde’s identity. 

The result is enunciated and printed so badly in Waring s 
work that some difficulty arose in settling what the result was and 
how it had been obtained. 

836. I do not enter on that part of Waring’s work which relates 
to annuities. I am informed by Professor De Morgan that the late 
Francis Baily mentions in a letter the following as the interesting 

parts of the work : — ^the series ^ /S" — . . . . , the 

Problem ill, and the observations on assurances payable imrne- 
diately at death. 

837. Another work by Waring requires a short notice ; it is 
entitled An essay on the principles of human knowledge. Gam- 
Iridge 1794. This is an octavo volume; it contains *the title-leaf, 
then 240 pages, then 3 pages of Addenda, and a page containing 
Corrigenda. 

838. This work contains on pages 35 — 40 a few common theo- 
rems of probability; the first two pages of the Addenda briefly 
notice the problem discussed by De Moivre and others about a 
series of letters being in their proper places ; see Art. 281, and De 
Moivre Prob. xxxv. Waring remarks that if, the number of 
letters is infinite the chance that they will occur all in their right 
places is infinitesimal. He gives page 49 of his work as that on 
which this remark bears, but it would seem that 49 is a misprint 
for 41. 

839. Two extracts may be given from this book. 

I know that some mathematicians of the first class have endeavoured 
to demonstrate the degree of probability of an event’s happening n times 
from its having happened m preceding times; and consequently that 
such an event will probably take place j but, alas, the problem far ex- 
ceeds the extent of human understanding : who can determine the time 
when the sun will probably cease to run its present course ? Page 35. 

...I have myself wrote on most subjects in pure mathematics, and in 
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these books inserted nearly all the inventions of the moderns with 
which I was acquainted. 

In my prefaces I have given an history of the inventions of the dif- 
ferent writers, and ascribed them to their respective authors ; and like- 
wise some account of my own. To every one of these sciences I have 
been able to make some additions, and in the whole, if I am not mis- 
taken in enumerating them, somewhere between three and four hundred 
new propositions of one kind or other, considerably more than have 
been given by any English writer ; and in novelty and difficulty not 
inferior ; I wish I could subjoin in utility : many more might have 
been added, but I never could hear of any reader in England out of 
Cambridge, who took the pains to read and understand what I have 
written. Page 115, 

Waring proceeds to console himself under this neglect in Eng- 
land by the honour conferred on him by D’Alembert, Euler and 
Le Grange. 

Dugald Stewart makes a remark relating to Waring; see his 
WotTcs edited by Hamilton, Vol. ly. page 218. 

840. A memoir by Aacillon, entitled Dontes sur les bases du 
calcul des prohabilitSs, was published in the volume for 1794 and 

1795 of the Mimoires de V Acad Berlin; the memoir occupies 

pages 3 — 32 of the part of the volume which is devoted to specu- 
lative philosophy. 

The memoir contains no mathematical investigations ; its ob- 
ject is to throw doubts on the possibility of constructing a Theory 
of Probability, and it is of very little value. The author seems to 
have determined that no Theory of Probability could be con- 
structed without giving any attention to the Theory which had 
been constructed. He names Moses Mendelsohn and Garve as 
having already examined the question of the admissibility of such 
a Theory. 

841. There are three memoirs written by Prevost and Lhuilier 
in conjunction and published in the volume for 1796 of the 
Memoires de V Acad.,, .Berlin. The date of publication is 1799. 

842. The first memoir is entitled Sur les Probabilitis ; it was 
read Nov. 12, 1795. It occupies pages 117 — 142 of the mathe- 
matical portion of the volume. 
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84j 3. The memoir is devoted to the following problem. An 
nrn contains m balls some of which are white and the rest black, 
but the number of each is unknown. Suppose that p white balls 
and 2 black balls have been drawn and not replaced ; required the 
probability that out of the next r + $ drawings r shall give white 
balls and s black balls. 

The possible hypotheses as to the original state of the um are, 
that there were q black balls, or g + 1 black balls, or g + 2 , . . . 
or m—p. Now form the probability of these various hypotheses 
according to the usual principles. Let 

P„= (m — g — n+1) (m — q — n) to p factors, 

^ 1) ^ ~ 2) to g factors ; 

then the probability of the hypothesis is 

■PnQn 

where 2 denotes the sum of all such products as P^Qn- Now if 
this hypothesis were certainly true the chance of drawing r white 
balls and $ black balls in the next r + $ drawings would be 


[r[iN’ 

where 

= (m — q — p — w + 1) (in ^ q—p — ti) to r factors, 

~ 1) — 2) to 5 factors, 


N = number of combinations of m —p - g things r -f 5 at a time. 

Thus the whole required probability is the sum of all the 
terms of which the type is 

PnQn^n^ n 
2 [r 

We have first to find 2. The method of induction is adopted 
in the original memoir ; we may however readily obtain 2 by the 
aid of the binomial theorem : see Algebra, Chapter L. Thus we 
shall find 

[P[g 1^ + 1 
|p + g + 1 — p — q * 
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Now differs from only in having p-{-r instead of p ; 
and differs from only in having 2 ^ + 5 instead of q. There- 
fore the sum of all the terms df the form EnQ^E^S^ is 

I V’\'r \q + s \m + l 

\p-\-q-\-T + s-\- 1 \'m- p-^q^r — s ’ 

And i ^ ^ , 

|r + ^ \ on — p — q — r — s 

Thus finally the required probability is 

I r-t-5 \p + r I 2 ^ + s |p-l-2 + l 
\p_[s [p [£ I + ^ + g + l ' 

844. Let us suppose that r and s vary while their sum r + s 
remains constant; then we can apply the preceding general 
result to r + 5 + 1 different cases ; namely the case in which all 
the r + 5 drawings are to give white balls, or all but one, or all but 
two, and so on, down to the case in which none are white. The 
sum of these probabilities ought to he unity, which is a test of the 
accuracy of the result. This verification is given in the original 
memoir, by the aid of a theorem which is proved by induction. 
No new theorem however is required, for we have only to apply 
again the formula by which we found 2 in the preceding Article. 
The variable part of the result of the preceding Article is 

[p + r I g + g 

Elf ’ 

that is the product of the following two expressions, 

(r + 1) (r + 2) p factors, 

(5 q- 1) (5 -E 2) q factors. 

The sum of such products then is to be found supposing r + s 
constant ; and this is 

[y [q |j^ + g + r-E5-l-l 
1^ + g + 1 \r-\-s 

Hence the required result, unity, is obtained by multiplying 
this expression by the constant part of the result in the preceding 
Article. 
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This result had been noticed by Oondorcet ; see page 189 of 
the Essai,,, de V Analyse,,. 

845. Out of the r + 5 + 1 cases considered in the preceding 
Article, suppose we ask which has the greatest probability ? This 
question is answered in the memoir approximately thus. A quan- 
tity when approaching its maximum value varies slowly ; thus we 
have to find when the result at the end of Article 843 remains 
nearly unchanged if we put r — 1 for r and 5 + 1 for s. This 
leads to 


p-\-r ^ + 5 + 1 , 

j. = i nearly ; 

r 5 + 1 ’ 

nearly. 


therefore 2 = S . 

r 5 + 1 


Thus if T and 5 are large we have ~ = ” nearly. 

846. It will be observed that the expression at the end of 
Art. 843 is independent of m the number of balls originally con- 
tained in the urn ; the memoir notices this and draws attention 
to the fact that this is not the case if each ball is replaced in the 
urn after it has been drawn. It is stated that another memoir 
will be given, which will consider this form of the problem when 
the number of balls is supposed infinite ; but it does not seem that 
this intention was carried into effect. 


847. It will be instructive to make the comparison between 
the two problems which we may presume would have formed the 
substance of the projected memoir. Suppose that p white balk 
have been drawn and q black balls, and not replaced ; and suppose 
the whole number of balls to be infinite : then by Ajrt. 704 the pro- 
bability that the next r + 5 drawings will give r white balls and 5 
black balls is 





and on effecting the integration we obtain the same result as in 
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Art. 843. The coincidence of the results obtained on the two dif- 
ferent hypotheses is remarkable. 


848. Suppose that r — 1 and 5 = 0 in the result of Art. 843 ; 
we thus obtain 

p + 1 

Again suppose r = 2 and 5 = 0; we thus obtain 

(p + l)(p + 2) 


The factor 


(p + q+2)(jp + q + S)' 


the probability 

of drawing another white ball after drawing p white balls and 

q blaqk balls : the factor — ^ ^ expresses in like manner the 

probability of drawing another white ball after drawing + 1 white 
balls and q black balls : thus the formula makes the probability 
of drawing two white balls in succession equal to the product of 
the probability of drawing the first into the probability of drawing 
the second, as should be the case. This property of the formula 
holds generally. 


849. The memoir which we have now examined contains the 
first discussion of the problem to which it relates, namely, the 
problem in which the balls are not replaced. A particular case of 
the problem is considered by Bishop Terrot in the Transactions of 
the Royal Society of Edinburgh, Vol. xx. 

850. The other two memoirs to which we have referred in 
Art. 841 are less distinctly mathematical, and they are accordingly 
printed in the portion of the volume which is devoted to speculative 
philosophy. The second memoir occupies pages 3 — 24, and the 
third memoir pages 25 — 41. A note relating to a passage of the 
third memoir, by the authors of the memoir, is given in the volume 
for 1797 . of the M^moires de VAcad — Berlin, page 152. 

851. The second memoir is entitled Sur Vart d'estimer la 
'prohahiliU des causes par les effets. It consists of two sections. 
The first section discusses the general principle by which the 
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probabilities of causes are estimated. The principle is quoted as 
given by Laplace in the M4moires..,par divers Savans, Yol. vi. : 
Si un ^v^nement peut ^tre produit par un nombre n de causes 
differentes, les probabilit^s de Texistence de ces causes prises de 
r^vdnement, sent entre elles comme les probabilit^s de T^v^ne- 
ment prises de ces causes. The memoir considers it useful and 
necessary to demonstrate this principle ; and accordingly deduces 
it from a simple hypothesis on which it is conceived that the whole 
subject rests. Some remarks made by Condorcet are criticised; 
and it is asserted that our persuasion of the constancy of the laws 
of nature is not of the same kind as that which is represented by 
a fraction in the Theory of Probabihty. See Dugald Stewart’s 
Worhs edited hy' Hamilton, Vol. i. pages 421, 616. 

’ The second section of the memoir applies Laplace’s principle 
to some easy examples of the following kind. A die has a certain 
number of faces ; the markings on these faces are not known, but 
it is observed that out of p + q throws p have given ace and g' 
not-ace. Find the probabihty that there is a certain number of 
faces marked ace. Also find the probability that m p'^q^ more 
throws there will be^' aces and q not-aces. 

It is shewn that the result in the last case is 

(n — ’ 

where % denotes a summation taken with respect to m from m = 1 
to m = n\ and n is the whole number of faces. This is the result 
if the aces and not-aces are to come in a prescribed order ; if they 

\v^ q 

are not we must multiply by ^====, 

[L 

The memoir states without demonstration what the approxi- 
mate result is when n is supposed very great ; namely, for the 
case in which the order is prescribed, 

|g + g' \P +P \p + q-\-l 
[? L? \f + q + p' + q-\-l ' 

852. The third memoir is entitled Remarqws sur VutiUte et 
l’4tendue du principe par lequel on estime la prolalilitS des causes. 

This memoir also relates to the principle which we have quoted 



PBKVOST AND LHUILIEE. 


459 


in Axt. 851 from Laplace. The memoir is divided into four 
sections. 

853. The first section is on the utility of the principle. It is 
asserted that before the epoch when this principle was laid down 
many errors had occurred in the writers on Probability. 

The following paragraph is given : 

Dans Tappr^ciation de la valeur du t^moignage de deux t^moins 
siinultan6s, il paroit que, jusqu’k Lambert, on n’a point us6 d’un autre 
artifice, que de prendre le compliment de la formule employee pour le 
timoignage successif. On suivoit jL cet Igard la trace de Tapprlciation 
des argumens conspirans, telle que Tavoit faite Jac. Bernoulli. Si Ton 
avoit connu la vraie mithode de I’estimation des causes, on n’auroit pas 
manqui d’ examiner avant tout si ce cas s’y rapportoit ; et Ton auroit vu 
que Taccord entre les timoins est un evlnement postirieur ^ la cause 
quelconque qui a dIterminI les dIpositions : en sorte qu’il s’agit ici 
d’estimer la cause par I’efiet, On seroit ainsi retombi tout naturelle- 
ment et sans efibrt dans la mithode que Lambert a trouvee par un 
effet de cette sagacite rare qui caractirisoit son ginie. 

854. The authors of the memoir illustrate this section by 
quoting from a French translation, published in Paris in 1786, of 
a work by Haygarth on the smaU-pox. Haygarth obtained from a 
mathematical friend the following remark. Assuming that out 
of twenty persons exposed to the contagion of the small-pox 
only one escapes, then, however violent the small-pox may 
be in a town if an infant has not taken the disease we may 
infer that it is 19 to 1 that he has not been exposed to the 
contagion j if two in a family have escaped the probability that 
both have not been exposed to the contagion is more than 400 to 1 ; 
if three it is more than 8000 to 1. 

With respect to this statement the memoir says that M. de la 
Eoche the French translator has shewn that it is wrong by a judi- 
cious discussion. The end of the translator’s note is quoted ; the 
chief part of this quotation is the following sentence : 

Si Ton a observl que sur vingt personnes qui pontent ^ une table de 
pharaon il y en a dix-neuf qui se ruinent, on ne pourra pas en diduire 
qu’il y a un ^ parier contre dix-neuf que tout homme dont la fortune 
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n’est pas d4rang4e, n’a pas pont^ au pliaraoii, ni qu’il j ait dix-neuf k 
parier centre un, qne cet Romme est un joueur. 

This would be absurd, M. de la Eoche says, and he asserts that 
the reasoning given by Haygarth's friend is equally absurd. We 
may remark that there must be some mistake in this note ; he has 
put 19 to 1 for 1 to 19, and vice versl And it is difficult to see how 
Prevost and Lhuilier can commend this note ; for M. de la Eoche 
argues that the reasoning of Haygarth’s friend is entirely absurd, 
while they only find it slightly inaccurate. For Prevost and 
Lhuilier proceed to calculate the chances according to Laplace’s 

principle ; and they find them to be , which, as 

they say, are nearly the same as the results obtained by Hay- 
garth’s friend. 

855. The second section is on the extent of the principle. The 
memoir asserts that we have a conviction of the constancy of the 
laws of nature, and that we rely on this constancy in our applica- 
tion of the Theory of Probability ; and thus we reason in a vicious 
circle if we pretend to apply the principle to questions respecting 
the constancy of such laws. 

856. The third section is devoted to the comparison of some 
results of the Theory of Probabihty with common sense notions. 

In the formula at the end of Art. 843 suppose 5 = 0; the for- 
mula reduces to 

{p + 1) ... (p + r) 

(^ + 2+2) (^ + 2 + 3) ... (p + g + r + 1) ’ 

it is this result of which particular cases are considered in the 
third section. The cases are such as according to the memoir lead 
to conclusions coincident with the notions of common sense ; in 
one case however this is not immediately obvious, and the memoir 
says, Ceci donne I’explication d’une esp^ce de paradoxe remarqu5 
(sans I’expliquer) par M. De La Place ; and a reference is given to 
jEcoles normales, &ilme cahier. We will give this case. Nothing is 
known d pnori respecting a certain die ; it is observed on trial that 
in five throws ace occurs twice and not-ace three times ; find the 
probability that the next four throws will all give ace. Here 
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3 4 5 6 1 

j?=2, 5'=S, r=4 ; the above result becomes w -q— k-Vk, that is vr- 

/ . o . y . 14 j 

If we knew ^ priori that the die had as many faces ace as not-ace 

1 1 

we should have ^4, that is jg , for the required chance. The para- 
dox is that i is greater than ~ ; while the fact that we have had 

only two aces out of five throws suggests that we. ought to have a 
smaller chance for obtaining four consecutive aces, than we should 
have if we knew that the die had the same number of faces ace as 
not-ace. We need not give the explanation of the paradox, as it 
will be found in connexion with a similar example in Laplace, 
Theorie...des Prob. page cvr. 

857. The fourth section gives some mathematical develop- 
ments. The following is the substance. Suppose n dice, each 
having r faces ; and let the number of faces which are marked ace 
be r/i\ m", ...respectively. If a die is taken at random, the 
probability of throwing ace is 

771 -p “f* • . . 

nr 

If an ace has been thrown the probability of throwing ace again 
on a second trial with the same die is 

+ 77i”^ + 7n'"^ -i- ... 
r {rn! + m' + + ...) ’ 

The first probability is the greater; for 

[m -f m" + m'’ -1- . . .)^ is greater than n {wl^ + + m'"® + ...). 

The memoir demonstrates this simple inequality. 

858. Prevost and Lhuilier are also the authors of a memoir 
entitled Memoir e sur U application du Calcul des probahilites d la 
valeur du Umoignage. 

This memoir is published in the volume for 1797 of the Me- 
moires de V Acad.,.. Berlin; the date of publication is 1800: the 
memoir occupies pages 120 — 151 of the portion of the volume 
devoted to speculative philosophy. 

The memoir begins thus : 

Le but de ce m^moire est plut6t de reconnoitre I’^tat actuel de cette 
theorie; que d’y rien aj outer de nouveau. 
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The memoir first notices the criticism given in Lambert's Orga^ 
non of James Bernoulli’s formula which we have already given in 
Art, 122. 

It then passes on to the theory of concurrent testimony now 
commonly received. Suppose a witness to speak truth m times and 
falsehood n times out of m + times ; let ni and n' have similar 
meanings for a second witness. Then if they agree in an assertion 

the probability of its truth is — — r • 

^ mm ‘\-nn 

The ordinary theory of traditional testimony is also given. 
Using the same notation as before if one witness reports a state- 
ment from the report of another the probability of its truth is 


mm! + nn 
{m + m!) (n + n') ’ 

for the statement is true if they both tell the truth or if they both 
tell a falsehood. If there be two witnesses in succession each of 
whom reverses the statement he ought to give, the result is true ; 
that is a double falsehood gives a truth. It is stated that this con- 
sequence was first indicated in 1794 by Prevost. 

The hypothesis of Craig is noticed ; see Art. 91. 

The only new point in the memoir is an hypothesis which is 
proposed relating to traditional testimony, and which is admitted 
to be arbitrary, but of which the consequences are examined. The 
hypothesis is that no testimony founded on falsehood can give the 
truth. The meaning of this hypothesis is best seen by an example: 
suppose the two witnesses precisely alike, then instead of taking 


^ " 1 “ 7 ^ 

(m-f 72 ^ probability of the truth in the case above considered 


we should take 




r ; that is we reject the term r? in the 


[m + nf 

numerator which arises from the agreement of the witnesses in a 
falsehood. 


Thus we take 




and 


2mn + 


to represent respectively 


{m + nf 

the probabilities of the truth and falsehood of the statement on 
which the witnesses agree. 

Suppose now that there is a second pair of witnesses inde- 
pendent of the former, of the same character, and that the same 
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statement is also affirmed by this pair. Then the memoir combines 
the two pairs by the ordinary rule for concurrent testimony, and so 
takes for the probability arising from the two pairs 

+ (2nm + 

Then the question is asked for what ratio oi m to n this expres- 
sion is equal to — , so that the force of the two pairs of wit- 
^ m + n 

nesses may be equal to that of a single witness. The approximate 

value of ~ is said to be 4*864 so that — ^ — is about ^ . 
n n o 

859. In Vol. VII. of the Transactions of the Royal Irish 
Academy there is a memoir by the Rev. Matthew Young, D.B. 
S.r.T.c.D. and M.K.I.A., entitled Oyi ike force of Testimony in esta- 
blishing Facts contrary to Analogy. The date of publication of 
the volume is 1800 ; the memoir was read February 3rd, 1798 : it 
occupies pages 79 — 118 of the volume. 

The memoir is rather metaphysical than mathematical. Dr 
Young may be said to adopt the modern method of estimating the 
force of the testimony of concurrent witnesses ; in this method, 
supposing the witnesses of equal credibility, we obtain a formula 
coinciding with that in Art, 667. Dr Young condemns as erroneous 
the method which we noticed in Art. 91 ; he calls it ^'Dr Halley’s 
mode,” but gives no authority for this designation.. Dr Young 
criticises two rules given by Waring on the subject ; in the first of 
the two cases however it would not be difficult to explain and 
defend Waring’s rule. 
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860. Laplace was bom in 1749, and died in 1827. He wote 
elaborate memoirs 'on our subject, wbicb be afterwards embodied 
in bis great work tbe ThSorie analytigue des ProhahilitSSj and on 
tbe whole tbe Theory of Probability is more indebted to him than 
to any other mathematician. We shall give in the first place a 
brief account of Laplace’s memoirs, and then consider more fully 
the work in which they are reproduced. 

861. Two memoirs by Laplace on our subject are contained in 
the MSmo{res..,par divers Savans, Vol. vi. 1774. A brief notice 
of the memoirs is given in pages 17 — 19 of the preface to the 
volume which concludes thus : 

Ces deux M^moires de M. de la Place, ont et6 choisis parini un 
tr^-grand nombre qu’il a pr6sent4s depuis trois ans, ^ rAcad^mie, od il 
remplit actuellement une place de Glom^tre. Cette Compagnie qui s’est 
empress^e de recompenser ses travaux et ses talens, n^avoit encore vu 
personne aussi jeune, lui presenter en si pen de temps, tant de M^moires 
importans, et sur des mati^res si diverses et si difficiles. 

862. The first memoir is entitled MSmoire sur les suites ri- 
curro-ricwTentes et sur leurs usages dans la tMorie des hasards. It 
occupies pages 353 — 371 of the volume. 

A recurring series is connected with the solution of an equation 
in Finite Differences where there is one independent variable ; see 
Art. 318. A recurro-recurrent series is similarly connected with 
the solution of an equation in Finite Differences where there are 
two independent variables. Laplace here first introduces the term 
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and the subject itself ; we shall not give any account of his investi- 
gations, but confine ourselves to the part of his memoir which 
relates to the Theory of Probability. 

-' 863. Laplace considers three problems in our subject. The 
first is the problem of the Duration of Play, supposing two players 
of unequal skill and unequal capital; Laplace, however, rather 
shews how the problem may be solved than actually solves it. He 
begins with the case of equal skill and equal capital, and then 
passes on to the case of unequal skill. He proceeds so far as to 
obtain an equation in Pinite Differences with one independent 
variable which would present no difficulty in solving. He does 
not actually discuss the case of unequal capital, but intimates that 
there will be no obstacle except the length of the process. 

The problem is solved completely in the Thiorie...des PrdS, 
pages 225 — 238 ; see Art. 588. 

864. The next problem is that connected with a lottery which 
appears in the ThSorie.»,des Prob. pages 191 — 201. The mode of 
solution is nearly the same in the two places, but it is easier to 
follow in the Th4oTie»*»des Proh. The memoir does not contain 
any of the approximate calculation which forms a large part of the 
discussion in fhe Thiorie.».des ProK We have already given the 
history of the problem ; see Arts. 448, 775. 

865. The third problem is the following : Out of a heap of 
counters a number is taken at random ; find the chances that this 
number will be odd or even respectively. Laplace obtains what we 
should now call the ordinary results ; his method however is more 
elaborate than -is necessary, for he uses Finite Differences : in the 
Th4orie.,.des Prob. page 201, he gives a more simple solution. 
We have already spoken of the problem in Art. 850. 

• 866. The next memoir is entitled M4moire sur la ProbaUliU 
des causes par les evhnemens; it occupies pages 621 656 of the 

wolume cited in Art. 861. 

. The memoir commences thus ; 

ILa Th^orio des hasards est une dcs parties les plus curieuses et lep 

30 
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plus deli cates de Tanalyse, par la finesse des combinaisons qu’elle exige 
et par la difficult^ de les soumettre au calcul ; celui qui parott I’avoir 
traitee avec le plus de succes est M. Moivre, dans un excellent Ouvrage 
qui a pour titre, Theory of Chances; nous devons ^ cet habile Geom^tre 
les premieres recherches que Ton ait faites sur I’int^gration desj 6qua- 
tions diff6rencielles aux differences finies ; . . , 

867. Laplace then refers to Lagrange’s researches^ on the 
theory of equations in Finite Differences, and also to two of his 
own memoirs, namely that which we have just examined, and one 
which was about to appear in the volume of the Academy for 
1773. But his present object, he says, is very different, and is 
thus stated ; 

...je ine propose de determiner la probabilite des causes par les 
evenemens, mati^re neuve k bien des egards et qui merite d’autant plus 
d’etre cultiv6e que c’est principalement sous ce point de vue que la 
science des hasards pent ^tre utile dans la vie civile. 

868. This memoir is remarkable in the history of the subject, 
as being the first which distinctly enunciated the principle for 
estimating the probabilities of the causes by which an observed 
event may have been produced. Bayes must have had a notion of 
the principle, and Laplace refers to him in the Th4orie,..des Proh. 
page cxxxvir. though Bayes is not named in the memoir. See 
Arts. 539, 696. 

869. Laplace states the general principle which he assumes in 
the foHowing words : 

8i un evenement pent 6tre produit par un nombre n de causes dif- 
f^rentes, les probabilites de I’existence de ces causes prises de I’^v^ne- 
ment, sont entre elles comme les probabilites de I’^v^nement prises de 
ces causes, et la probability de Texistence de chacune d’ elles, est 4gale 
k la probability de Tyvlnement prise de cette cause, divis6e par la somme 
de toutes les, prpbabilitys de Tyvlnement prises de chacune de ces 
causes, 

870. Laplace first takes the standard problem in this part of 
our subject : Suppose that an um contains an infinite number of 
white tickets and black tickets in an unknown ratio } p-i-q tickets 
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are drawn of which p are white and q are black ; required the pro- 
bability of drawing m white tickets and n black tickets in the next 
m + n drawings. 

Laplace gives for the required probability 





SO that of course the m white tickets and n black tickets are sup- 
posed to be drawn in an assigned order ; see Arts. 704, 766, 843. 
Laplace effects the integration, and approximates by the aid of a 
formula which he takes from Euler, and which we usually call 
Stirling’s Theorem. 

The problem here considered is not explicitly reproduced in the 
Thiorie. ..des Proh., though it is involved in the Chapter which forms 
pages 363 — 401. 


871. ‘ After discussing this problem Laplace says, 

La solution de ce Probl^me donne une m^thode directe pour deter- 
miner la probability des yv^nemens futurs d’apres ceux qui sont deja 
arrivys j mais cette mati^re ytant fort ytendue, je me bornerai ici ^ 
donner une dymonstration assez singuliyre du thyoreme suivant. 

O'/i pent supposer les nombres p q telleTnent grands, qu^il d&tnm^ne 
aussi appTochant que Von voudra do la certitude, quo le Topport du 
no'mhre de billets blancs au no7rd)re total des billets renjermes dans 


P P 

Vurne, est compris entre les deiioo limites ^ ^ P^Tq"*" ^ 

Ure suppos'e moindre qvlaucu'm grandeur donnee. 


The probability of the ratio lying between the specified limits is 



— xy dx 



xy dx 


where the integral in the numerator is to be taken between the 
limits — — CO and — — — b®. Laplace by a rude process of 

^ + « ^ + « 30-2 
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approximation arrives at tlie conclusion that this probability does 
not differ much from unity. 

872. Laplace proceeds to the Problem of Points. He quotes 
the second formula which we have given in Art. 172 ; he says that 
it is now demonstrated in several works. He also refers to his 
own memoir in the volume of the Academy for 1773 ; he adds 
the following statement : 

... on y trouvera pareillement ime solution g6n6rale du Probl^me 
des partis dans le cas de trois ou d’un plus grand nombre de joueurs, 
probl^me qui n’a encore r^solu par personne, que je sache, bien que 
les Gr6om^tres qui ont travaille sur ces mati^res en aient desir6 la 
solution. 

Laplace is wrong in this statement, for De Moivre had solved 
the problem ; see Art. 582. 

873. Let X denote the skill of the player A, and 1—x the skill 

of the player B ; suppose that A wants / games in order to win 
the match, and that B wants h games : then, if they agi‘ee to leave 
off and divide the stakes, the share of B will be a certain quan- 
tity which we may denote by ^ Suppose the shill of each 

player unknown; let n be the whole number of games which A or 
B ought to win in order to entitle him to the stake. Then Laplace 
says that it follows from the general principle which we have given 
in Art. 869, that the share of B is 


f (1 — (a?, f h) dx 

^ 0 



The formula depends on the fact that A must already have 
won n —f games, and B have won n — k games. See Art. 771 . 

874, Laplace now proceeds to the question of the msean to be 
taken of the results of observations. He introduces the subject 
thus ; 

On peut, au moyen de la Th6orie pr6c4dente, parvenir h la solution 
du Probleme qui consiste k determiner le milieu que I’on doit prendrC 
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entre plusieurs observations donnies d’un m^ine pbSnomene. 11 j ^ 
deux ans que j’en donnai uue a I’Acad^mie, ^ la suite du Memoire sur 
hs Series recurrorecurrentes, imprim6 dans ce volume; mais le peu 
d’usage dont elle pouvoit ^tre, me la fit supprimer lors de I’impression. 
J’ai appris depuis par le Journal astronomique de M. Jean Bernoulli^ 
que M”. Daniel Bernoulli et la Grange se sent occupes du meme pro- 
bleme dans deux Memoires manuscrits qui ne sont point venus ^ ma 
connoissance. Cette annonce jointe ^ Futility de la matiere, a reveille 
mes id^es sur cet objet ; et quoique je ne doute point que ces deux 
illustres Geometres ne Taient traite beaucoup plus beureusement que 
moi, je vais cependant exposer ici les reflexions qu’il m’a fait nMtre, 
persuade que les difierentes mani^res dont on pent Fenvisager produiront 
une methode moins hypotbetique et plus sure pour determiner le milieu 
que Fon doit prendre entre plusieurs observations. 

875. Laplace then enunciates bis problem thus : 

Determiner le milieu que Fon doit prendre entre trois observations 

donnees d’un m^me pbenomene. 

Laplace supposes positive and negative errors to be equally 
likely, and he takes for the probability that an error lies between 

X and x-\- dx the expression ^ dx\ for this he offers some rea- 
sons, which however are very slight. He restricts himself as his 
enunciation states, to three observations. Thus the investigation 
cannot be said to have any practical value. 

876. Laplace says that by the mean which ought to be taken 
of several observations, two things may be understood. We may 
understand such a value that it is equally likely that the true 
value is above or below it ; this he says we may call the miliei^ 
de probahilite. Or we may understand such a value that the sum 
of the errors, each multiplied by its probability, is a minimum ; 
this he says we may call the milieu derreur, or the milieu astro- 
nomique, as being that which astronomers ought, to adopt. The 
errors are here* supposed to be all taken positively. 

It might have been expected from Laplace’s words that these 
two notions of a mean value would lead to different results ; be 
shews however that they lead to the same result. In both cases 
the mean value corresponds to the point at which the ordinate to 
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a certain curve of probability bisects the area of the curve. See 
Theorie.,,des Froh, page 335. 

Laplace does not notice another sense of the word mean, 
namely an average of all the values ; in this case the mean would 
correspond to the abscissa of the centre of gravity of the area of 
a certain curve. See Art, 485. 


877. Laplace now proceeds to the subject which is considered 
in Chapter vii. of the TMorie...des Prob., namely the influence 
produced by the want of perfect symmetry in coins or dice on the 
chances of repetitions of events. The present memoir and the 
Chapter in ihe TMorie...des Prob, give different illustrations of 
the subject. 

The first case in the memoir is that of the Petersburg Pro- 
blem, though Laplace does not give it any name. Suppose the 

chance for head to be , and therefore the chance for tail 

, 1 — -cr 

to be — 2 — ; suppose there are to be x trials, and that 2 crowns 

are to be received if head appears at the first trial, 4 crowns if 
head does not appear until the second trial, and so on. Then the 
expectation is 


(1 + ' ct ) 1 1 + (1 — ' cj ) + (1 — ' cr )‘-' 4 - ... + (1 — , 

If the chance for head is ~ ^ , and therefore the chance for 

, 1 + tar 

tail IS ^ , we must change the sign of vr in the expression for 

the expectation. If we do not know which is the more likely to 
appear, head or tail, we may take half the sum of the two expres- 
sions for the expectation. This gives 


If we expand, and reject powers of «■ higher than w*, we obtain 


£C + 


{x— 1) (a;- 2) (a; - 3) 
1.2.3 
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If we suppose that may have any value between 0 and c we 
may multiply the last expression by d'ur and integrate from 0 to c. 
See Art. 559. 


878. As another example Laplace considers the following 
question. A undertakes to throw a given face with a common die 
in n throws : required his chance. 


If the die be perfectly symmetrical the chance is 



hut 


if the die be not perfectly symmetrical this result must he 
modified. Laplace gives the investigation : the principle is the 
same as in another example which Laplace also gives, and to which 
we will confine ourselves. Instead of a common die with six faces 
we will suppose a triangular prism which can only fall on one of its 
three rectangular faces : required the probability that in n throws 
it will fall on an assigned face. Let the chance of its falling on the 


three faces be 


1 4- 'cr 


1 -f 


and 


1 + ^'' 
3 


respectively, so that 


-ST + 'cr' + 'uj” = 0. 


Then if we are quite ignorant which of the three chances belongs 
to the assigned face, we must suppose in succession that each of 
them does, and take one-third of the sum of the results. Thus we 
obtain one-third of the following sum. 


/ 2-1 


+ 1- 


If we reject powers of tzr, and isr” beyond the square we get 
approximately 

2** n (71 - 1) T 


gn 


1.2 • 3 " 




Suppose we know nothing about -cr, and 'cr", except that 
each must lie between — c and d- c ; we wish to find what we may 
call the average value of ct® + -f- isr''®. 

We may suppose that we require the mean value of 
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Subject to the conditions that x-\-y-\-z = 0, and that x, y, and z 
must each lie between — c and + c. 

The result is ' 

^j°j[~y+f + i^+^y}dxdy 

n c-x 

Laplace works out this result, givring the reasons for the steps 
briefly. Geometrical considerations will furnish the result very 
readily. We may consider x+y + z = 0 to be the equation to a 
plane, and we have to take all points in this plane lying within 
a certain regular hexagon. The projection of this hexagon on the 
plane of (a?, y) will be a hexagon, four of whose sides are equal to 
c, and the other two sides to c^2. The result of the integration 
5 

is Thus the chance is 

T 2" n(n^l) 

879. It easily follows from Laplace’s process that if we sup- 
pose a coin to be not perfectly symmetrical, but do not know 
whether it is more likely to give head or tail, then the chance of 
two heads in two throws or the chance of tAvo tails in two throws 

is rather more than ^ : it is in fact equal to such an expression as 

instead of being equal to ^ x 2 * Laplace after adverting to this 
case says, 

Cette aberration de la Th^orie ordinaire, qui n’a encore 6t6 observ6e 
par personne, qne je sache, m’a paru digne de fatten tion des Geom^tres, 
et il me semble qne Ton ne pent trop y avoir %ard, lorsqn’on appliqne 
le calcul des probabilit^s, anx diff^rens objets de la vie civile. 

880. Scarcely any of the present memoir is reproduced by 
Laplace in his Th^orie,..des FroK Nearly all that we have no- 
ticed in our account of the memoir up to Art. 876 inclusive is 
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iudeed superseded by Laplace’s later researcbes; but what we 
have given from Art. 877 inclusive might have appeared in 
Chapter vil. of the TMorie,..des JProK 

881. Laplace’s next memoir on our subject is in the lUmoires 
-par divers 8avans..,V7Ti’, the date of publication is 1776. The 

memoir is entitled Recherches sur VinUgration des Equations dif- 
fer entielles aux difSrences finies, et sur leur usage dans la theorie 
des hasards, &c. 

The portion on the theory of chances occupies pages 113 — 163. 
Laplace begins with some general observations. He refers to the 
subject which he had already discussed, which we have noticed 
in Art. 877. He says that the advantage arising from the want 
of symmetry is on the side of the player who bets that head 
will not arrive in two throws : this follows from Art. 879 ; for to 
bet that head will, not arrive in two throws is to bet that both 
throws will give tail. 

882. The first problem he solves is that of odd and eve^i; see 
Art. 865. 

The next problem is an example of Compound Interest, and 
has nothing connected with probability. 

. The next problem is as follows. A solid has p equal faces, 
which are numbered 1, 2,.,.p: required the probability that in 
the course of n throws the faces will occur in the order ], 2,...^?. 

This problem is nearly the same as that about a run of events 
which we have reproduced from De Moivre in Art. 325 : instead 
of the equation there given we have 

Mn+l = + (1 - “«+x-p) a = - . 

Jr 

883. The next problem is thus enunciated : 

Je suppose un nombre n de joueurs (1), (2), (3), ... (n), jouant de 
cette maniere ; (1) joue avec (2), et s’il gagne il gague la partie ; s’il ne 
perd ni gagne, il continue de jouer avec (2), jusqu’^ ce que Tun des 
deux gagne. Que si (1) perd, (2) joue avec (3) ; s’il le gagne, il gagne la 
partie; s’il ne perd ni gagne, il continue de jouer avec (3); mais s’il 
perd, (3) joue avec (4), et ainsi de suite jusqu’a ce que Tun des joueurs 
ait vaincu celui qui le suit; c’est-^-dire que (1) soit vainqueur de (2]) 
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ou (2) de (3), ou (3) de (4), ... ou (ti-I) de (n), ou (n) de (1). Be plus, 
la probability d’un quelconque des joueurs, pour gagner Tautre = ^ , et 

ceUe de ne gagner ni perdre = ^ . Cela pos^, il faut d^ terminer la pro- 

bability que Tun de ces joueurs gagnera la partie au coup x* 

This problem is rather difficult; it is not reproduced in the 
Theorie,..des ProK The following is the general result: Let 
denote the chance that any assigned player will win the match 
at the trial ; then 

n (n — I) 1 72 (n — 1) (/I — 2) 1 

g '^x-i 4 2 2 ^ ^x-2 12 3 ^ "b • • • 



884. Laplace next takes the Problem of Points in the case 
of two players, and then the same problem in the case of three 
players ; see Art. 872. Laplace solves the problem by Finite Differ- 
ences. At the beginning of the volume which contains the memoir 
some errata are corrected, and there is also another solution indi- 
cated of the Problem of Points for three players; this solution 
depends on the expansion of a multinomial expression, and is 
in fact identical with that which had been given by De Moivre. 

Laplace’s next problem may be considered an extension of the 
Problem of Points; it is reproduced in the Theorie,.des Proh, 
page 214, beginning with the words Concevons encore, 

885. The next two problems are on the Duration of Play; in 
the first case the capitals being equal, and in the second case 
uneqml; see Art. 863. The solutions are carried further than in 
the former memoir, but they are still much inferior to those 
which were subsequently given in the ThSorie...des Proh, 

886. The next problem is an extension of the problem of 
Duration of Play with equal capitals. 

It is supposed that at every game there is the chance p for 
A, the chance g for jB, and the chance r that neither wins; each 
player has m crowns originally, and the loser in any game gives 
a crown to the winner: required the probability that the play 
will be finished in x games. This problem is not reproduced in 
the Th4orie,,,des Proh, 
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887. The present memoir may be regarded as a collection of 
examples in the theory of Finite Differences; the methods ex- 
emplified have however since been superseded by that of Gene- 
rating Functions, which again may be considered to have now 
given way to the Calculus of Operations. The problems involve 
only questions in direct probability; none of them involve what 
are called questions in inverse probability, that is, questions 
respecting the probability of causes as deduced from observed 
events. 

888. In the same volume as the memoir we have just ana- 
lysed there is a memoir by Laplace entitled, Memoire sur Tincli- 
naison moyenne des orhites des comltes ; sur la figure de la TerrSj 
et sur les Fonctions. .The part of the memoir devoted to the mean 
inclination of the orbits of comets occupies pages 503 — 524 of the 
volume. 

In these pages Laplace discusses the problem which was started 
by Daniel Bernoulli ; see Art. 395. Laplace’s result agrees with 
that which he afterwards obtained in the Theorie,..des Prob, 
pages 253 — 260, but the method is quite different ; both methods 
are extremely laborious. 

Laplace gives a numerical example; he finds that supposing 
12 comets or planets the chance is *339 that the mean inclination 
of the planes of the orbits to a fixed plane will lie between 
45*^ — 7^” and 45°, and of course the chance is the same that the 
mean inclination will lie between 45° and 45° + 7|-°. 

889. The volume with which we have been engaged in Arti- 
cles 881 — 888 ife remarkable in connexion with Physical Astronomy. 
Historians of this subject usually record its triumphs, but omit its 
temporaly failures. In the present volume Lagi'ange affects to 
shew that the secular acceleration of the Moon’s motion cannot be 
explained by the ordinary theory of gravitation ; and Laplace 
affects to shew that the inequalities in the motions of Jupiter and 
Saturn cannot be attributed to the mutual action of these planets : 
see pages 47, 213 of the volume. Laplace lived to correct both hie 
rival’s error and his own, by two of his greatest contributions to 
Physical Astronomy. 
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890. Laplace’s next memoir on our subject is entitled Mi- 
moire siir les Prohabilites; it is contained in the volume for 1778 
of the Histoire de V Acad,.,, Paris: the date of publication of the 
volume is 1781. The memoir occupies pages 227 — 332. 

In the notice of the memoir which is given in the introductory 
part of the volume the names of Bayes and Price are mentioned. 
Laplace does not allude to them in the memoir. See Art. 540. 

891. Laplace begins with remarks, similar to those which we 
have already noticed, respecting the chances connected with the 
tossing of a coin which is not quite symmetrical; see Arts. 877, 881. 
He solves the simple problem of Duration of Play in the way we 
have given in Art. 107. Thus let p denote As skill, and 1 - p de- 
note jB’s skill. Suppose A to start with m stakes, and B to start 
with n — m stakes : then As chance of winning all B’s stakes is 


Laplace puts for p in succession ^ (1 •+ a) and ^ (1 — a), and 
takes half the sum. Thus he obtains for As chance 


|{(1 + «)’'-"•+ (1 - {(1 + a )” - (1 - a )-"} 

(l + ar-Cl-a)" 

which he transforms into 

1 I,, 

2 2 ^ ^ ^ 


The expression for ^’s chance becomes ~ when a vanishes: 

n ’ 

Laplace proposes to shew that the expression increases as a in- 
creases, if 2m be less than n. The factor (1 — a*)’”' obviously dimin- 
ishes as a increases. Laplace says that if 2m is less than n it is 
clear that the fraction 

(l + a)”~(l~a)" 
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also diminishes as a increases. We will demonstrate this. 


Put T for n — 2m, and denote the fraction by u \ then 


\ du _ (1 + + (1 - a )"-' (1 + 4 - (1 - 

udo. (1+a)’-- (l-a)*- ” (l + (;,)»_(l_a)" ' 


Thus 


where z = 


(1 « cj) 1 ^ ^ + 1) _ 


U dcL 




2r«- 1 


l + ot 


^ We have to shew that this expression is nega- 

* T- * (z^~~^ 4 1') 

tive ; this we shall do by shewing that — increases as 

21—1 

successive integral values are ascribed to r. We have 
(r4l)(^"4l) r(^^-^4l) 

2^+^ — 1 Z"' — 1 

_ (r 4 1) - 1) - r - 1) 4 1) 

- 1 ) ~ 1 ) 


thus we must shew that z^""— 1 is greater than r (z"^^ — z'"'^). 

Expand by the exponential theorem ; then we find we have to 
shew that 

(2ry is greater than r | (r 4 1)^ — (r — 1)^ | , 
where p is any positive integer ; that is, we must shew that 
is greater than 4 “7 ^2 4 

But this is obvious, for r is supposed greater than unity, and 
the two members would be equal if all the exponents of r on the 
right hand side of the inequality were — 1. 

We observe that r must be supposed not less than 2 ; if r = 1 
we have z'^ — 1 = r 

We have assumed that r and n are integers j and this limitation 
is necessary. For return to the expression 

(I4ay-(l~a7 

(l + ar-(l--ar' 
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and put for a in succession 0 and 1 ; tlien we have to compare - with 


^ ; that is, we have to 'compare ~ with . 
differential coefficient with respect to x is 


X 


Now consider ; the 


' X log 2 


2 ^ 


so that 


a" 


increases as x changes from 0 to , — and then diminishes. 
° log 2 

Laplace treats the same question in the TMorie.,.des Proh. 
page 406 ; there also the difficulty is dismissed with the words il 
est facile de voir. In the memoir prefixed to the fourth volume of 
•Bowditch’s Translation of the MScanique CSleste, 62, we read: 


Dr Bowditch himself was accustomed to remark, Whenever I mee,t 
in La Place with the words ^Thus it plainly appears’ I am sure that 
hours, and perhaps days of hard study will alone enable me to discover 
how it plainly appears.” 


892. The pages 240 — 258 of the memoir contain the im- 
portant but difficult investigation which is reproduced in the 
Thhrie. ^ ,de$ Proh. pages 262 — 272. Laplace gives in the memoir 
a reference to those investigations by Lagrange which we have 
noticed in Art. 570 ; the reference however is omitted in the 
Theorie...des Proh. 


893. Laplace now proceeds to the subject which he had con- 
sidered in a former memoir, namely, the probability of causes as 
deduced from events; see Art. 868. Laplace repeats the general 
principle which he had already enunciated in his former memoir; 
see Art. 869. He then takes the problem which we have noticed 
in Art. 870, enunciating it however with respect to the births of 
boys and girls, instead of the drawings of white and black balls. 
See Art. 770. 


894. Laplace is now led to consider the approximate evalu- 
ation of definite integrals, and he gives the method which is repro- 
duced almost identically in pages 88 — 90 of the Theorie...de$ Proh. 

He applies it to the example Jx’^il—xfdx, and thus demoiat- 

strates the theorem he had already given; see Art. 871: the pre- 
sent demonstration is much superior to the former. 
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895. There is one proposition given here which is not repro- 
duced in the ThSorie. . .des Pvoh,, hut which is worthy of notice. 

Suppose we require the value of ^ydx where y — — 

the integral being taken between assigned limits. 


Put P = ^ ~ 


1 dx 

^ ” y -T' • 
a ^ dy 


Then, by integrating by parts, 

^ydx = Jo.zdy = oyz — a ^ydz , 


.(1). 


>* = “ J'E ''s' - Si- “ J2' a I' Si) * ! 


SO that 


dz 


jydx^ayz-a.’-yz^-i- 




d / dz\ j 


.( 2 ). 


Now y vanishes with x, Laplace shews that the value of 
jydx when the lower limit is zero and the upper limit is any 

value of X less than is less than ayz and is greater than 


dz 


ayz-^a^yz-^l so that we can test the closeness of the approxi- 
mation. This proposition depends on the following considera- 

dz 1 

tions : ^ is positive so long as x is less than t-;— ■ , and there- 

fore Jydx is less than ayz by (1); and ^ positive, 

that jydx'^k greater than ayz^-Ckyz ^ by (2). For we have 

£C (1 — £r) 


so 


z = . 


and this can be put in the form 
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dz 

Hence we see that z and ^ both increase with x so long 

as a; is less than : this establishes the required proposition. 

1 + /* 

See also Art. 767. 

896. Laplace then takes the following problem. In 26 years 
it was observed in Paris that 251527 boys were born and 241945 
girls : required the probability that the possibility of the birth 

of a boy is greater than . The probability is found to differ 

from unity by less than a fraction having for its numerator 1 1521 
and for its denominator the seventh power of a million. 

This problem is reproduced in the TMo7'ie...des Pvoh. pages 
377 — 380, the data being the numbers of births during 40 years 
instead of during 26 years. 

897. Taking the same data as in the preceding Article, La- 
place investigates the probability that in a given year the number 
of boys born shall not exceed the number of girls born. He 

finds the probability to be a little less than 259 ' The 

result of a similar calculation from data furnished by observations 

in London is a little less than 397—401 of the 

ThSone...des Proh. we have a more difficult problem, namely to 
finii the probability that during a century the annual births of 
boys all all never be less than that of girls. The treatment of 
the simpler problem in the memoir differs from that of the 
more difficult problem in the TMorie...de$ Proh. In the memoir 
Laplace obtains an equation in Finite Differences 

Vm ~ 5 

hence he deduces 

constant + |l - + A 

~ A A As!„_^)] + ... ^’ 
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which as he says is analogous to the corresponding theorem in 
the Integral Calculus given in Art. 895 ; and, as in that Article, he 
shews that in the problem he is discussing the exact result lies 
between two approximate results. See also Art. 770. 

898. The memoir contains on page 287 a brief indication of a 
problem which is elaborately treated in pages 369 — 376 of the 
TMorie . . .des Proh, 


899. Laplace now developes another form of his method of 
approximation to the value of definite integrals. Suppose we 

require jydx; let T be the maximum value of y within the 

range of the integration. Assume y = and thus change 

Jydx into an integral with respect to t. The investigation is 

reproduced in the Thiorie»».des Prob. pages 101 — 103. 

Laplace determines the value of / e~^^dL He does this by 

Jo 

taking the double integral j J and equating the 

results which are obtained by considering the integrations in 
different orders. 


900- Laplace also considers the case in which instead of as- 
suming y = we may assume y = Something similar is 

given in the ThSorie. . .des Prob. pages 93 — 95. 

Some formulae occur in the memoir which are not reproduced 
in the TMorie... des Prob., and which are quite wrong: we will 
point out the error. Laplace says on pages 298, 299 of the 
memoir : 


dxdz 

Consid^rons pr6senteinent la double integrate j J 

depuis cc = 0 jusqu’^ et depuis z = 0 jusqu’^ z-l; enfaisant 

V , . f dz . f dx ^ 

= x\ elle se changera dans celle-ci I — | — ? 

intSgi’ales ^tant prises depuis x =0 et «=■ 0, jusqn’S, «' = 1 et «= 1, 

31 
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Then, as 


^ , Laplace infers that 

v(l-«) ^ 


^ dxdz 


" cfa;' 

0 (i-x'‘js; 


But this is wrong ; for the limits of »' are 0 and — ^ , and 

not 0 and 1, as Laplace says ; and so the process fails. 

Laplace makes the same mistake again immediately after- 
wards ; he puts — rr = nnd thus deduces 


V(1 - X^) 


r'p dxdz __ p dx p dz 


But the upper limit for z' should be ^ ^ 

Laplace assumes ; and so the process fails. 

901. Laplace applies his method to evaluate approximately 
J^x^ (l-xydx; and he finds an opportunity for demonstrating 
Stirling’s Theorem. See Art. 333. 

902. Laplace discusses in pages 304—313 of the memoir the 
following problem. Observation shews that the ratio of the num- 
ber of births of boys to that of girls is sensibly greater at London 
than at Paris ; this seems to indicate a greater facility for the birth 
of a boy at London than at Paris : required to determine the 
amount of probability. See Art. 773. 

Let n be the probability of the birth of a boy at Paris, p the 
number of births of boys observed there, and q the number of births 
of girls ; let — a; be the possibility of the birth of a boy at Lon- 
don, p the number of births of boys observed there, and g' the 
number of births of girls. If P denote the probability that the 
birth of a boy is less possible at London than at Paris, we have 

jjv^ (1 — uy (u — xy (1—U+ xY du dx 


vF (1 — uy [u — xY (1 — 14 -H xY du dx 
7 
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Laplace says that the integral in the numerator is to be taken 
from 2^ = 0 to w === ic, and from a? = 0 to a; = 1, and that the integral 
in the denominator is to he taken for all possible values of x and u. 
Thus putting u — x — s the denominator becomes 

f f (1— s^' (1 — sY du ds. 

0 0 » 

Laplace’s statement of the limits for the numerator is wrong ; 
we should integrate for x from 0 to u, and then for u from 0 to 1. 
There is also another mistake. Laplace has the equation 


2 _ 

X 


. r>' . y' -0 

l-X^X-x 1-X+x 


He finds correctly that when a; = 0 this gives 

Y P 

p+p' + q + q” 

He says that when a: = 1 it gives X = l, which is wrong. 

Laplace however really uses the right limits of integration in 
his work. His solution is very obscure ; it is put in a much clearer 
form in a subsequent memoir which we shall presently notice ; see 
Art. 909. He uses the following values, 

^ = 251527, q = 241945, 

/ = 737629, 2=698958, 
and he obtains in the present memoir 

p= — — • 

410458 ’ 


he obtains in the subsequent memoir 

p— ^ 

410178 


The problem is also solved in the Th4orie..,des Proh. pages 
381—384 ; the method there is different and free from the mis- 
takes which occur in the memoir. Laplace there uses values of p 
and 2 derived from longer obseiwations, namely 

p = 393386, 2“^2755 o 5 

31^2 
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he retains the same values otp' and ^ as before, and he obtains 

P= , 

328269 

It will be seen that the new values of p and q make - a little 

. . ^ 

larger than the old values ; hence it is natural that P should be 
increased. 

903. Laplace gives in the memoir some important investiga- 
tions on the probability of future events as deduced from ob- 
served events; these are reproduced in the Theorie..,des Proh. 
pages 39 — 396. 

904. Laplace devotes the last ten pages of his memoir to 
the theory of errors ; he says that after his memoir in the sixth 
volume of the Memoir es.., par divers Savans the subject had been 
considered by Lagrange, Daniel Bernoulli and Euler. Since, how- 
ever, their principles differed from his own he is induced to resume 
the investigation, and to present his results in such a manner as to 
leave no doubt of their exactness. Accordingly he gives, with 
some extension, the same theory as before; see Art. 874. The 
theory does not seem, however, to have any great value. 

905. The present memoir deserves to be regarded as very im- 
portant in the history of the subject. The method of approxima- 
tion to the values of definite integrals, which is here expounded, 
must be esteemed a great contribution to mathematics in general 
and to our special department in particular. The applications 
made to the problems respecting births shew the power of the 
method and its peculiar value in the theory of probability, 

906. Laplace’s next memoir on our subject is entitled M^moire 
sur les Suites; it is published in the volume for 1779 of the 
Eistoire de T Acad,,. Paris; the date of publication is 1782. The 
memoir occupies pages 207 — 309 of the volume. 

This memoir contains the theory of Generating Functions. 
With the exception of pages 269 — 286 the whole memoir is 
reproduced almost identically in the Th6orie,.,des Proh,; it forms 
pages 9 80 of the work. The pages which are not reproduced 
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relate to the solution of partial differential equations of the 
second order, and have no connexion with our subject. 

The formulae which occur at the top of pages 18 and 19 of 
the Theorie,.,des Prok are stated in the memoir to agree with 
those which had been given in Newton's Methodus differentialis ; 
this reference is omitted in the TMorie. . .des Prob. 

907. Laplace’s next memoir on our subject is entitled Sur les 
approooimations des Formides qui sont fonctions de trhs-grands nom-- 
hres; it is published in the volume for 1782 of the Histoire de 
V Acad.,, Paris: the date of publication is 1785. The memoir 
occupies pages 1 — 88 of the volume. 

Laplace refers at the commencement to the evaluation of 
the middle coefficient of a binomial raised to a high power by 
the aid of Stirling’s Theorem ; Laplace considers this to be one 
of the most ingenious discoveries which had been made in the 
theory of Sei'ies. His object in the memoir is to effect similar 
transformations for other functions involving large numbers, in 
order that it might be practicable to calculate the numerical 
values of such functions. 

The memoir is reproduced without any important change 
in the TMorie.,,des Prob., in which it occupies pages 88—174. 
See Arts. 894, 899. 

A mistake occurs at the beginning of page 29 of the memoir, 
and extends its influence to the end of page 30. Suppose that a 
function of two independent variables, d and is to be expanded 
in powers of these variables: we may denote the terms of the 
second degree by W + 2iV<9(9' + P0'^ Laplace’s mistake amounts 
to omitting the term 2N6d', The mistake does not occur in the 
corresponding passage on page 108 of the Theorie,,.des Prob. 

908. Laplace’s next memoir is the continuation of the pre- 
ceding; it is entitled. Suite du MSmoire sur les approximations 
des Formules qui sont fonctions de trh-grands N ombres; it is pub- 
lished in the volume for 1783 of the Histoire de H Acad. . .Paris : 
tbe date of publication is 1786. The memoir occupies pages 
423 — 467 of the volume, 

909. Laplace gives here some matter which is reproduced m 
the mone... des Frol, pages 363—365, 394-396. Pages 4^—444 
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of the memoir are not reproduced in the Theo7ie,,,des Proh,; 
they depend partly on those pages of the memoir of 1782 which 
are erroneous, as we saw in Art. 907. 

Laplace in this memoir applies his formulae of approxima- 
tion to the solution of questions in probability. See Arts. 767, 769. 
He takes the problem which we have noticed in Art. 896, and 
arrives at a result practically coincident with the former. He takes 
the problem which we have noticed in Art. 902, gives a much 
better investigation, and arrives at a result practically coincident 
with the former. He solves the problem about the births during a 
century to which we have referred in Art. 897, using the smaller 
values of ^ and q which we have given in Art. 902; he finds 
the required probability to be *664. In the Theorie...de8 Proh. 
page 401 he uses the larger values of jp and q which we have 
given in Art. 902, and obtains for the required probability ’782. 

910. This memoir also contains a calculation respecting a 
lottery which is reproduced in the Theorie..de8 Proh. page 195. 
See Arts. 455, 864. 

Laplace suggests on page 433 of the memoir that it would 
be useful to form a table of the value of for successive 

limits of the integration : such a table we now possess. 

911. In the same volume there is another memoir by La- 
place which is entitled, £>ur les naissances, les mariages et les 
morts d Paris..,. This memoir occupies pages 693 — 702 of the 
volume. 

The following problem is solved. Suppose we know for a 
large country like France the number of births in a year ; and 
suppose that for a certain district we know both the population 
and the number of births. If we assume that the ratio of the 
population to the number of births in a year is the same for the 
whole country as it is for the district, we can determine the popu- 
lation of the whole country. Laplace investigates the probability 
that the error in the result will not exceed an assigned amount. 
He concludes from his result that the district ought to contain 
not less than a million of people in order to obtain a sufficient 
accuracy in the number of the population of France. 
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The problem is reproduced in the TMorie.^.des Froh. pages 
391 — 394. The necessary observations were made by the French 
government at Laplace’s request ; the population of the district 
selected was a little more than two millions. 

The solutions of the problem in the memoir and in the 
ThSorie..*des Froh. are substantially the same. 

912. In the Legons de Mathematiques donnees d I'ecole normale, 
en 1795, par M, Laplace, we have one legon devoted to the subject 
of probabilities. The Ugons are given in the Journal de VEcole 
Foly technique, vii® et viii® cahiers, 1812; but we may infer from 
page 164 that there had been an earlier publication. The legon 
on probabilities occupies pages 140 — 172. It is a popular state- 
ment of some of the results which had been obtained in the 
subject, and was expanded by Laplace into the Introduction 
which appeared with the second edition of the TMorie...des Froh., 
as he himself states at the beginning of the Introduction. 

913. With the exception of the unimportant matter noticed 
in the preceding Ai’ticle, Laplace seems to have left the Theory 
of Probability untouched for more than twenty-five’^years. His 
attention was probably fully engaged in embodying his own re- 
searches and those of other astronomers in his M^canique Celeste, 
the first four volumes of which appeared between 1798 and 1805. 

914. Laplace’s next memoir connected with^^the Theory of 
Probability is entitled MSmoire sur les approximations des for- 
mules qui sont fonctions de tris-gy^ands nomhres, et sur leur ap- 
plication aux probahilitSs. This memoir is published in the 
M4moires..,de VInstitut for 1809; the date of publication is 1810; 
the memoir occupies pages 353 — 415 of the volume, and a supple- 
ment occupies pages 559 — 565. 

915. The first subject which is discussed is the problem re- 
lating to the inclination of the orbits of the planets and comets 
which is given in the ThSorie...des Froh. pages 253 — 261; see 
also Art. 888. The mode of discussion is nearly the same. [There 
is however some difference in the process relating to the planets, 
for in the memoir Laplace takes two right angles as the extreme 
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angle instead of one right angle which he takes in the Tldorie.,, 
des ProK Laplace’s words are, on page 362 of the memoir : 

Si ron fait varier les inclinaisons depuis z^ro jusqu'^ la demi-cir- 
conf^rence, on fait disparoitre la consideration des mouvemens retro- 
grades ; car le mouvement direct se change en retrograde, quand I’incli- 
naison surpasse un angle droit. 

Laplace obtains in the memoir the same mimerical result as on 
page 258 of the ThSorie...des Prob,; but in the latter place the 
fact of the motions being all in the same direction is expressly 
used, while in the former place Laplace implies that this fact still 
remains to be considered. 

The calculation for the comets, which follows some investiga- 
tions noticed in the next Article, does not materially differ from 
the corresponding calculation in the TMorie^.^des Prob.; 97 is 
taken as the number of comets in the memoir, and 100 in the 
Theorie.-.des Prob. 

916. Laplace gives an investigation the object of which is 
the approximate calculation of a formula which occurs in the 
solution of the problem noticed in the preceding Article. The 
formula is the series for A" 5^, so far as the terms consist of 
positive quantities raised to the power which i denotes. A large 
part of the memoir bears on this subject, which is also treated 
very fully in the TMorie...des Prob. pages 165 — l7l, 475 — 482. 
This memoir contains much that is not reproduced in the 
TMorie...des Prob.^ being in fact superseded by better methods. 

We may remark that Laplace gives two methods for finding the 

value of I te‘~^^ oo^btdt, but he does not notice the simplest 

method, which would be to differentiate cos Itdt four times 

J 0 

with respect to S, or twice with respect to c ; see pages 368 — 370 
of the memoir. 

917. In pages 383 — 389 of the memoir we have an important 
investigation resembling that given in pages 329 — 332 of the 
Thiome. . .des Prob., which amounts to finding the probability that 
a linear function of a large number of errors shall have a certain 
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value^ the law of facility of a single error being any what- 
ever. 

Pages 390 — 897 of the memoir are spent in demonstrat- 
ing the formula marked (q) which occurs at the top of page 170 
of the ThSorie.^^des Prob. The remaining pages of the memoir 
amount to demonstrating the formula marked (p) on page 168 of 
the T}dorie...des Prob., which is again discussed in pages 475 — 482 
of the Theorie...des Prob. The methods of the memoir are very 
laborious and inferior to those of the TMorie. . .des Prob. 

918. The supplement to the memoir consists of the matter 
which is reproduced in pages 333 — 335 and 340 — 342 of the 
Theorie...des Prob. In his supplement Laplace refers to his 
memoir of 1778; see Art. 904: the reference is not preserved 
in the Theorie-.*des Prob. He names Daniel Bernoulli, Euler, 
and Gauss; in the corresponding passage on page 335 of the 
P'Morie...des Prob., he simply says, des giomUres c^Ubres. 

919. Laplace’s next memoir is entitled, Memoire sur les Inti- 
grales D^finies, et leur application aux ProbabiliUs, et spicialement 
ct la recherche du milieu qu'il faut choisir entre les residtats des 
observations. This memoir is published in the Memoires ...de 
VInstitut for 1810 ; the date of publication is 1811 : the memoir 
occupies pages 279 — 347 of the volume. 

920. Laplace refers to his former memoirs on Generating 
Functions and on Approximations ; he speaks of the approaching 
publication of his work on Probabilities. In his former memoirs 
he had obtained the values of some definite integrals by the 
passage from real to imaginary values ; but he implies that such a 
method should be considered one of invention rather than of 
demonstration. Laplace says that Poisson had demonstrated several 
of these results in the Bulletin de la SocietS Philomatique for March 
1811 ; Laplace now proposes to give direct investigations. 

921. The first investigation is that which is reproduced in 
pages 482—484 pf the Thiorie...des Prob. Then follow those 
which are reproduced in pages 97 — 99 of the Thiorie...des Prob. 
Next we have the problem of the Duration of Play, when the 
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players are of equal skill and one of them has an infinite capital ; 
there is an approximate calculation which is reproduced in pages 
235 — 238 of the TMorie..,des Prob. Next we have the problem 
about balls and the long dissertation on some integrals which we 
find reproduced in pages 287 — 298 of the TMorie.,,des Prob. 
Lastly we have the theory of errors substantially coincident with so 
much of the same theory as we find in pages 314 — 328 and 
340 — 342 of the TMone,,»des Prob. 


922. A theorem may be taken from page 327 of the memoir, 
which is not reproduced in the TMorie. . .des P^'ob. 

To shew that if (x) always decreases as x increases between 
0 and 1 we shall have 


f yfr (x) dx greater than S f ar* t/t (a?) dx. 
0 ^ 0 
It is sufficient to shew that 


or that 
or that 
or that 


^ I '[{r (x) dx is greater than S x^^jr (a?) dx, 
J 0 Jo 

2x 1 (x) dx is greater than 

Jo 

I 'yjr (x) dx is greater than x '\j/' 

J 0 


(pc) is greater than -(/f (a?) + a; 


dijr (x) 
dx 


but this is obviously true, for is negative. 

The result stated on page 321 of the TMorie... des Proh., that 
. . k” . 1 

under a certain condition is less than ^ , is an example of this 
theorem. 


923. In the Oonnaissance des Terns for 1813, which is dated 
July 1811, there is an article by Laplace on pages 213 — 223, 
entitled, Pu milieu quilfaut choisir entre les r^sultats d’un grand 
nombre d! observations. The article contains the matter which is 
reproduced in pages 322—329 of the Th^orie. . .des Proh. Laplace 
.speaks of his work as soon about to appear. 
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924. In the Connaissance des Terns for 1815, which is dated 
November 1812, there is an article on pages 215 — 221 relating to 
Laplace’s TMorie...des Proh. The article begins with an extract 
from the work itself, containing Laplace’s account of its object 
and contents. After this follow some remarks on what is known 
as Laplace’s nebular hypothesis respecting the formation of the 
solar system. Eeference is made to the inference drawn by Michell 
from the group of the Pleiades ; see Art. 619. 

925. In the Connaissance des Terns for 1816, which is dated 
November 1813, there is an article by Laplace, on pages 213 — 220, 
entitled, Sur les ComHes. 

Out of a hundred comets which had been observed not one had 
been ascertained to move in an hyperbola; Laplace proposes to 
shew by the Theory of Probability that this result might have 
been expected, for the probability is very great that a comet would 
move either in an ellipse or parabola or in an hyperbola of so 
great a transverse axis that it would be undistinguishable from a 
parabola. 

The solution of the problem proposed is very difficult, from 
the deficiency of verbal explanation. We will indicate the steps. 

Laplace supposes that r denotes the radius of the sphere of 
the sun’s activity, so that r represents a very great length, which 
may be a hundred thousand times as large as the radius of the 
earth’s orbit. Let V denote the velocity of the comet at the 
instant when it enters the sphere of the sun’s activity, so that r 
is the comet’s radius vector at that instant. Let a be the semi- 
axis major of the orbit which the comet proceeds to describe, e 
its excentricity, D its perihelion distance, -cr the angle which the 
direction of V makes with the radius r. Take the mass of the 
sun for the unit of mass, and the mean distance of the sun from 
the earth as the unit of distance; then we have the well-known 
formulse; 

a r 


r F sin 'cj = Va (1 — e^), 
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From these equations by eliminating a and e we have 


9 D® 

775 


and from this we deduce 

1 — cos -ST = 1 — 


y('-?) /(, 

— TT — v r 


B 


'^V^l + y]-2D\. 


Now if we suppose that when the comet enters the sphere of 
the sun’s activity all directions of motion which tend inwards 
are equally probable, we find that the chance that the direction 
will make an angle with the radius vector lying between zero 
and 'ey is 1 — cos tar. The values of the perihelion distance which 
correspond to these limiting directions are 0 and D, Laplace 
then proceeds thus; 

...en snpposant done toutes les valeurs de D 6galenient possibles, on 
a pour la probability que la distance pynli61ie sera comprise entre z^ro 
et B, 

II fant multiplier cette valeur par dT ; en rint6grant ensuite dans 
des limites dyterminyes, et divisant I’intygrale par la plus grande valeur 
de F, valeur que nous dysignerons par 27; on aura la probability que la 
valeur de V sera comprise dans ces limites. Cela posy, la plus petite 
valeur de F est celle qui rend nulle la quantity renfei'mye sous le radical 
prycydent ; ce qui donno 

rF = 



It would seem that the above extract is neither clear nor 
correct; not clear for the real question is left uncertain; not 
correct in what relates to 27 We will proceed in the ordinary way, 
and not as Laplace does. Let (F) stand for 


1 - 


r V 




r-F“fl+-V2Z)|; 
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then we have found that supposing all directions of projection 
equally probable, if a comet starts with the velocity V the chance 
is '^(F) that its perihelion distance will lie between 0 and D. 
Now suppose we assume as a fact that the perihelion distance 
does lie between 0 and D, but that we do not know the initial 
velocity: required the probability that such initial velocity lies 
between assigned limits. This is a question in inverse probability ; 
and the answer is that the chance is 

J^(V) dV 

[ir(V)dv’ 

where the integral in the numerator is to be taken between the 
assigned limits ; and the integral in the denominator between the 
extreme admissible values of F. 

Laplace’^ finds the value of J'\jr(V)dV; for this purpose he 

assumes 

For the assigned limits of F he takes and . 

The value of dV between these limits he finds to he ap- 
proximately 

(7r-2)V'2i? D 

the other terms involve higher powers of r in the denominator, 
and so are neglected. 

The above expression is the numerator of the chance which 
we require. For the denominator we may suppose that the upper 
limit of the velocity is infinite, so that i will now be infinite. 
Hence we have for the required chance 

r (7r - 2) ^ (7r-2) Vli) 

1 2r irfjr) ' 2r ^ 
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that is, 


1 -- 


^|2D 


i (tt — 2 ) sjr ’ 

If for example we supposed — 2, we should have the extreme 
velocity which would allow the orbit to be an ellipse. 

In the equation ^ ^ ~ ^ suppose <2 = — 100 ; then 


y2_r + 200 

lOOr ^ 


thus 


r + 200 
100 ‘ 


If we use this value of ^ we obtain the chance that the orbit 
shall be either an ellipse or a parabola or an hyperbola with 
transverse axis greater than a hundred times the radius of the 
earth’s orbit. The chance that the orbit is an hyperbola with a 
smaller transverse axis will be 

i (tt — 2) 

Laplace obtains this result by his process. 


Laplace supposes i) = 2, r = 100000; and the value of i to be 


that just given: he finds the chance to be about 


1 

5714' 


, Laplace then says that his analysis supposes that all values of 
D between 0 and 2 are equally probable for such comets as can 
be perceived; but observation shews that the comets for which 
the perihelion distance is greater than 1 are far less numerous 
than those for which it lies between 0 and 1. He proceeds to 
consider how this will modify his result. 


926. In the Connaissance des Terns for 1818, which is dated 
1815, there are two articles by Laplace on pages 361 — 381 ; the 
first is entitled, Sur V application du Galcul des Prohahilit^s d la 
Philosophie naturelle; the second is entitled, Sur le Galcul des 
ProhahiliteSj appliquf d la Philosophie naturelle. The matter is 
reproduced in the first Supplement to the Th6orie..,des Prob. 
pages 1—25, except two pages, namely, 376, 377: these contain 
an application of the formulae of probability to determine from 
observations the length of a seconds’ pendulum. 
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927. In the Connaissanoe des Terns for 1820, which is dated 
1818, there is an article by Laplace on pages 422 — 440, entitled. 
Application du Calcnl des Probahilites, aux operations geodesiques: 
it is reproduced in the second Supplement to the Th6orie,,,des 
Proh. pages 1 — 25. 

928. In the Connaissanoe des Terns for 1822, which is dated 
1820, there is an article by Laplace on pages 346 — 348, entitled. 
Application dn Calcul des Probahilit^s aux operations geodesiques 
de la onSridienne de France: it is reproduced in the third Supple- 
ment to the Theorie...des Proh. pages 1 — 7. 

929. We have now to speak of the great work of Laplace which 
is entitled, TMorie analytique des Prohahilites, This was published 
in 1812, in quarto. There is a dedication to Napoldon-le-Grand ; 
then follow 445 pages of text, and afterwards a table of contents 
which occupies pages 446 — 464: on another page a few errata 
are noticed. 

The second edition is dated 1814, and the third edition is 
dated 1820. 

The second edition contains an introduction of CVI. pages ; then 
the text paged from 3 to 484 inclusive ; then a table of contents 
which occupies pages 485 — 506 : then two pages of errata are 
given. 

The pages 9 — 444 of the first edition were not reprinted for 
the second or third edition ; a few pages were cancelled and re- 
placed, apparently on account of en'ata. 

The third edition has an introduction of CXLII. pages ; and 
then the remainder as in the second edition. There are, however, 
four supplements to the work which appeared subsequently to the 
first edition. The exact dates of issue of these supplements do not 
seem to be given ; but the first and second supplements were 
probably published between 1812 and 1820, the third in 1820, 
and the fourth after 1820. Copies of the third edition generally 
have the first three supplements, but not the fourth. 

930. Since the bulk of the text^of Laplace’s work was wt 
reprinted for the editions which appeared during his life time^ 
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a reference to the page of the work will in general suffice for 
any of these editions : accordingly we shall adopt this naode of 
reference. 

An edition of the works of Laplace was published in France 
at the national expense. The seventh volume consists of the 
Theorie.,,des Proh.; it is dated 1847. This volume is a reprint of 
the third edition. The title, advertisement, introduction, and 
table of contents occupy cxcv. pages ; the text occupies 532 
pages, and the four supplements occupy pages 533 — 691. 

It will be found that in the text a page n of the editions pub- 

71 / 

lished by Laplace himself will correspond nearly to the page ^ 

of the national edition : thus our references will be easily available 
for the national edition. We do not think that the national 
edition is so good as it ought to have been ; we found, for example, 
that in the second supplement the misprints of the original were 
generally reproduced. 

931. We shall now proceed to analyse the work. We take the 
third edition, and we shall notice the places in which the introduc- 
tion differs from the introduction to the second edition. 

The dedication was not continued after the first edition, so that 
it may be interesting to reproduce it here. 

A l^apoMon-le-Grand. Sire, La bienveillance avec laquelle Yotre 
Majeste a daign6 accueillir Thominage de mon Traits de Mecanique 
Celeste, m’a inspire le desir de Lui d6dier cet Ouvrage sur le Calcul des 
Prohabilit^s. Ce calcul dllicat s’^tend aux questions les plus impor- 
tantes de la vie, qui ne sont en effet, pour la plupart, que des problfemes 
de probahiiitl. 11 doit, sous ce rapport, in t€resser Yotre Majestd dont 
le g^nie sait si bien appr^oier et si dignemeut encourager tout ce qui 
peut contrihuer au progr^s des lumi^res, et de la prosp6rit6 publique. 
J’ose La supplier ffagrier ce nouvel hommage dict6 par la plus vive 
reconnaissance, et par les sentimens profonds d’admiration et de respect, 
avec lesquels je suis, Sii*e, de Yotre Majesty, Le tr^s-humble et tr^- 
oblissant serviteur et fidMe sujet, Laplace. 

Laplace has been censured for suppressing this dedication after 
the fall of Napoleon * I do not concur in this censure. The dedi- 
cation appears to me to be mere adulation i and it would have 
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been almost a satire to have repeated it when the tyrant of Europe 
had become the mock sovereign of Elba or the exile of St Helena : 
the fault was in the original publication^ and not in the final sup- 
pression. 

932. We have said that some pages of the original impression 
were cancelled, and others substituted ; the following are the pages : 
25, 26, 27, 28, 37, 38, 147, 148, 303, 304, 359, 360, 391, 392; we 
note them because a student of the first edition will find some 
embarrassing errata in them. 

933. The introduction to the Theorie...des Prdb. was pub- 
lished separately in octavo under the title of Essai philosophique 
sur les Prohahilites; we shall however refer to the introduction 
by the pages of the third edition of the Theorie..,des ProK 

934. On pages i — xvi. of the introduction we have some gene- 
ral remarks on Probability, and a statement of the first principles 
of the mathematical theory; the language is simple and the 
illustrations are clear, but there is hardly enough space allotted to 
the subject to constitute a good elementary exposition for be- 
ginners. 

935. On pages xvi — xxxvii. we have a section entitled Des 
m^thodes analytiques du Calcul des Prohahilites; it is principally 
devoted to an account of the Theory of Generating Functions, the 
account being given in words with a very sparing use of symbols. 
This section may be regarded as a complete waste of space; it 
would not be intelligible to a reader unless he were able to master 
the mathematical theory delivered in its appropriate symbolical 
language, and in that case the section . would be entirely super- 
fluous. 

This section differs in the two editions ; Laplace probably 
thought he improved in his treatment of the difficult task he had 
undertaken, namely to explain abstruse mathematical processes in 
ordinary language. We will notice two of the changes. Laplace 
gives on pages xxiii. and xxiv. some account of De Moivres 
treatment of Eecurring Series; this account is transferred from page 
Cl. of the second edition of the introduction : a student however^ 

32 
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who wished to understand the treatment would have to consult 
the original work^ namely De Moivre's Miscellanea Analytical 
pages 28 — 33. Also some slight historical reference to Wallis and 
others is introduced on pages xxxY — xxxvii. ; this is merely an 
abridgement of the pages 3 — 8 of the Theorie*»^des Proh. 

936. We have next some brief remarks on games, and then 
some reference to the unknovm inequalities which may exist in 
chances supposed to be equal, such as would arise from a want of 
symmetry in a coin or die ; see Arts. 877, 881, 891. 

937. We have next a section on the laws of probability, which 
result from an indefinite multiplication of events; that is the 
section is devoted to the consideration of J ames Bernoulli’s theorem 
and its consequences. Some reflexions here seem aimed at the 
fallen emperor to whom the first edition of the work was dedicated ; 
we give two sentences from page xliii. 

Yoyez au contraire, dans quel abime de malheurs, les peuples ont 

souvent pr4cipit6s par ramhition et par la perfldie de leurs chefs. 
Toutes les fois qu’une grande puissance enivr6e de I’amour des conqu^tes, 
aspire k la domination universelle; le sentiment de rind6pendance pro- 
duit entre les nations menac6es, une coahtion dont elle devient presque 
toujours la victime. 

The section under consideration occurs in the second edition, 
but it occupies a different position there, Laplace having made 
some changes in the arrangement of the matter in the third 
edition. 

We may notice at the end of this section an example of the 
absurdity of attempting to force mathematical expressions into 
unmathematical language. Laplace gives a description of a certain 
probability in these words : 

La th6orie des fonctions generatrices donne une expression tr^s 
simple de cette probabilite, que Ton obtient en integrant le produit de 
la differentielle de la quantite dont le resultat d6duit d’un grand nombre 
d observations s’^carte de la v6rite, par une constante moindre que 
Tunite, dependante de la nature du probl^me, et eiev^e k une puissance 
dont lexposant est le rapport du carr6 de cet 6cart, au nombre des 
observations. Lhntegrale prise entre des limites donn^es, et divis^e 
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par la m^me int^rale etendue ^ Tinfini positif et n^gatif, exprimera la 
probability que r6cart de la v6rity, est compris entre ces limites. 

A student familiar witli th.e Theorie.,.des Proh. itself might 
not find it easy to say what formula Laplace has in view ; it must 
be that which is given on page 309 and elsewhere, namely 

nr r 

V h ttJ 

Other examples of the same absurdity will be found on page LI. 
of the introduction, and on page 5 of the first supplement. 

938. A section occupies pages XLix — LXX. entitled Applica- 
tion du Galcul des Probabilites, d la Philosophic naturelle. The 
principle which is here brought forward is simple ; we will take 
one example which is discussed in the ThSorie.,.des Proh. If a 
large number of observations be taken of the height of a barometer 
at nine in the morning and at four in the afternoon, it is found 
that the average in the former case is higher than in the latter ; 
are we to ascribe this to chance or to a constant cause? The 
theory of probabilities shews that if the number of observations be 
large enough the existence of a constant cause is very strongly in- 
dicated. Laplace intimates that in this way he had been induced 
to undertake some of his researches in Physical Astronomy, be- 
cause the theory of probabilities shewed irresistibly that there 
were constant causes in operation. 

Thus the section contains in reality a short summary of La- 
place’s contributions to Physical Astronomy ; and it is a memor- 
able record of the triumphs of mathematical science and human 
genius. The list comprises— the explanation of the irregularity 
in the motion of the moon arising from the spheroidal figure of the 
earth — the secular equation of the moon — the long inequalities of 
Jupiter and Saturn — the laws connecting the motions of the 
satellites of Jupiter — ^the theory of the tides. See Gouraud, 
page 115 ; he adds to the list — ^the temperature of the earth shewn 
to be constant for two thousand years : it does not appear that 
Laplace himself here notices this result. 

939 In the second edition of the Theorie des Proh. 

82—2 
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Laplace did not include the secular acceleration of the moon and 
the theory of the tides in the list of his labours suggested by the 
Theory of Probability. Also pages Li — LVI. of the introduction 
seem to have been introduced into the third edition, and taken 
from the first supplement. 

Laplace does not give references in his TMorie^-.des Prob., so 
we cannot say whether he published all the calculations respecting 
probability which he intimates that he made; they would how- 
ever, we may presume, be of the same kind as that relating to 
the barometer which is given in page 350 of the ThSorie . . .desProh., 
and so would involve no novelty of principle. 

Ijaplace alludes on page Liv. to -some calculations relating to 
the masses of Jupiter and Saturn; the calculations are given in 
the first supplement. Laplace arrived at the result that it was 
1000000 to 1 that the error in the estimation of the mass of 

Jupiter could not exceed of the whole mass. Nevertheless it 


has since been recognised that the error was as large as — ; 
Poisson, Recherches siir la Prob,.,, page 316. 


see 


940. Laplace devotes a page to the Application du Calcul 
des ProbahilMs aux Sciences morales; he makes here some inter- 
esting remarks on the opposing tendencies to change and to con- 
servatism. 


941. The next section is entitled, De la ProbabiliU des 
Umoignages; this section occupies pages Lxxi — LXXXII : it is an 
arithmetical reproduction of some of the algebraical investigations 
of Chapter xi. of the Theorie...des Prob. One of Laplace's discus- 
sions has been criticised by John Stuart Mill in his Logic; see 
Vol. II. page 172 of the fifth edition. The subject is that to which 
we have alluded in Art. 735. Laplace makes some observations 
on miracles, and notices with disapprobation the language of 
Eacine, Pascal and Locke. He examines with some detail a 
famous argument by Pascal which he introduces thus : 

Ici se pr^sente naturellement la discussion d’un argument fameux 
de Pascal, que Craig, math6maticien anglais, a reproduit sous une forme 
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g^ometriqiie. Des t6moins attestent qu’ils tiennent de la Divinity m^me, 
qix'en se conformant k telle chose, on jouira, non pas d’une on de denx, 
mais d’une infinite de vies heureuses. Quelque faible que soit la proba- 
bility des temoignages, pourvu qu’elle ne soit pas infiniment petite; il 
est clair que I’avantage de ceux qui se conferment k la chose prescrite, 
est infini, puisqu’il est le produit de cette probability par un bien 
infini; on ne doit done point balancer h. se procurer cet avantage. 

See also the Athenceum for Jan. 14th, 1865, page 55. 

942. The next section is entitled, Des choix et des decisions 
des assemble es; it occupies four pages; results are stated re- 
specting voting on subjects and for candidates which are obtained 
at the end of Chapter il. of the Theorie...des Proh. 

The next section is entitled, De la prohabilite des Jugemens 
des tribimaux; it occupies five pages: results are stated which 
arc obtained in the first supplement to the Theorie...des Prob. 
This section is nearly all new in the third edition of the 
TMorie , . . des Proh, 

The next section is entitled, Des Tables de mortality, et des 
durees moyennes de la vie, des mariages et des associations quel- 
conques; it occupies six pages: results are stated which are ob- 
tained in Chapter Vlli. of the Theorie...de$ Prob, 

The next section is entitled, Des benefices des etahlissemens qui 
dependent de la probabilite des eolnemens; it occupies five pages. 
This section relates to insurances : results are given which are ob- 
tained in Chapter ix. of the Theorie...des Prob. 

943. The next section is entitled, Des illusions dans Vesti- 
mation des Probabilites ; this important section occupies pages 

QXl cxxvili: in the second edition of the Theorie. , .des Prob. the 

corresponding section occupied little more than seven pages. 

The illusions which Laplace notices are of various kinds. One 
of the principal amounts to imagining that past events influence 
future events when they are really unconnected. This is illus- 
trated from the example of lotteries, and by some remarks on 
page CIV. relating to the birth of a son, which are new in the 
third edition. Another illusion is the notion of a kind of fatality 
which gamblers often adopt. 

Laplace considers that one of the great advantages, of the 
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theory of probabilities is that it teaches ns to mistrust our first 
impressions; this is illustrated by the example which we have 
noticed in Art. 85 6> and by the case of the Chevalier de M^r6: 
see Art, 10. Laplace makes on his page CVlii. some remarks re- 
specting the excess of the births of boys over the births of girls; 
these remarks are new in the third edition. 

Laplace places in the list of illusions an application of the 
Theory of Probability to the summation of series, which was 
made by Leibnitz and Daniel Bernoulli. They estimated the 
infinite series 


as equal to ^ ; because 


if we take an even number of terms we 


obtain 0, and if we take an odd number of terms we obtain 1, 
and they assumed it to be equally probable that an infinite 
number of terms is odd or even. See Dugald Stewart s Worhs 
edited hy Hamilton ^ Yol. iv. page 204. 

Laplace makes some remarks on the apparent verification 
which occasionally happens of predictions or of dreams ; and justly 
remarks that persons who attach importance to such coincidences 
generally lose sight of the number of cases in which such antici- 
pations of the future are falsified by the event. He says, 


Ainsi, le philosophe de Fantiqiiit^, auquel on montrait dans un 
temple, pour exalter la puissance du dieu qu’on y adorait, les ex voto 
de tous ceux qui apr^s I’avoir invoqu6, s^6taient sauv6s du naufrage, fit 
une remarque conforme au calcul des probabilit^s, en observant qu’il 
ne voyait point inscrits, les noms de ceux qui, malgr6 cette invocation, 
avaient p^ri. 


944. A long discussion on what Laplace calls Psychologie 
occupies pages cxiil— cxxviii of the present section. There is 
much about the sensorium, and from the close of the discussion it 
■would appear that Laplace fancied all mental phenomena ought 
to be explained by applying the laws of Dynamics to the vibra- 
tions of the sensorium. Indeed we are told on page CXXiy. that 
faith is a modification of the sensorium, and an extract from 
Pascal is used in a manner that its author would scarcely have 
approved. 
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945. The next section is entitled, Des divers moyens d^ap' 
pr ocher de la certitude; it occupies -six pages. Laplace says, 

L’induction, Tanalogie, des hypotheses fondles siir les faits et recti- 
fiees sans cesse par de nouvelles observations, un tact henrenx donn^ 
par la natux’e et fortifie par des comparaisons nombreuses de ses indi- 
cations avec I’experiencej tels sont les principaux moyens de parvenir 
la verite. 

A paragraph beginning on page cxxix. with the words Fous 
jugeons is new in the third edition, and so are the last four lines 
of page cxxxii. Laplace cites Bacon as having made a strange 
abuse of induction to demonstrate the immobility of the earth. 
Laplace says of Bacon, 

II a donii6 pour la recherche de la v6rit6, le precepte et non I’ex- 
emple. Mais en insistant avec toute la force de la raison et de T Elo- 
quence, siir la nEcessilE d’abandonner les subtilitEs insignifiantes de 
I’Ecole, pour se livrer aux observations et aux expEriences, et en indi- 
quant la vraie niEthode de s’Elever aux causes gEnErales des phEnomEnesj 
ce grand pliilosophe a contribuE axix progrEs immenses que T esprit 
liumain a faits dans le beau siEcle oh il a terminE sa carriEre. 

Some of Laplace's remarks on Analogy are quoted with ap- 
probation by Dugald Stewart; see his Works edited hy Hamilton, 
Vol. IV. page 290. 

946. The last section of the introduction is entitled, Notice 
liistorique sur le Galcul des Prohabilites ; this is brief but very 
good. The passage extending from the middle of page cxxxix. 
to the end of page CXLI. is new in the third edition; it relates 
principally to Laplace's development in his first supplement of 
his theory of errors. Laplace closes this passage with a reference 
to the humble origin of the subject he had so much advanced; he 
says it is remarkable that a science which began with the consi- 
deration of games should have raised itself to the most important 
objects of human knowledge. 

A brief sketch of the plan of the Theorie...des Prob., which 
appeared on the last page of the introduction in the second edi- 
tion, is not repeated in the third edition. 

947. The words in which at the end of the introduction La- 
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place sums up the claims of the Theory of Probability well deserve 
to be reproduced here: 

On Yoit par cet Essai, qne la th^orie des probabilites n’est an fond, 
qne le bon sens rMuit an calcnl; elle fait appr6cier avec exactitude, 
ce qne les esprits justes sentent par ime sorte d’instinct, sans qn’ils 
pnissent sonvent s’en rendre compte. Si Ton considere les ni6thodes 
analytiqnes anxqnelles cette th4orie a donne naissance, la v^rite des 
principes qni Ini servent de base, la logiqne fine et delicate qn’exige 
lenr emploi dans la solution des probl^mes, les 6tablissemens d’utilit6 
pnbliqne qni s^appnient snr elle, et T extension qn’elle a regne et qn’elle 
pent recevoir encore, par son application anx questions les plus impor- 
“tantes de la PMlosophie natnrelle et des sciences morales; si Ton ob- 
serve ensnite, qne dans les choses m^mes qni ne penvent etre sonmises 
an calcul, elle donne les aperqus les pins surs qni pnissent nous gnider 
dans nos jngemens, et qn’elle apprend k se garantir des illusions qni 
sonvent nons 6garent; on verra qn’il n’est point de science pins digne 
de nos meditations, et qn’il soit plus utile de faire entrer dans le syst^me 
de I’instruction pnbliqne. 

948. We now leave the introduction and pass to the Theorie.., 
des Proh. itself. Laplace divides this into two books. Livre L is 
entitled Du Calcul des Fonctions Generatrices: this occupies pages 
1 — 177 ; Livre ll. is entitled Theorie gSnSrale des Prohahiliies; 
this occupies pages 179 — 461. Then follow Additions on pages 
462 — 484. 

949. The title which Laplace gives to his Livre I. does not 
'adequately indicate its contents. The subject of generating func- 
tions, strictly so called, forms only the first part of the book ; the 
second part is devoted to the consideration of the approximate 
calculation of various expressions which occur in the Theory of 
Probability. 

950. The first part of Livre i. is almost a reprint of the me- 

moir of 1779 in which it originally appeared ; see Art. 906. This 
part begins with a few introductory remarks on pages 3 — 8 ; these 
pages 3 8 of the third edition do not quite agree with the pages 

1 8 of the first edition, but there is nothing of consequence pecu- 

liar to the first edition. Laplace draws attention to the importance 
of notation in mathematics; and he illustrates the point by the 
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advantage of the notation for denoting powers, which leads him 
to speak of Descartes and "Wallis. 

Laplace points out that Leibnitz made a remarkable use of the 
notation of powers as applied to differentials; this use we might 
describe in modern terms as an example of the separation of the 
symbols of operation and quantity. Lagrange followed xxp this 
analogy of powers and differentials ; his memoir inserted in the 
volume for 1772 of the memoirs of the Academy of Berlin is cha- 
racterised by Laplace as one of the finest applications ever made of 
the method of inductions. 

951. The first Chapter of the first part of Liwe i. is entitled 
Des Fonctions generatrices, d une variable; it occupies pages 9 — 49. 

The method of generating functions has lost much of its value 
since the cultivation of the Calculus of Operations by Professor 
Boole and others ; partly on this account, and partly because the 
method is sufficiently illustrated in works on the Theory of Finite 
Differences, we shall not explain it here. 

Pages 39 — 49 contain various formulse of what we now call the 
Calculus of Operations ; these formulae cannot be said to be de- 
monstrated by Laplace ; he is content to rely mainly on analogy. 
Lagrange had led the way here ; see the preceding Article. 

One of the formulae may be reproduced ; see Laplace’s page 41. 
If we write Taylor’s theorem symbolically we obtain 



where A indicates the difference in arising from a difference Ti in 
X, Then 



Laplace transforms this into the following result, 

( It A ItlY 

The following is his method : 

/ 7.L V 

- r 2 V y,. 
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Now let Tc © denote any term arising from tlie development of 

\^g2da!_g~2<to^ ^ 


Then 

and tlie term on the right hand may be supposed to have arisen 

from the development of \eP^ ^ 2L^. Thus the formula 

2 

is considered to be established. 

We ought to observe that Laplace does not express the formula 
quite in the way which we adopt. His mode of writing Taylor’s 
Theorem is 


and then he would write 




n~ 
— ^ dx 


.(/s-o: 


He gives verbal directions as to the way in which the symbols 
are to he treated, which of course make his formulas really iden- 
tical with those which we express somewhat differently. We may 
notice that Laplace uses c for the base of the Napierian logarithms, 
which we denote by e. 

If in the formula we put ^ = 1 and change x into £» - 5 we 


obtain 


( IL 1 


which Laplace obtains on his page 45 by another process. 


952. The second Chapter of the first part of Liwe I. is entitled 

Bes fonctions generatrices d dmx variables: it occupies pao-es 

50—87. , i: ^ 

Laplace applies the theory of generating functions to solve 
equations in Finite Differences with two independent variables. 
He gives on his pages 63 — 65 a strange process for integrating the 
following equation in Finite Differences, 

^*+ 1 . .v+i ~ m ~ ~ j, = 0. 
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We might suppose that 5 ;^,^ is the coefficient of f in the ex- 
pansion of a function of t and t ; then it would easily follow that 
this function must be of the form 

<;j) (t) 

where (t) is an arbitrary function of t, and ^ (t) an arbitrary 
function of r. 

Laplace, however, proceeds thus. He puts 


rt T t 


and he calls this the equation genSratrice of the given equation in 
Finite Differences. He takes u to denote the function of t and r 
which when expanded in powers of t and r has ^ for the co- 
efficient of f T^. Then in the expansion of the coefficient of 

will be 

Laplace then transforms thus. By the equation genSratrice 
we have 

a 

T c H — 

1 _ T 

T 


therefore, 




Develope the second member according to powers of 5 ; 
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Multiply the two series together. Let 
V = (f, 

Fj = ybo? + x{c + db) a”"*, 

Fj = — ^ 5 V + yxh (c + oih) ai°~^ + (c + ai ) “ a”'^, 

V — y iy—^) 7,V4- 

1 . 2.3 *«+••■ 


Then 


iV' 


But the equation 


gives 


therefore 


=u r ±-h +F, ±-5 + 


V V 

H- I I 

t t I ,1 \ ‘ 


(r 


lab . 

-_c = 0 

tr T t 


1 

1 


1 7 c + ab 

d 

T 



U 

¥? 


Y 

4. -^+1 


c + ab 


=.{r(l. 

G-») 


5 +F, 


+ 


(c + 


ab) \t 


b] +...+ K 




(c + 



Now we pass from the generating functions to the coefficients, 
and we pick out the coeiSElcients of on both sides. This gives 
on the left-hand side, and on the right-hand side a series 
which we shall now proceed to express. 

Let A apply to x, and indicate a Finite Difference produced 
by the change of x into a; + 1 ; and let S similarly apply to y, and 
indicate a Finite Difference produced by the change of y into 
y+1. 
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Now ; hence in ^ ^ coefficient 

of fr^ will be If^ » provided we suppose that y is made zero 


after the operation denoted by S’* has been performed on . 

Similarly in w ^ the coefficient of will be , 

provided we suppose that x is made zero after the operation de- 
noted by A’’ has been performed on . 


In this way we obtain 




'0,.v 


+ y}r^ 


' J2r^g2/-1 { 

1 \ly 


+ ... + 7,2?, 


0 


— ^ V A 
0 + ab 


(%=) 


+ 


{c + aby 


V A^ 

y+2" 



4" 


V 

{o-^aby 



Thus we see that in order to obtain we must know 
^o.i» ^o, 2 v.- "^P to 2?o..v, and we must know ^ 2 ,ov to 

Now we have to observe that this process as given by Laplace 
cannot be said to be demonstrative or even intelligible. His 
method of connecting the two independent variables by the equation 
giniratrice without explanation is most strange. 

But the student who is acquainted with the modem methods 
of the Calculus of Operations will be able to translate Laplace's 
process into a more familiar language. 

Let E denote the change of x into a; + 1, and F the change of 
y into 3 / + 1 : then the fundamental equation we have to integrate 
will be written 

{EF — aF —bE—d)z^^,j — 0, 


or for abbreviation 

EF-aF-bE-c=^(). 


Then E'^F^ will be expanded in the way Laplace expands 

and his result obtained from E'^F’^z^^^, Thus we rely on the 
t 

foundations on which the Calculus of Operations is based. 
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We may notice that we have changed Laplace’s notation in 
order to avoid the dashes which are difficult in printing. La- 
place uses ^ where we use t' where we use r, and 'A where we 
use S. 

953. Laplace takes another equation in Finite Differences. 
The equation we will denote thus 

+ + ... = 0 . 


Here A belongs to x of which the difference is unity; and 8 
belongs to y of which the difference is a. 

Laplace says that the equation generatrice is 



He supposes that this equation is solved, and thus decomposed 
into the following n equations : 



where q, q^, are the n roots of the equation 
Then, using the first root 



Then passing from the generating functions to the coefficients, 
that is equating the coefficients of we obtain 

== (— 1 )* ^ 0 , 2 / + ^ • 
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The second member may be put in the form 

Denote the quantity ^ ^7 the arbitrary function 


4> (y). Thus 




This value of will then satisfy the equation in Finite Dif- 
■ ferences. 

Each of the n roots q, ••• rise to a similar ex- 

pression ; and the sum of the n particular values thus obtained for 
z^^ y will furnish the general value, involving n arbitrary functions. 

The student will as before be able to translate this process 
into the language of the Calculus of Operations. 

Laplace continues thus : Suppose a indefinitely small, and 
equal to dy. Then 

A dy\x+’y - 

(l+yj = 

as we may see by taking logarithms. Thus we shall obtain 






(y) 

dy^ 




df 


+ ... 


This is the complete integral of the equation 

A.»„ + a A" (‘^) + J A" (^) + = 0. 

Laplace next gives some formulae of what we now call the Cal- 
culus of Operations, in the case of two independeut variables ; see 
his pages 68 — 70. 


954. In his pages 70 — 80 Laplace offers some remarks on the 
transition from the finite to the indefinitely small ; his object is to 
shew that the process will furnish rigorous demonstrations. He 
illustrates by referring to the problem of vibrating strings, and 
this leads him to notice a famous question, namely that of the ad- 
missibility of discontinuous functions in the solution of partial dif- 
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ferential equations; he concludes that such functions are ad- 
missible under certain conditions. Professor Boole regards the 
argwment as unsound ; see his Finite Differences, Chapter x. 


955. Laplace closes the Chapter with some general considera- 
tions respecting generating functions. The only point to which we 
need draw attention is that there is an important error in page 82; 
Laplace gives an incomplete form as the solution of an equation in 
Finite Differences ; the complete form will be found on page 5 of 
the fourth supplement. We shall see the influence of the error 
hereafter in Arts. 974, 980, 984. 


956. We now arrive at the second part of Livre L, this is 
nearly a reprint of the memoir for 1782; the method of approxi- 
mation had however been already given in the memoir for 1778. 
See Arts. 894, 899, 907, 921. 

The first chapter of the second part of Livre I. is entitled De 
Vintigration par approximation, des diffSrentielles qui renferment 
des facteurs Sieves d de grandes puissances; this Chapter occupies 
pages 88 — 109. 

957. The method of approximation which Laplace gives is of 
great value : we will explain it. Suppose we require the value of 

^ydx taken between two values of x which include a value for 

which 2 / is a maximum. Assume y = Ye-^^, where Y denotes this 
maximum value of y. Then 

Let y = <3?) (cc) ; suppose a the value of x which makes y have 
the value Y : assume x=a-h0. 


Thus 


therefore 


(f) (a + 0) 
log 




= Ye-^^; 
Y 


^ (a 0) 

From this equation we may expand ^ in a series of ascending 
powers of 0, and then by reversion of series we may obtain ^ in a 
series of ascending powers of t. Suppose that thus we have 

0 = 4- -p Dff + . . . ; 
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J ydx = rj e-** + 2j&j« + ZBf + . . .) dt. 

Such is the method of Laplace. , It will he practically advan- 
tageous in the cases where B^, . . . form a rapidly converging 

series; and it is to such cases that we shall have to apply it, when 
we give some examples of it from Laplace’s next Chapter. In 
these examples there will be no difficulty in calculating the terms 
•^ 1 ? -^ 2 > far as we shall require them. An investigation of 

the general values of these coefficients as far as B^ inclusive will be 
found in De Morgan’s Differential and Integral Calculm, page 602. 

If we suppose that the limits of x are such as to make the cor- 
responding values of y zero, the limits of t will be — oo and + oo . 

Now if r be odd J f dt vanishes, and if r be even it is equal to 


Thus we have 




Besides the transformation y = Laplace also takes cases 
in which the exponent of e instead of being. — ^ has other values. 
Thus on his page 88 the exponent is — t, and on his page 93 
it is in the first of these cases Y is not supposed to be a 

maximum value of y. 

958. Some definite integrals are given on pages 95 — 101, in 
connexion with which it may be useful to supply a few references. 

The formula marked (T) on page 95 occurs in Laplace’s memoir 
of 1782, page 17. 

f cosrxe'^^^^dx=:'^ e'^Ta^; 

Jo 2a 

this was given by Laplace in the Memoires.,^de Vlnstitut for 
1810, page 290 ; see also Tables dJIntigrales D^finieSt 1858, by 
T>. Bierens de Haan, page 376. 

33 
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« S1G« , TT 

rfar = ; 

i X z 


see D. Bierens de Haan, page 268. 


/■ 


cos ax 

TT^ 


dx — 



X sin ax 

T+^ 



where a is supposed positive ; these seem due to Laplace ; see 
D. Biei'ens de Haan, page 282, TMorie,.»desProh., pages 99 — 134. 
We may remark that these two results, together with 



sin ax dx tt . 


are referred by D. F. Gregory, in bis Examples of the... Differential 
(md Integral Calculus, to Laplace’s memoir of 1782 ; but they are 
not explicitly given there : with respect to the last result see 
D. Bierens de Haan, page 293. 


959. Since the integral Je~^dt occurs in the expressions of 

Art. 957, Laplace is led to make some observations on modes of 
approximating to the value of this integral. He gives the follow- 
ing series which present no difficulty : 


r.-e t ’ 1 t ' 1 t ’ 

1, ‘*“’■"3+12 

Jq ^ \ ^ 1 . 3 . 3. 5 ^ 1 . 3 . 5 . 7 ^ *’ / ’ 

Jr 2r 2 t^+2V 2V 

In the memoir of 1782 the second of these three expressions 
does not occur. 


Laplace also gives a development of J dt into the form of 

a continued fraction, which he takes from his Micanique Celeste, 
Livre X. See also De Morgan’s Differential and InUgral Calculm, 
page 591, for this and some similar developments. 
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960. Laplace extends tlie method of approximation given in 
Art. 957 to the case of double integrals. The following is substan- 


tially his process. Suppose we require jjydxdx' taken between 


such limits of x and x as make y vanish. Let Y denote the 
maximum value of y, and suppose that a and d are the correspond- 
ing values of x and od. Assume 


X =a-h 0, x' — d-i-0\ 

Substitute these values of x and x' in the function log — and 

... , y 

■ expand it in powers of 6 and ff ; then since Y is by hypothesis the 
maximum value of y the coefiadents of 6 and 6’ will vanish in this 
expansion : hence we may write the result thus 


Mep + ^Nee' + pe"^ = e+ 

that is M + 


Since we have made only one assumption respecting the inde- 
pendent variables t and t' we are at liberty to make another ; we 
will assume 




and therefore 



= «'. 


Now by the ordinary theory for the transformation of double 
integrals we have 

Jjyaxdx = jj ^ , 


where P stands for 


df di dt dt' 

'dede'~de'dd' 


Thus far the process is exact. For an approximation we may 
suppose M, N, P to be functions of a and a' only ; then we have 

„ 1 d^Y „ 1 d^Y r._ 1 d^Y 

^-~WYlUf’-~~^Ydacb;’ iY da'^' 

33—2 
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Then we shall find that 


I) = ^J{PM-N^ 


1 d^Y _(d^Y\\ 

2Yy\da^ da!^ {dado!)] 


And the limits of t and t' will be — oo and + oo ; thus finally 
we have approximately 


llv 


dxdx* = 


27rr^ 


See Art. 907. 


x/f 


WTdF? 



\da dd] . 


961. The second Chapter of the second part of Livre i. is 
entitled Be Vintegration 'par approximation^ des Equations Uniaires 
an>x differences finies et infiniment petites : this Chapter occupies 
pages 110 — 125. 

This Chapter exemplifies the process of solving linear differential 
equations by the aid of definite integrals. Laplace seems to be 
the first who drew attention to this subject : it is now fully dis- 
cussed in works on differential equations. See Boole’s Differential 
JEqiiations. 

962. The third Chapter of the second part of Livre I. is 
entitled Application des methodes pr^cedenteSj d V approximation 
de diverses fonctions de trh-grands nomhres: this Chapter oc- 
cupies pages 126 — 177. 

The first example is the following. Suppose we have to in- 
tegrate the equation in Finite Differences, 

Assume y,=^sdj>dx, where <j) ia a function of x at present 

undetermined, and the limits of the integration are also unde- 
tennined. 

Let % stand for aj*; then ^ = Hence the proposed 
equation becom'es 

0 = c?a; |(1 - a;) Sy + a? J 
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that is, by integrating by parts, 

0 = [a; Sy ^] + J |(1 -a?) ^ ^ (a:^)| Sy dx. 

Where by [x we mean that xBy(j> is to be taken between 
limits. 

Assume <f> such that 

and take the limits of integration such that [a; Sy </>] = 0 ; then 
our proposed equation is satisfied. 

From (1 — a:) ^ ^ (x^} = 0, we obtain 

4> = Ae-^, 

where jd is a constant. Then xty<^ will vanish when a: = 0 and 
also when a; = oo . Thus, finally 

y = A f afe^ dx. 

Now we proceed to put this integral in the form of a series. 
The maximum value of afe^ is easily found to be that which 
corresponds to a; = s. Assume, according to Art, 957, 

afe~* = s'e~’e~^, 

and put x = 8 + 0; thus 



Take the logarithms of both sides ; thus. 

«’ = — s log ^1 + ^ + 0 

“2a •“ 

Hence by reversion of series we get 


2 
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therefore dx^^dO == dt\l2s II + ■ ^ . 


tU-Cl OXV^X K3 U/ti^ U/U W/C/ V >WC» *1 -*- I > ^ - > /» < .... 

1 S\/2s 65 j 

The limits of t corresponding to the limits 0 and oo of ic will 
be — 00 and + oo . Therefore 

f x^e^ dx — s^e^^ f V25 ll H — + ... I dL 

Jo J^oo i 3V2s 6s ) 

By integration we obtain 

y, = e-‘ V27r |l + + ... - . 

Laplace says we may determine the valne of the factor 




very simply thus. 


JB C 

Denote it by 1 ^ h so that 

s 8 




Substitute this value in the equation 

y,+i = (« + !) 


1 + r «-Ml + r^ + 


B 0 


therefore 


a + i '^(s + 1)’ 


B . C 


+ ... t- 1 + - +-J+ ... ; 


' , B O 
'+?+?+■ 


■ •- ("i) i"i (i.l) 

e — 1 


__B B-20 


1- a +5 log 1 + f =1- , + ^ 


i\n 1.1 


2/ Vs 25’ ^ 35' 


+ ••• 


Thus 

. . 5 G 


125’'^12 s “ ” 


^ + 5 +5’ + •••){■ i + ll? -•••} = -? + 


B . B-20 
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Hence, equating coefficients, 

T> ^ n ^ 

12^ 288^ 


The value of A in the expression for must be determined 
by some particular value of Suppose that when a = we 
have ys = F, 

Then T=A f x^^dx\ 

j 0 


thus 

Hence 


-4 = 


/ 
' 0 


x^e^dx 


y«=- 




J 0 


e^^dx 




- + 


125 ^ 288s^ 




•}• 


The original equation can be very easily integrated; and we 
obtain 

yg= Y(ji + 1 ) (jj, + 2) ... e. 

Hence, by equating the two values of j',, 

8^^^ V2w |l + + gggp + . . . I 

(/* + 1 ) (/4 + 2 ) ...8 = 


/: 


x^e^dx 


It will be observed that s—fi is assumed to be a positive 
integer, but there is nothing to require that s itself should be an 
integer. 

963. One remark must be made on the process which we have 
just given. Let cj) (s) denote 

1 + J^4.J_+ . 

128^ 288s’' 


will be denoted by (j>{—s). 

Now Laplace does not shew that 

<f> (s) <p{-s)= 1, 
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although he assumes the truth of this on his page 134}. It may 
be shewn by adopting the usual mode of proving Stirling's Theo- 
rem. For by using Euler's theorem for summation, given in 
Art. 334i, it will appear that 


where 


1 . 2 ... 


s — e~‘ V 277 e^‘'\ 

“0?+5T^“' 


the coefficients being the well-known numbers of Bernoulli, 
Thus i/r. ( 5 ) H- 5 ) = 0 ; 

therefore x = e® = 1 , 

that is (s) ^ s) = 1 . 


964. Laplace, after investigating a formula sometimes de- 
duces another from it by passing from real to imaginary quantities. 
This method cannot be considered demonstrative ; and indeed 
Laplace himself admits that it may be employed to discover new 
formulae, but that the results thus obtained should be confirmed 
by direct demonstration. See his pages 87 and 471 ; also Art. 920. 

Thus as a specimen of his results we may quote one which he 
gives on his page 134. 


Let 


Q = cos w 


(/I. + 'cr V— 1)^ + (/Ct — -CT V— 1)^ 

(jil^ - 1 - 


+ V— 1 sin -cr 


(/i — -cj V— 1)^ — 4- 'cr V— 1)^ 


ton r 

lo 

A memoir by Cauchy on Definite Integrals is published in the 
Journal de VEcole Pdlytecfiniquef 28® Gahier ; this memoir was 
presented to the Academy of Sciences, Jan. 2 nd, 1815, but not 
printed until 1841. The memoir discusses very fully the results 
given by Laplace in the Chapter we are now considering. Cauchy 
says, page 148, 

... je suis paryenu h. qnelques r^sultats nouveaux, ainsi qu'A la 
demonstration directe de plusieurs formules, que M. Laplace a d^duites 
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du passage dii x6el k Timaginaire, dans le 3"^® cliapitre du Calcul des 
Prohahilithj et qn’il vient de confirmer par des m6t]iode3 rigoureuses 
dans quelques additions faites h cet ouvrage. 

The additions to which Cauchy refers occupy pages 464 — 484 
of the TheoTie..»des Proh., and first appeared in the second edi- 
tion, which is dated 1814. 

965. An important application which Laplace makes of his 
method of approximation is to evaluate the coefficients of the 
terms in the expansion of a high power of a certain polynomial. 

Let the polynomial consist of 2n + l terms and he denoted 
by 

;^+ “H=r + + ... + -+ l + a+ ... + + a'*“* + a"; 

u u a Cl 

and suppose the polynomial raised to the power s. 

First, let it be required to find the coefficient of the term 
independent of a. 

Substitute for a; then we require the term which is 

independent of 9 when 

|l + 2cos 2cos 2^+ ..• + 2 cos n6^ 

is expanded and arranged according to cosines of multiples ' of 
This term will be found by integrating the above expression with 
respect to 9 from 0 to tt,, and dividing by tt. Sum the series of 
cosines by the usual formula ; then the required term 



where <f)^^9, and m = 2 n + L 

Now the expression vanishes when 

, TT 27r Stt 

0 = — or — or — ; 

^ m m m 
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and between each of these values it will be found that the ex- 
ptession is numerically a maximum, and it is also a maximum when 
— Thus we may calculate by Art. 957 the value of the integral 


j< 


sin m(/)^ ® 
sin<^ 


dcj) when the limits are consecutive multiples of 


m 


18 


The equation which determines the maxima values of 

^ sin^ 

m cos mcj) sin </> — cos ^ sin ^ 


It will be found that this is satisfied when <f> = 0; the situation 
of the other values of 0 will be more easily discovered by putting 
the equation in the form 

tan m<p — m tan <j> = 0 : 

• * • Stt 

now we see that the next solution will lie between m6 = — and 

^ 4 

= and then the next between — ^ and = 
and so on. 

We proceed then to find 


a 


sin m^' 
sin (p 


d^. 


The maximum value of the function which is to be integrated 
occurs when ^ = 0, and is therefore ; assume 

/sin ^ 

V sin <^ / 


therefore 








take logarithms, thus we obtain 


(w® — 1) . 
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Therefore approximately 


d<f> \/6 

dt 

The limits of i will be 0 and oo . Hence approximately 


sin mcf> Y 7 . _ 2 m® 

, sin TT VF^ 


V6 r 


mW6 (2w + l)®V3 

V{57r (m^ — 1)} \/{^ + 1) 257r} * 

Laplace next considers the value of the integral with respect 

TT ^TT 

to d> between the limits — and — , and then the value between 

771 m 

the limits — and — , and so on : he shews that when s is a very 

large number these definite integrals diminish rapidly, and may 
be neglected in comparison with the value obtained for the limits 

0 and — . This result depends on the fact that the sueo^iye 
m ^ 

numerical maxima values of diminish rapidly; as we shall 

sm ^ j 7 

now shew. At a numerical maximum we have 

sin ___ m cos ^ . 

sin^ coBcj) cos^ V(l + ^“tan*^) V (cos^ ^ sin® <^) ' 

this is less than that is less than • therefore 

sin (p' sm <p 9 

a fortiori less than ^ that is less than ^ 

2 (p - 2 m<p 


Hence at the second maximum 


sinmd) . T TT m 

f IS less than ^ -z — 
sin CD 2 5 


that is less than -;r- , and therefore the ratio of the second nume- 
5 
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rjcal maximum value of (^ • 

Similarly the ratio of the third numerical maximum value to the 
. . . , f2V * , 


first is less than 


And so on. 


Next suppose that we require the coefficient of a* in the 
expansion of 

+ + ^ + a + ... +a"-“ + a"-‘ + a"J . 

The coefficient of a' in this expansion will be the same as the 
coefficient of a"'; denote the coefficient of a*" by A^. Put 
for a and suppose the expression to be arranged according to 
cosines of the multiples of 6 ; then 2A^ cos rO will be the term 
corresponding to A^ {a' + o'). If we multiply the expression by 
cos W, and integrate between the limits 0 and ir, all the terms 
wiU vanish except that for which r is equal to 1; so that the 

integral reduces to 2Ail cos^ WdO. Hence 




, . 2n + l. 
V pm — 2 — ^ 

1 sin^^ , 


COS 10 dd. 


We put, as before, m = 2n + 1, and ^ ^ ^ ; thus we have 




cos 2?(jf) dcj). 


As before assume 


/ sin^nc^ Y 
V sin ^ ‘ 


^ approximately. 


Hence the integral becomes 


TT 1)} 


(e^ cos dt 



LAPLACE. 


525 


As before we take 0 and oo for tbe limits of t, and thus 
neglect all that part of the integral with respect to (f) which is not 

included between the limits 0 and — . Hence by Art. 958 we 

m 


have finally 

2 mW6 or 

7rV{«K-l)} 2 ’ V{»(w + l)2s7r} 


Suppose now that we require the smn of the coefficients, from 
that of to that of both inclusive ; we must find the sum of 

2^-2 -f- 2A + . . . + + Aq : 

this is best effected by the aid of Euler s Theorem ; see Art. 334. 
We have approximately 

n 11 

M, = j uJm - ^ ^ ; 

n 11 

therefore “ j + £ “» + 2 ’ 

therefore 22o = 2 f u^dx + % . 

J 0 

Hence the required result is 

(2n + l)*V6 ) f * „~in[n+l)a ^7 _l » 2»(*+l)< 

V[n(2i+l)7w}|J/ “'^ + 2® 

We may observe that Laplace demonstrates Euler’s Theorem 
in the manner which is now usual in elementary works, that is by 
the aid of the Calculus of Operations. 



966. Laplace gives on his page 158 the formula 
f a;'"' e"** dx ., 

•[o Z 

r " * 

I e”*’ dx 
^ 0 

He demonstrates this in his own way ; it is sufficient to observe 
that it may be obtained by putting x' for sx in the integral in the 
numerator of the left-hand side. 
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Hence he deduces 

f e'^ (e-^ - I)"" cia^ 

A*^Z — -Lo . 

^ ^ — /* 

■* I x*-^er^dx 

Laplace calculates the approximate value of this expression, 
supposing f very large. He ccssut/ibs that the result which he 
obtains will hold when the sign of i is changed ^ so that he obtains 
an approxinaate expression for AV; see pago 159 of his work. 
He gives a demonstration in the additions; see page 474 of the 
Thiorie, . des Proh. The demonstration involves much use of the 
symbol \/(-" !)• Cauchy gives a demonstration on page 247 of the 
memoir cited in Art. 964. Laplace gives another formula for 
AV on his page 163 ; he arrives at- it by the aid of integrals with 
imaginary limits, and then confirms his result by a demon- 
stration. 

967. Laplace says, on his page 165, that in the theory of 
chances we often require to consider in the expression for AV only 
those terms in which the quantity raised to the power i is positive; 
and accordingly he proceeds to give suitable approximate formulae 
for such cases. Then he passes on to consider specially the ap- 
proximate value of the expression 

(7i + r ^ (n + r — 2)^H — " {n -\-r sjn — 4)^^ — , 

where the series is to extend only so long as the quantities raised 
to the power p are positive, and ji is an integer a little greater or 
a little less than n. See Arts. 916, 917. 

The methods are of the kind already noticed ; that is they are 
not demonstrative, but rest on a free use of the symbol \/(— !)• 

A point should be noticed with respect to Laplace’s page l7l. 
He has to establish a certain formula ; but the whole difiiculty of 
the process is passed over with the words determinant convenahle- 
ment la constants arhitraire, Laplace’s formula is established by 
Cauchy ; see page 240 of the memoir cited in Art. 964. 

968. In conclusion we may observe that this Chapter contains 
many important results, but it is to be regretted that the demon- 
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strations are very imperfect. The memoir of Cauchy to which we 
have referred, is very laborious and difficult, so that this portion 
of the ThSorie.^.des JProK remains in an unsatisfactory state. 

969. We now arrive at Livre ii, which is entitled TMorie 
06nirale des ProbabiliUs. 

It will he understood that when we speak of any Chapter in 
Laplace’s work without further specification, we always mean a 
Chapter of Livre ll. 

The first Chapter is entitled Principes giniraux de cette Thiorie, 
This occupies pages 179 — 188 ; it gives a brief statement, with 
exemplification, of the first principles of the subject. 

970. The second Chapter is entitled Pe la Probability des 
yvenemens composes d'ivinemens simples dont les possibility s respec- 
tives sont donnSes. This occupies pages 189 — 274 ; it contains the 
solution of several problems in direct probability ; we will notice 
them in order. 

971. The first problem is one connected with a lottery ; see 
Arts. 291, 448, 455, 775, 864, 910. 

The present discussion adds to what Laplace had formerly 
given an approximate calculation. The French lottery was com- 
posed of 90 numbers, 5 of which were drawn at a time. Laplace 
shews that it is about an even chance that in 86 drawings all 
the numbers will appear. This approximate calculation is an 
example of the formula for AV given by Laplace on page 159 of 
his work ; see Art. 966. 

We may remark that Laplace also makes use of a rougher ap- 
proximation originally given by De Moivre ; see Art. 292. 

972. On his page 201 Laplace takes the problem of odd and 
even; see Arts. 350, 865, 882. 

Laplace adds the following problem. Suppose that an urn con- 
tains X white balls, and the same number of black balls ; an even 
number of balls is to be drawn out : required the probability that 
as many white balls as black balls will be drawn out. 

The whole number of cases is found to be 2^^ — 1, and the 
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whole number of favourable cases to be -p== 1 ; the required 

\0C lOS 

probability therefore is the latter number divided by the former. 


973. The next problem is the Problem of Points. Laplace 
treats this very fully under its various modifications; the dis- 
cussion occupies his pages 203 — 217. See Arts. 872, 884. 

We will exhibit in substance, Laplace’s mode of investigation. 
Two players A and B want respectively x and y points of winning 
a set of games ; their chances of winning a single game are p and 
q respectively, where the sum of p and q is unity ; the stake is to 
belong to the player who first makes up his set : determine the 
probabilities in favour of each player. 

Let ^ (a?, y) denote A's probability. Then his chance of win- 
ning the next game is p, and if he wins it his probability becomes 
(f> (x — 1, y); and q is his chance of losing this game, and if he loses 
it his probability becomes ^ (a?, ^ — 1) ; thus 

^ix,y)=p^{x-l,y)->rg^{x,y-\) (1). 

Suppose that <jt> {x, y) is the coefficient of f'f' in the develop- 
ment according to powers of t and r of a certain function u of 
these variables. From (1) we shall obtain 

0) f — S ^ (0, y) T*' -f ^ (0, 0) 

— u{pt’]r qr) —pt'tif} (a?, 0) f — jr IS 0 (0, y) t*' (2), 

where S {x, 0) f denotes a summation with respect to x from 
a? = 0 inclusive to a? = oo ; and S ^ (0, y) r*' denotes a summation 
with respect to y from y = 0 inclusive to y = oo . In order to shew 
that (2) is true we have to observe two facts. 

First, the coefficient of any such term as where neither m 
nor n is less than unity, is the same on both sides of (2) by virtue 
of(l). 

Secondly, on the left-hand side of (2) such terms as where 
772 or 71 is less than unity, cancel each other ; and so also do such 
terms on the right-hand side of (2). 

Thus (2) is fully established. From (2) we obtain 
,, - (1 -pi) M 0) (i-gT) t4> (0,^) T-'- ( 0 , 0) . 

1— gT ’ 
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WO may write this result thus, 


^_ F{i)+f(r) 

1 — — gT 


( 3 ), 


where F {t) and /(t) are functions of t and t respectiyely, which 
are at present undetermined. By supposing that the term in /(r) 
which is independent of r is included in F {t), we may write the 
result thus, 


1 — qr 


(4). 


Thus either (3) or (4) may he taken as the general solution of 
the equation (1) in Finite Differences; and this general solution 
involves two arbitrary functions which must be determined by 
special considerations. We proceed to determine these functions 
in the present case, taking the form (4) which will be the most 
convenient. 


Now A loses if B first makes up his set, so that ^ {x, 0) = 0 
for every value of x from unity upwards, and ^ (0, 0) does not 
occur, that is it may also be considered zero. But from (4) it 
follows that (}> (x, 0) is the coeflScient of f in the development 

of ; therefore x (f) = 


Again, A wins if he first makes up his set, so that <f) {0,y) = 1 
for every value of y from unity upwards. But from (4) it follows 


that <p (0, y) is the coefficient of in the development of 


T'\jr ( t ) 


so that 


(t) __ T 

1 — 1 — r ’ 


therefore 


T ->1^ (t) = 


T (1 - qr) 
1 — T 


Thus finally 


u 


T (1 - qr) 

(1 - t) (1 -pt - qr) ■ 


Now ^ {x,.y) is the coefficient of <V in the development of u. 
First expand according to powers of t j thus we obtain for the 
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coefficieat of f the expression 


: . Then expand 


(1 - t ) (1 - q^T) 

this expression according to powers of r, and we finally obtain for 
the coefficient of 




x{x + l ) ... (a; + y-2) 


This is therefore the probability in favour of A ; and that in 
favour of JB may be obtained by interchanging p with q and x 
with 2 /. 

The result is identical with the second of the two formulae 
which we have given in Art. 172. 


974. The investigation just given is in substance Laplace’s ; 
he takes the particular case in which p = \ and ^ ^ ; but this 

Ai A 

makes no difference in principle. But there is one important 
difference. At the stage where we have 



This is an error, it arises from a false formula given by Laplace 
on his page 82 ; see Art. 95o. Laplace’s error amounts to neg- 
|;6cting the considerations involved in the second of the facts on 
w'hich equation (2) of the preceding Article depends : this kind 
been not uncommon with those who have used or 
expounded the method of Generating Functions. 


975; We will continue the discussion of the Problem of Points, 
and suppose that there are more than two players. Let the first 
player want points, the second pointp, the third points, 
and so on. Let their respective chances of winning a single game 
Let iTjj, ojg, ...) denote the probability in 
favour of the first player. Then, as in Art. 973, we obtain the 
equation . . 




(^1- L f,, ...) +p,cl> {x,, x„ 

^ 1 ? • • •,) + V . . 


...) 

(!)• 
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Suppose that ^ ( 0 ?^,, ,..) is the coefficient of 

in the , development of a function u of these variables. Laplace 
then proceeds thus. From (1) he passes to 

w = M (M +M +M + •••) (2), 

and then he deduces 

i=M+M+M + (3)- 

1 


Hence 

therefore 


u 


JPx 


■■= Mp/i |l + (M+M + — ) 

(a?, + 1) 

1.2 


+ 


(M+M+ •••)’ 

+ • 


Now the coefficient of in ^ is •••)*■ 

h ^ 

Let denote any term of the right-hand member 

of the last equation. Then the coefficient of .... ipj^is 

term will be </> (0^, But ^ (0, x^— * . .) 

is equal to unity, for if the first player wants no points he is en- 
titled to the stake. Moreover we must reject all the values of 
^ (0* x^ — m, iCg — ?z, . . .) in which m is equal to or greater than 
in which n is equal to or greater than cPg, and so on; for these 
terms in fact do not exist, that is must be considered to be zero. 
Hence finally 

a?,, a’svv) |l + a’i(A+P8+-") 

I a^i (jg, + 1) 

1.2 




a?i (a^i + 1) (i»i + 2) 

1 . 2.3 


(i'a+i?8+ -4?- 




3l!— 2 
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provided we reject all terms in which the power of surpasses 

— 1, in which the power of ^3 surpasses — 1, and so on. 

Now on this process of Laplace’s we remark: 

First, the equation (2) is not true ; as in Art. 973 we ought to 
allow for terms in which one or more of the vaiiables x^^ 
is zero ; and therefore additional terms ought to be placed in each 
member of equation (2) of the present Article, like those in equa- 
tion (2) of Article 973. 

Secondly, Laplace’s treatment of his equation (3) is unintel- 
ligible, as we have already remarked in a similar case; see 
Art. 952. By making use of the Calculus of Operations we might 
however translate Laplace’s process into another free from ob- 
jection. 

976. At this stage we shall find it convenient to introduce an 
account of the fourth Supplement to the Thione.,,des ProbaUlitSs. 
This supplement contains 28 pages. Laplace begins with a few 
remarks on Generating Functions; he gives the correct formula 
for the solution of an equation in Finite Difierences for which he 
had formerly given an incorrect formula: -see Art. 955. He does 
not refer to the TMorie.,,des ProK nor take any notice of the 
discrepancy of the two formulae. He says, on page 4 of the Sup- 
plement, 

IJn des principaux avantages de cette mani^re dhnt^grer les Equa- 
tions aux differences partielles, consiste en ce que Tanalyae algEbrique 
foumissant divers moyens pour dEvelopper. les fonotions, on peut choisir 
cdui qui convient le mieux ^ la question proposEe. La solution des 
prohl^mes suivans, par le Comte d© Laplace, mon fils, et les considEia- 
iions qu-’i!" y a jointes, rEpandront un nouveau jour sur le calcul des 
fonetions gEnEratrices. 

Wie have therefore to ascribe all the rest of the fourth Sup- 
plement to Laplace’s son, 

977. The main part of the fourth Supplement consists of the 
solution of problems which may be considered as generalisations of 
the Problem of Points. There are three of these problems ; we 
Vill enunciate them. 
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I. A player A draws a ball from an urn containing white 
balls and black balls ; his chance of drawing a white ball is p, 
and his chance of drawing a black ball is q : after the ball has 
been drawn it is replaced. Then a second player B draws a ball 
from a second urn containing white balls and black balls; his 
chance of drawing a white ball is p\ and his chance of drawing 
a black ball is q : after the ball has been drawn it is replaced. 
The two players continue thus to draw alternately a ball, each 
from his own urn, and to replace the ball after it has been 
drawn. If a player draws a white ball he counts a point ; if he 
draws a black ball he counts nothing. Suppose that A wants x 
points, and B wants x* points to complete an assigned set, required 
the probabilities in favour of each player. 

II. Suppose A draws from an um in which there are balls 
of three kinds ; for a ball of the first kind he counts two points, for 
a ball of the second kind he counts one point, and for a ball of the 
third kind he counts no point : let his chances be and q for 
the three cases. 

Similarly let B draw from a second um containing similar 
balls ; let^',^/, and ^ be his chances for the three cases. Then, 
as before, we require the probabilities for each player of his 
making up an assigned set of points before his adversary makes 
up an assigned set. 

III. An um contains a known number of black balls, and a 
known number of white balls ; a baU is drawn and not replaced ; 
then another ball, and so on: required the probability that a 
given number of white balls will be drawn before another given 
number of black balls. 

These three problems are solved by the method of Generating 
Functions used carefully and accurately ; that is, the terms which 
are required to make the equations true are given, and not 
omitted- See Art. 974. After the problems are solved generally 
particular cases are deduced. • 

The student of the fourth Supplement will have to bear in 
mind that in the first problem ^ ^ = 1 and jp' + g' = 1, and in 

the second problem p -f + 2 = P' '^Pi + 2* ~ 
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9Y8. After the solutions of these problems we 'have a' few 
pages headed Remarque sur les fonctions gSniratrices ; and this is 
the part of the fourth Supplement with which we are chiefly 
interested. It is here observed that in a case like that of our 
Art. 975, the equation (2) is not an accurate deduction from equa- 
tion (1 ) ; for additional terms ought to be added to each side, in, 
.the manner of our Art. 973. 

There is however a mistake at the top of page 24 of the fourth 
Supplement : instead of adding a function of t, two functions must 
be added, one of t and the other of t\ 

The fourth Supplement then proceeds thus, on its page 24 : 

Taute d’avoir 6gard ^ ces fonctions, on pent tomber dans des 
errenrs graves, en se servant de ce moyen pour int6grer les Equations 
aux differences parti elles. Par cette m^me raison, la marche suivio dans 
la solution des probBmes des n®^ 8 et 10 dii second livre de la Tl'i6one 
analytique des Probability.? n’est nullement rigoureuse, et semble impliqner 
contradiction, en ce qu’elle dtablit une liaison entre les variables qui 
sent et doivent ^tre toiijours ind^pendantes. Sans entrer dans les 
considyrations particuliyres qui ont pu la faire r6ussir ici, et qu’il est 
aisy de saisir, nous aliens faire voir que la mythode d'int6gration ex- 
posle ail commencement de ce Supply ment s’ applique ygalement h, ces 
questions, et les resout avec non moins de simplicity. 

The problem referred to as contained in No. 8 of the 
Th^orie.,.des Prob. is that which we have given in Art. 975; 
the problem referred to as contained in No. 10 of the TMorie,.,deB 
Prob. is that which we shall notice in Art. 980. The fourth 
Supplement gives solutions of these problems by the accurate use 
of Generating Functions, in the manner of our Art. 973. 

Thus as Laplace himself attached the fourth Supplement to 
his work, we may conclude that he admitted the solutions in 
question to be unsound. We consider that they are unsound, and 
in fact unintelligible, as they are presented by Laplace ; but on 
the other hand, we believe that they may be readily translated 
into the language of the Calculus of Operations, and thus become 
clear and satisfactory. See Art. 952. 

979. We return from the fourth Supplement to the 
ThSorie...des jProh. itself. Laplace’s next problem is that which 
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is connected ■with the game which is called Treize or Rencontre y 
see Arts. 162, 280, 286, 430, 626. 

Laplace devotes his pages 217 — 225 to this problem ; he gives 
the solution, and then applies his method of approximation in 
order to obtain numerical results when very high numbers are 
involved. 

980. Laplace takes next on his pages 225 — 238 the problem 
of the Duration of Play. The results were enunciated by De 
Moivre and demonstrated by Lagrange ; Laplace has made great 
use of Lagrange’s memoir on the subject ; see Arts. 311, 583, 
588, 863, 885, 921. We may observe that before Laplace gives 
his analytical solution he says, Ce probl^me pent etre rdsolu 
avec facility par le procddd suivant qui est en quelque sorte, 
m^canique; the process which he gives is due to De Moivre; 
it occurs on page 203 of the Doctrine of Chances. See also 
Art. 303. In the course of the investigation, Laplace gives a 
process of the kind we have already noticed, which is criticised in 
the fourth Supplement ; see Art. 978. 

981. Laplace takes next on his pages 238^—247 the problem 
which we have called Waldegrave’s problem; see Arts. 210, 249, 
295, 348. 

There are n + 1 players ... First and Qplay 

together ; the loser deposits a shilling in a common stock, and the 
winner plays with C ^ ; the loser again deposits a shilling, and the 
winner plays with the process is continued until some one 
player has beaten in succession all the rest, the turn of 0^ coming 
on again after that of The winner is to take all the money 

in the common stock. 

Laplace determines the probability that the play will terminate 
precisely at. the game, and also the probability that it ■will 
terminate at or before the game. He also determines the 
probability that the player will win the money precisely at the 

game ; that is to say, he exhibits a complex algebraical func- 
tion of a variable t which must be expanded in powers of x 
and the coefficient of f taken. He then deduces a general ex- 
pression for the advantage of the player. 

The part of the solution which is new in Laplace’s discussion 
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is that which determines the probability that the player will 
win the money precisely cub the gowfie y Nicolas Bernoulli had 
confined himself to the probability which each player has of 
winning the money on the whole. 

982. We will give, after Laplace, the investigation of the 
probability that the play will terminate precisely at the 
game. 

Let denote this probability. In order that the play may 
terminate at the game, the player who enters into play at the 
-I- game must win this game and the n — 1 following 
games. 

Suppose that the winner of the money starts with a player 
who has won only one game ; let P denote the probability of this 
P 

event; then ~ will be the corresponding probability that the 

play will terminate at the game. But the probability that the 
play will terminate at the {x — 1)”* game, that is is equal 

p 

to — For it is necessary to this end that a player who has 

already won one game just before the (x — n + iy^ game should 
win this game and the w — 2 following games ; and the probabilities 

of these component events being respectively P and > the 

p 

probability of the compound event is . Thus 

P _1 
2 « 2 ^ 

and therefore ^ is the probability that the play will terminate 

at the game, relative to this case. 

Next suppose that the winner of the money starts with a player 
who has won two games ; let P' denote the probability of this 
F 

event ; then will be the corresponding probability that the play 

P' 

wiU terminate at the game. And : for in order that 

the play should terminate at the (cc— 2)*^ game it is necessary that 
a player who has already won twd gtoes just before the (a;-n+ 1)*^ 
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game should win this game and the n — 2 following games. Thus 

2n 2* ^^2 y 

and therefore i is the probability that the play will terminate 

JU 

at the a;*** game relative to this case. 

By proceeding thus, and collecting all the partial probabilities 
we obtain 

” 2 "h ^ ^*-2 ^ ^*-9 "1" • • • "h 2*^-1 ^*-n+i * 0)* 

Suppose that is the coefficient of f in the expansion accord- 
ing to powers of i of a certain function u of this variable. Then 
from (1) we have, as in Art. 937, 


Fit) 



where F (i) is a function of t which is at present undetermined. 

Now if (1) were true for x = n as well as for higher values of 
n, the function Fit) would be of the degree « — 1. But (1) does 
not hold when,£c = w, for in forming (1) the player who wins the 
money was supposed to start against an opponent who had won 
one game at least ; so that in (1) we cannot suppose x to he less 
than n + 1. Hence the function F(t) will be of the degree n, 
and we may put 


u = 




2n-l® 


Now the play cannot terminate before the game, and the pro- 
bability of its terminating at the game is ; therefore 


vanishes for values of x less than w, and cif^ — . Thus 



1 


"" 2 ” 


1 ^ ^ ^ 
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The' coefficient of f in the expansion of u in powers of t gives 
the probability that the play will terminate at the game. 

The probability that the play will terminate at or before the 
game will be the sum of the coefficients of f and of the inferior 
powers of t in the expansion of u, which will be equal to the co- 

efficient of f in the expansion of ; that is, it will he the co- 

JL — t 

efficient of f in the expansion of 

1 e(2-t) 

This expression is equal to 
1 f f' 

2" (1-t)'^ P 2" (1 - 2“ (1 - tf ~ 2“" (1 - ■ 

The term of this development is 

1)"-^ (2 - 1) r 

(1 - ’ 


that is 


1 r 

1 r*'- ) 

[2”*-^ (1 - 1)"*'- 

^rn 


The expansion in powers of t of this term may now be 
readily effected * the coefficient of f will be 


(- 1 )- 


1 |.r + r — T7i 
2’’“'’'^ \x — rn I r 


1 1 ^ + ^ 1 
^ \x- Tn-l \r 


that is 


I a? 4- r — r?z — 1 
2^ [ a; rn 


{x — rn + 2r). 


The final result is that the probability that the play will termi- 
nate at or before the x^^ game, is represented by as many terms 
of the follbwing series as there are units in the integer next 

below -r 
n 


£C — 7Z + 2 (a;— v2n-f-l) 

2^* 1 2 


(x — 2/1 -}- 4) 


(x — 3/? 4- 1) (a; — 3^ 4- 2) 
^ 1.2.3. 2®^ ' 


(x ■— 3/1 ■+ 6) — . . . 
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Tlie sum '•of the coefEciehts of every power of t up to infinity 
in the expansion of u will represent the probability that the play 
will terminate if there be no limit assigned to the number of games. 
But the sum of these coefficients -will be equal to the value of u 
when t is made equal to unity; and this value of u is nnity. Hence 
we infer that the probability of the termination of the play 'may 
be made as near to unity as we please’ by allowing a sufficient 
number of games. 

983. In Laplace’s own solution no notice is taken of the fact 
that equation (1) does not hold for = Professor De Morgan 
remarks in a note to Art. 52 of the Theory of FrobaUlities in the 
EncyclopcBdia Metropolitana, 

Laplace (p. 240) has omitted all allusion to this circumstance ; and 
the omission is highly characteristic of his method of writing. No one 
was more sure of giving the result of an analytical process correctly, and 
no one ever took so little care to point out the various small considera- 
tions on which correctness depends.^ His Theorie des Frohalilites is by 
very much the most difficult mathematical work we have ever met 
with, and principally from this circumstance : the M,^6canique Celeste has 
its full share of the same Sort of difficulty; but the analy^ is less 'intri- 
■cate. . 

984. We may observe that as Laplace continues his discussion 

of Waldegrave’s problem he arrives at the following equation in 
Finite Differences, * 

z yr-l^x-l "I" ^ yr, ~ 9 ; 

in integrating this, although his final result is correct, his process is 
unsatisfactory, because it depends upon an error we have aheady 
indicated. See Art. 955. 

985. Laplace’s next problem is that relating to a run of 
events which was discussed by De Moivre and Condorcet; see 
Arts. 825, (377 : this problem occupies Laplace’s pages 247 — 253. ^ 

Let p denote the chance of the happening of the event in a 
single trial; let ^ (a:) denote the probability that in x trials the 
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event will happen i times in succession. Then from equation (1) 
of Art. 678 hy changing the notation we have 

f (a;) =y + F*'* (1 - i?) ^ (aj - 1 ) + f''“ (1 — j?) </>(a; - f + 1) + . . . 

... +p (1 -p) 4> (x- 2) + (1 -p) 4> (a:-l) (1). 

Laplace takes to denote the probability that the run will 
finish at the trial, and not before j then he obtains 

— (1 P) + P^M +P’'^»-3 + • • • + f'”‘ (2)- 

*We may deduce (2) thus ; it is obvious that 

1 ); 

hence in (1) change x into x-1 and subtract, and we ob- 
tain (2). 

Laplace proceeds nearly thus. If the run is first completed 
at the x*'^ trial the (x-i)^ trial must have been unfavourable, and 
the following i trials favourable. . Laplace then makes i distinct 
cases. 

1. The (x — z — 1)*^ trial unfavourable, 

IL The (x-i- favourable ; and the (a? - 1 - 2)*^ un- 
favourable, 

III, The (a; — f — 1)^^ and the (x — i — 2)^ favourable, and the 
(a;— 3)^ unfavourable. 

lY. The the (x-{-2y\ and the (ay-f-S^ 

favourable ; and the ■ (a; — i - 4)“" unfavourable. 

And so on. 

Let us take one of these cases, say IV. Let denote the 
probability of this case existing ; then will 

For in this case a run of 3 has been obtained, and if this be 
followed by a run of t*— 3, of which the chance is p^'^, we obtain 
a run of i ending at the {x — iy'^ trial. 

Now the part of which arises from this case IV. is P^ (1 —p) ; 

for we require an unfavourable result at the (a? — trial, of 



LAPLACE. 


Ul 


which the chance is l-^p, and -then a run of i Thus the part 
of is 

^ (1 or y (1 -^) 2?^. 

We have said that Laplace adopts nearly the method we have 
given 5 hut he is rather obscure. In the riiethod we have given 
P4 denotes the probability of the following compound event: no 
run of i before the (x-i-4^)^ trial, the (a; trial un- 
favourable, and then the next three trials favourable. Similarly 
our P j would denote the probability of the following compound 
event; no run of i before the (a; - f - 2)^ trial, the {x-i'-2)^ 
trial unfavourable, and the next trial favourable. Laplace says, 
Nommons P' la probability qu’il n’arrivera pas au coup x — i—% 
Now Laplace does dot formally say that there is to be no run of 
i before the (a; — z — 2)^ trial ; but this must be understood. Then 
his P' agrees with our P^ if we omit the last of the three clauses 
which form our account of the probability represented by Pg ; so 
that in fact pP with Laplace denotes the same as P^ with us. 

Laplace gives the integral of the equation (2), and finally ob- 
tains the same result as we have exhibited in Art. 325. 

986. Laplace then proceeds to find the probability that one 
of two players, should have a run x>f i successes 'before the other; 
this investigation adds nothing to what Condorcet had given, but 
is more commodious in form. Laplace’s result on his page 250 
will be found on examination to agree with what we have given 
in Art. 680, after Condorcet. 

Laplace then supplies some new matter, in which he considers 
the expectation of each player supposing that after failing he 
deposits a franc, and that the sum of the deposits is taken by hiTn 
who first has a run of i successes. 

987. Laplace’s next problem is the following. An um con- 
tains n + 1 balls marked r^espectively 0, 1, . . . n ; a ball is drawn 
and replaced : required the probability that after { drawings the 
sum of the numbers drawn will be s. This problem and applica- 
tions of it occupy pages 253 — 261. See Arts. 888, 915. 

The problem is due to De Moivre ; see Arts. 149, 364 L^ 
place’s solution of the problem is very laborious. We wiU pass to 
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tlie application wliicli Laplace makes of the result to the subject 
of the planes of motion of the planets. 

By proceeding as in Art. 148, we find that the probability that 
after i drawings the sum of the numbers drawn will be s is the 
coefficient of ic* in the expansion of 


1 

{n + 1)‘ 


(l-0‘ (1-a:)-'. 


Thus we obtain for the required probability 


I f 4- s — 1 % 1 1 4- s — n 2 

(ti4- l)*i 1 1 l |t‘— 1 |s — w — 1 


i [i - 1) |f4-s-2ft-3 

1.2 I f — 1 I g — 2ra — 2 

If the baJla are marked respectively 0, 6, 29, 30, ...n6, this 
expression gives the probability that after i drawings the sum of 
the numbers drawn will be sd. 

. Now suppose 9 to become indefinitely small, and n and s to 
become indefinitely great. The above expression becomes ulti- 
mately . . ; 



li 


i-itw lU 


" 4.1^ 
1.2 



5 1 

Let - be denoted by a?, and - by dx, so that we obtain 

[7^ i (—1)" + ^ (*- 2)« — ■} 

this expression may be regarded^as the conclusion of the follow^ 
ing problem^ .The numerkat result at a single trial inust lie 
between- 0 and 1, and all fractionaL values are equally probable : 
determine the probal^ty that after, t trials the sum of the results 
obtained will lie between x md x + dx^ where dx is indefinitely 
smalL 

Hence if we require the probability fhat .after t trials the sunx 
of the results obtained will lie between Xj, and x^, we naust int^^ 
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grate the above expression between the limits and x ,^ ; thus 
we obtain 


Li 



I 




1.2 


(x,-2y-...j 




1.2 



Each series, like the others in the present Article, is to be 
continued only so long as the quantities which are raised to the 
power i are positive. 

We might have obtained this result more rapidly by using 
Art. 364 j as our starting point instead of Art. 148. 

At the. beginning of the year 1801, the sum of the inclinations 
of the orbits of the ten planets to the ecliptic was 01-4187 
French degrees, that is *914187 of a right angle; suppose that for 
each planet any inclination between zero and a right angle had 
been equally likely : required the probability that the sum of the 
inclinations would have been between 0 and *914187 of a right 
angle. By the preceding expression we obtain for the result 


j^“(‘914'l8Y)'^ that is about '00000011235* 


>. ' Speaking of this probability, Laplace says : ... 

.... Elle est d6j^ tr^s-petite; mais il fant encore la combiner a vee , 
la probabilit6 d'une- circonstance tr^-remarquable dans le syst^me du 
monde, et qui consiste en ce que toutes les plan^tes se meuvent dans le 
m^me sens que la terre. Si les mouvemens directs et r^trograd^ sont 

(L) 


il 


suppos6s 6galement possibles, cette derni^re probahiliti est 

© 10 

■ , pour avoir la probabiliti 

que tous les mouvemens des plan^’tes et de la terre seront dix-ig^s dans le 
in^me sens, et que la somme de leurs iaclinaisons ^ iorbite de la terre, 

. 1*0972 

.sera comprise dans les limites ^ro et 91°'4187 ^ on aura ainsi 


pour cette probabilit6 ; ce qui donne 1 - ^ probabilt^ qtie 

«dla n'a pas du avoir lieu, si toutes les inclinaisons, ainsi que les mo^^ 
niens-directs et retrogrades, ont 6te ^galement faodes. Cfeiie piiMISM 
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approche tellement de la certitude, que le r^sultat observe devient 
invraisemblable dans cette bypotbese ; ce r^sultat indique done avec 
une tr^s-grande probability, Texistence d’une cause primitive qui a dyter- 
minl les mouvemens des planites ^ se rapproeber du plan de r6cliptique, 
ou plus naturellement, du plan de I’^quateur solaire, et ^ se mouvoir 
dans le sens de la rotation du soleiL... 

Laplace then mentions other circumstances which strengthen 
his conclusion, such as the fact that the motion of the satellites is 
also in the same direction as that of the planets. 

A similar investigation applied to the observed comets does 
not give any ground for suspecting the existence of a primitive 
cause which has . affected the inclination of their planes of motion 
to the plane of the ecliptic. See however Cournot’s Exposition de 
la TMorie des Chances... page 270. 

Laplace’s conclusion with respect to the motions of the planets 
has been accepted by very eminent writers on the subject; for 
example by Poisson: see his Recherches sur la Frol — page 302. 
But on the other hand two most distinguished philosophers have 
recorded their dissatisfaction; see Professor Boole’s Laws of 
Thought, page 864, and a note by -E. L. Ellis in The Works of 
Francis Bacon... Vol. i. 1857, page 343. ; 

988. Laplace devotes bis pages 262 — 274 to a veiy remark- 
able process and examples of it ; see Art. 892. The following is 
his enunciation of the problem which he solves : ! 

Soient i quaiitit6s variables et positives dont la somme soit 
^ et dont la loi de possibility soit connue ; on propose de trouver la 
somme des produits de ebaque valeur que pent recevoir une fonction 
donhye f {t, <fcc.) de ces variables, multipliyo par la probability 
qorrespondanfe ^ cette valeur. 

The problem is treated in a very general way; the laws of 
poSsibibty are not assumed to be continuous, nor to be the same 
for the different -Variables. The whole investigation is a charac- 
teristic specimen of the great powers of Laplace^ and of the brevity 
and consequent difficulty of his expositions of his methods. 

Laplace applies his result to determine the probability thai 
the sum of the errors of a given number of observations shall lie 
between assigned limits, supposing the law pf the facility .of error, in 
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single oWrvation to be known: Laplace’s formula when applied 
him to a special case coincides with that which we have given 
In Art. 667 from Lagrange. ' 

989. An example is given by Laplace, on his page 271, which 
we may conveniently treat independently of his general investi- 
gation, with which he himself connects it. Let there be a number 
n of points ranged in a straight line, and let ordinates be drawn 
at these points; the sum of these ordinates is to be equal to s\ 
moreover the first ordinate is not to be greater than the second, 
the second not greater than the third, and so on. Eequired the 
mean value of the ordinate. 

Let denote the first ordinate, let -f z^ denote the second, 
+ ^ 2 + third, and so on : thus z^,z^,z^,,.. z^ are all posi- 
tive variables, and since the sum of the ordinates is s we have 


7221, + (?^ - 1) ^2 + (n - 2) ;33 q- ... + = « (!)• 


The mean value of the ordinate will be 


(^x + ^2+ ••• ••• 

— - ^ 

(^Zj^ ^^2 * * * 

where the integrations are to be extended over all positive values 
of the variables consistent with the limitation (1).: 

Put nz^ = (ti - 1) ^2 = expression 

becomes 




///■•• g 


+ ' 




dx.dx^ . . . dx^ 
— r-hl/ 


dx^dx^,.. dXn 

JJJ 


with the limitation 

x^ + x^+ ... +a3„ = s (2). 

The result then follows by the aid of the theorem of Lejeune 
Dirichlet : we shall shew that this result is 

ili4.J_4.^4. , ^ 4 - 

wlw n — 1 n — 2 n — r + lj 

^ 35 
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For let us suppose that instead of (2) we have the condition 
that + ajg + . . . + shall lie between s and s + As. Then by the 
theorem to which we have just referred we have 


and 


///■ 

Ilf 


..x^dx^dx^...dx^^ 
..... dx^dx^ ... 


1^ + 1 

[s + AsY - g” 

[n 


Hence by division we obtain 


JJJ... x^dx^dx ^ ... dx^ 
dx^dx^ ... dx^ 


(s + As)’‘ — s” ■ 71 + 1 ' 


The limit of this expression when is indefinitely diminished 


is — . Then by putting for m in succession the values 1, 2, ... r, 
we obtain the result. 

Laplace makes the following application of the result. Sup- 
pose that an observed event must have proceeded from one of 
n causes A, B, and that a tribunal has to judge from which 

■ of the causes the event did proceed. 

Let each individual arrange the causes in what he considers 
the order of probability, beginning with the least probable. Then 
to the cause on his list we must consider that he assigns the 
numerical value 


1 

n 



1 

71—1 


1 1 ] 
+ ^ + -+w-r+lJ' 


The sum of all the values belonging to the same cause, accord- 
ing to the arrangement of each member of the tribunal, must be 
taken ; and the greatest sum will indicate in the judgment of the 
tribunal the most probable cause. 


990. Another example is also given by Laplace, which we will 
treat independently. Suppose there are n candidates for an office, 
and that an elector arranges them in order of merit ; let a denote 
the maximum merit : required the mean value of the merit of a 
candidate whom the elector places on his list. 
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; denote the merits of the candidates, beginning 

with the most meritorious. The problem differs from that just 
discussed, because there is now no condition corresponding' to the 
mm of the ordinates being given ; the elector may ascribe any 
merits to the candidates, consistent with the conditions that the 
merits are in order, none being greater than that which imme- 
diately precedes it, and no merit being greater than a. 

The mean value of the merit of the candidate will be 



The integrations are to be taken subject to the following con- 
ditions : the variables are to be all positive, a variable is never 
to be greater than the preceding variable and no variable is to 
be greater than a, Laplace’s account of the conditions is not in- 
telligible ; and he states the result of the integration without 
explaining how it is obtained. We may obtain it thus. 

Put = = = + •••; then the 

above expression for the mean value becomes 


jjj ... (x„ + x„_^+ ... + Xr) dx^dx^ ... 


. . . dx^ . . . dxn 


with the condition that all the variables must be positive, and 
that + iCg 4- + iCn i^P^st not be greater than a. Then we may 
shew in the manner of the preceding Article that the result is 

(n — r+1) a 
w + 1 

Laplace suggests, in accordance with this result, that each 
elector should ascribe the number n to the candidate whom he 
thinks the best, the number n—1 to the candidate whom he 
thinks* the next, and so on. Then the candidate should be 
elected who has the greatest sum of numbers. Laplace says> 

a5— 2 
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Ce mode d’61ection serait sans doute le meilleur, si des considerations 
etrangeres au m 6 rite n’infiuaient point souvent sur le choix des 61ec- 
teurs, m^me les plus Lonn^tes^ et ne les determinaient po-int ^ placer 
aux demiers rangs, les candidats les plus redoutables ^ celui qu’ils prl- 
fSrent 3 , ce qui donne un grand avantage aux candidats d’un in 6 rite 
mediocre. Aussi Texperience Ta-t-elLe fait abandonner aux 6 tablissemens 
qui Tavaient adopts 

It would be interesting to know where this mode of managing 
elections had been employed. The subject bad been considered by 
Borda and Condorcet; see Arts. 690, 719, 806. 

991. Thus we close our account of the second Chapter of 
Laplace^s work which we began in Art. 970 ; the student will see 
that comparatively a small portion of this Chapter is originally 
due to Laplace himself. 

992. Laplace’s Chapter III. is entitled Bes lois de la proba- 
lilitS, qui r^ultent de la multiplioaUon indSfinie des Svenemens : it 
'Occupies pages 275 — 303. 

99 S» The first problem is that which constitutes James Ber- 
noulli’s theorem.. We will reproduce Laplace’s investigation. 

The probability of the happening of an event at each trial 
is p-, required the probability that in a given number of trials 
the nuinber of times in which the event happens will lie between 
certain assigned limits. 

Let ^ and p — m + n; then the probability that the 

event will happen m times and fail n times in iju trials is equal to 
a eertain term in the expansion of {p + namely 



Now it is known from Algebra that if m and n vary subject 
to the condition that + ^ is constant, the greatest value of 

the above term is when ~ is as nearly as possible equal to 

- , SO that m and % are as nearly as possible equal to pp and pq 
respectively. We say as marly as possible, because pp is not 
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necessarily an integer, while m is. We may denote the value of 
m hy /tp + z, where z is some proper fraction, positive or negative 
'^d then n = fiq — z- 

The r*** term, counting onwards, in the expansion of + qY 

after is , 

jm ^ \m — r |w + r 

We shall now suppose that m and n are large numbers, and 
transform the last expression by the aid of Stirling’s Theorem ; 
see Arts. 333, 962. We have 




\m — r 


-(m r) e ^( 27 r) f 12(m-r) •"r 


We shall transform the term {m - Its logarithm is, 


(^_^_l)|logm + ]og(l-£)}, 

and = 

We shall suppose that r® does not surpass /i in order of mag- 
nitude, and we shall neglect fractions- of the order we shall 

r' 

thus neglect such a term as because m is of the order 
Thus we have approximately 

(^_^_|)|logm + log(l-£)} 

/ 1\ , r 

= {r-m-^).hgm + r + :^-^- 

and then, passing from the logarithms to the numbers, 
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Similarly 

(„ + e-S (^1 _ r. + . 

Thus we have approximately 

ix.r* 

\JM ^ Q ««»»» r ^ ^ J.8 ^8 ^ 

[m~r | n + r "" ;^(27r) 1 6 m* 


Now suppose that the values of m and Tir are those which we 
have already assigned as corresponding to the . greatest term of 
the expansion of {p + then 





thus we have approximately 



n + z 




II- 


1 + 


fj,rz\ 
mnj ’ 


Therefore finally we have approximately for the term after 
the greatest 

_{i£i 

e ’'”’*<///. C firz r{n — m) r’ r’ ] 

V (2mnn) | mn 2mn Gm'‘ 6^) ’ 


We shall obtain the approximate value of the j-“> term before 
the greatest by changing the sign of r in the above expression ; 
by adding the values' of the two terms we have 


2 fu, _i«f. 

— - — LL Q mn ^ 

\/(27r7nn) 

If we take the sum of the values of this expression from r = 0 
to r = r, we obtain approximately the sum of twice the greatest 
term of a certain binomial expansion together with the r terms 
which precede and the r terms which follow the greatest term ; 
subtract the greatest term, and we have the approximate value of 
the sum of 2r + l terms of a binomial expansion which include 
the greatest term as their middle term. 

Now by Euler’s theorem, given in Art. 334f„ 

K. , 1 dy 
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2 ix 

Here y = ^ differential coefficients of y 

with respect to r will introduce the factor a^nd its powers; 

and g— is of the order ^ at most, so that when multiplied hy 

the constant factor in y we obtain a term of the oraer Thua 
as far as we need proceed^ 


ty = ^ydr-^y + ^Y, 

where both the symbols % and J are supposed to indicate opera- 
tions commencing with r=0, and ^ F denotes the greatest term 

of the binomial expansion, that is the value of | y when r = 0. 

The expression denotes as usual the sum of the values of y up 
to that corresponding to r — 1 ; adding the value of y correspond- 
ing to r we obtain 

Jydr + ^y-t-^T; 


subtract the greatest term of the binomial, and thus we have 

jydr + ^y. 


Put 


T a» ; thus we obtain finally 

isj(2mn) 


hjir 


/■ 

Jo 




id(%7fmn) 




This expression therefore is the approximate value of the sum. of 
2r + 1 terms of the expansion of (p -1- these terms including 
the greatest term as their middle term. In the theory of proba- 
bility the expression gives the probability tliat the number of 
times in which the event will happen in p trials will lie between 
m — r and m + r, both inclusive, that is between 


T Jitmrl) 


and fxj) + z + 


r V {2mn) 
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or, in otlier words, the expression gives the probability that the 
ratio of the number of times in which the event happens to the 
whole number of trials will lie between 


, z T V(2tow) 

jpH — ^ 

/* V/i 




If /i be very large we may neglect z in comparison with fip or^y ; 
and then mn = approximately, so that we obtain the following 
result : If the number of trials, p, be very large, the probability 
that the ratio of the number of times in which the event happens 
to the whole number of trials will lie between 


TV(2pg)' 


and> + 1^2> 
V/* 


is 



+ 


V (i^TT/ipq) 


994. The result which has just been obtained is one of the 
most important in the whole range of our subject. There are two 
points to be noticed with respect to the result. 

In the first place, it is obvious that supposing t to bo constant 
we may by sufficiently increasing p, render the limits 

andn + I^^) 

as close as we please, while the corresponding probability is always 

greater than f e~‘‘ dt. 
iJrrrJo 

In the second place, it is known that the value of — e^‘ dt 

, Vw Jo 

approaches very near to unity for even moderate values of t. 

Tables of the value of this expression will be found in the works 
of Professor De Morgan cited in Arts. 268 and 486, and in that of 
Galloway cited m Art. 753. The following extract will sufldciently 
Illustrate the rapid approach to unity: the first column gives' 
values of t, and the .second colmnn. tho correspending values of the 

expression —ie-^dt. 

V’rJo, 
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■5 

•5204999 

10 

•8427008 

15 

•9661052 

20 

•9953223 

2-5 

•9995930 

3:0 

•9999.779 


995. With respect to the history of the result obtaiued in 
Art. 994, we have to remark that James Bernoulli began the 
investigation; then Stirling and De Moivre carried it on by the aid 
of the theorem known by Stirling’s name y and lastly, the theorem 
known by Euler’s name gave the mode of expressing the finite 
summation by means of an integral. See Arts. 123, 334, 335, 423. 
But it will be seen that practically we use only the first term- 
of the series given in Euler’s theorem, in fact no more than 
amounts to evaluating an integral by a rough approximate quadra- 
ture. Thus the result given by Laplace was within the power of 
mathematicians as soon as Stirling’s Theorem had been published. 

Laplace, in his introduction^ page XLil, speaking of James- 
Bernoulli’s theorem says, « 

Oe th6or^me indiqu6 par le bon sens, 6tait difEoile ^ d^montrer par 
I’Analyse. Aussi Tillustre g6om^tre Jacques Bernoulli qui s’en est 
occupy le premier, attachait-il une grande importance it la demonstra- 
tion qu’il en a donn^e. Le calcul des fonctions g6n4ratnces, appliqu^ 
cet objot, non-seuletnont d^montre avec facilit6 ce tli6or^rne ; mais de 
];)lus il donne la probability que le rapport des yv^nemens observys, ne 
s’yoarte que dkns certaines limitos, du vrai rapport do leurs possibilitys 
respectives. 

Laplace’s words ascribe to the theory of generating functions 
the merit which should be shared between the theorems known 
by the names of Stirling and Euler. 

We may remark that in one of his memoirs Laplace had used 
a certain process of summation not connected with Euler’s 
theorem ; see Art. 897. 

996. Laplace gives the following example of the result obr. 
tained in Art. 993. 
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Suppose that the probability of the birth of a boy to that of 
the birth of a girl be as 18 to 17 : required the probability that 
in 14000 births the number of boys will fall between 7363 and 
7037. ^ 

Here 

m= 7200, n = 6800, r = 163: 

the required probability is ‘994303. 

The details of the calculation will be found in Art. 74 of the 
Theory of Probabilities in the JEncychpcedia MetropoUta/na. 


997. We have now to notice a certain inverse application 
which Laplace makes of James Bernoulli's theorem : this is a 
point of considerable importance to which we have already alluded 
in Art. 125, and which we must now carefully discuss. 

In Art. 993 it is supposed that p is given, and we find the 
probability that the ratio of the number of times in which the 
event happens to the whole number of trials will lie between 
assigned limits. Suppose however that^ is not knomi a priori, 
but that we have observed the event to happen m times and to 
fail n times in (i trials. Then Laplace assumes that the expression 

given in Art. 993 will be the probability that p— — lies be- 


tween 


TJ\/(2mn) 


and + 


T\/(2mn) 


that is, Laplace takes for this probability the expression 



^(2Trmn) 




( 1 ). 


He draws an inference from the formula, and then says, on 
his page 282, 

On parvient directiSBaent h ces r^sultata, en consid^rant p comme 
une variable qui pent s’6tendre depuis z^ro jusqu’A 1’ unite, et en deter- 
minant, d’apr^s les ^v^nemens observ6s, la probabilite de ses diverses 
valeurs, comme on lo verra lorsque nous traiterons de la probability des 
causes, d^duite des yv6nemens observys. 
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Accordingly we find tliat Laplace does in effect return to the 
subject ; see his pages 363 — 366. 

In the formula which we have given in Art. 697, suppose 
a = 0, and 5 = 1; then if the event has been observed to happen 
m times and to fail n times out otm + n trials, the probability that 
the chance at a single trial hes between a and ^ is 


f 


Let 


f x”'(l — a!)"dx 

J 0 

_m T V(2otw) g m T\/(2wira) 


where /<. = m + n ; then we shall shew, by using Laplace’s method 
of approximation, that the probability is nearly 


Vtt]/ 


dt . 


( 2 ). 


For with the notation of Art. 957 we have y = a:”' (1 — cc)" ; 
the value of x which makes y a maximum is found from the 
equation 

m n 


so that 
Then 
f = log 

= log 


X 1—x 
m 


= 0 , 


a — 


m + n 


(a + d)"* (1 - a- &)” 

Y 


iog(i+5-«iog(i-r^) 


a”' (1 - a)’* 

_ ^ (m n I fm n 1 

“f !«»■'' (i-a)“j“ 3 ' 


Thus, approximately. 


n 1 (m + n)’ 
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Therefore 



J ^Qrt 





We have thus two reeujts, namely (1) and (2) : the former is 
obtained by what we may call an assumed inversion of James 
Bernoulli’s theorem, and the latter we may say depends on Bayes’s 
theorem. It will be seen that the two results are not quite con- 
sistent ; the difference is not practically very important, but it is 
of interest theoretically. 

The result (2) is in effect given by Laplace on his page 366 ; 
he does not however’ make any remark on the difference between 
this result and that which we find on his page 282. 

On page 209 of his RecheTches,..sur la Proh. Poisson gives the 
result (1) which he obtains by the same assumption as Laplace. But 
on, his page 213 Poisson gives a different result, for ho findsin effect 
that the probability that the chance at a single trial lies between 


m VhJ (2mn) . m + dv) ^/(2mn) 



fi fju H'NH' 

is V dv, 


where V = -r- e" 

VTT 


2 (m—n) 


(3). 


This is inconsistent with Poisson’s page 209 ; for if we take the 
integral jvdv between the limits - t and + t for v it reduces 

to -7— f dt, so that we arrive at the result (2), and not at the 
V'TT Jq 

result (1). It is curious that Poisson makes no remark on the dif- 
ference between his pages 209 and 213 ; perhaps he regarded his 
page 209 as supplying a first approximation, and his page 213. as a 
more correct investigation. 

Poisson’s result (3) is deduced by him in his B^cherches, * ,sut la 
Pvob., from the same kind of assumption as that by which he. and 
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Laplace arrived at the result (1) ; but the assumption is used in 
such a way as to diminish very decidedly the apprehension of any 
erroneous consequences : the assumption, so to speak, is made to 
extend over an indefinitely small interval instead of over a finite 
interval. 

Poisson had however previously considered the question in his 
M^moire sur la proportion des naissances des deux sexes; this 
memoir is published in the Mifmoires.,^de V Institute Vol. ix, 1830 ; 
there he uses Bayes's theorem, and proceeds as we have done in 
establishing (2), but he carries the approximation further: he 
arrives at the result (3). See page 271 of the memoir. 

Thus the result (3) is demonstrable in two ways, namely, by 
the assumed inversion of James Bernoulli’s theorem, and by 
Bayes’s theorem. As Poisson in his latest discussion of the ques- 
tion adopted the inversion of James Bernoulli’s theorem, we may 
perhaps infer that ho considered the amount of assumption thus 
involved to bo no greater than that which is rccpiircd in the use of 
Bayes’s theorem. See Art. 552. 

In a memoir published in Jhe Oamhndge Philosophical Trans- 
actions, Vol. VI. 1837, Professor De Morgan drew attention to the 
circumstance that Laplace and Poisson had arrived at the result (1) 
by assuming what we have called an inversion of James Bernoulli’s 
theorem ; and he gave the investigation which, as we have said, 
depends on Bayes’s theorem. Professor Be Morgan however over- 
looked the fact that Laplace had also implicitly given the result 
(2), and that Poisson had arrived at the result (3) by both 
methods. It will bo found on examining page *128 of the volume 
which contains Professor De Morgan’s memoir, that his final 
result amounts to changing into v in the second term of the 
value of V in Poisson’s result (3). Poisson, .however, is correct ; 
the disagreement between the two mathematicians arises from the 
fact that the approximations to the values of g. and v which Pro- 
fessor De Morgan gives towards the top of the page under con- 
sideration are not carried far enough for the object he has in 
view. 

In the Treatise on Probability by Galloway, which is con- 
tained in the Encyclopoedia Britannica, reference is expressly made 
to Professor De Morgan’s memoir, without any qualifying remark ; 
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this is curious, for the Treatise may be described as an abridfi** 
meut of Poisson’s Recherches...sur la Prob., and Poisson him^dlf 
refers to his miemoir of 1830 ; so that it might have been expect^ 
that some, if not all, of our conclusions would have present^ 
themselves to Galloway’s attention. 


998. Laplace discusses in his pages 284 — 286 the followinf 
problem. An um contains a large number, n, of balls, some whit®, 
and the rest black ; at each drawing a ball is extracted and re- 
placed by a black ball: required the probability that after r 
dravnngs there will be x white balls in the um. 


999. The remainder of the Chapter, forming pages 287 — 303, 
is devoted to investigations arising from the following problem. 
There are two urns, A and P, each containing n balls, some white 
and the rest black; there are on the whole as many white balls as 
black balls. A ball is drawn out from each urn and put into the 
other urn; and this operation is repeated r times. Required the 
probability that there will then be x white balls in the urn A, 
This problem is formed on one which was originally given by 
Baniel Bernoulli; see Arts. 417, 587, 807, 921. 

Let denote the required probability; then Laplace obtains 
the following equation : 






n , 


I t* • 


This equation however is too difficult for exact solution, and so 
Laplace mutilates it most unsparingly. He supposes n to be very 
large, and he says that we have then approximately 






dz^^r , 1 d\., 
dx 2 dx^ 




dz^r , 1 d\,^ 
dx^2 ’ 


^<c,r+i ^»,r “b 


dr 
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Let X = , r = = Z7; then he says that neglecting 


terms of the order ^ the equation becomes 

It is difficult to see how Laplace establishes this; for if we adopt 
his expressions for z^^r+i> the equation becomes 


dJ7 

dr' 


^=2fl + iW+2/.fl + |)^ 


\ nj dfjL 


+ (i+t+i+4) 

V n n wj 


4\ 


.and thus the error seems to be of the order or eyen larger, since 
fj? may be as great as n. 


1000. Laplace proceeds to integrate his approximate equation 
by the aid of definite integrals. He is thus led to investigate some 
auxiliary theorems in definite integrals, and then he passes on to 
other theorems which bear an analogy to those which occur in 
connexion with what are called Laplace's Functions. We will give 
two of the auxiliary theorems, demonstrating them in a way which 
is perhaps simpler than Laplace’s.- 

To shew that, if i is a jpositive integer, 

Ke 

r « r «> 

I / (s-k- fjbJ — If ds diM — 0. 

-00 -00 

Transform the double integral by putting 
s = r cos 0, //. = r sin 0 ; 

we thus obtain 

f [ (cos i0 + J—lsint 0) dr d0. 

Jo *'0 

It is obvious that the positive and negative elements in this 
integral balance each other, so that the result is zero. 

Again to shew that, if i and g are positive integers and g less 
than if 
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(s-\- -r lyds'd/jL = 0. 


Transforming as before we obtain 

p r2ir 

J j (cos iff -h \/^l sin i ff) sin® 6 dr dff. 

Now sin®0 may be expressed in terms of sines or of cosines 
of multiples of 0, according as q is odd or even, and the highest 
multiple of ff will be qff. And we know that if rrv and n are 
unequal integers we have 

r^TT 

sin mff cos nff dff = 0, 


/: 

/, 

/: 


cos mff cos nff dff = 0, 
sin mff sin nff dff ^0) 


thus the required result is obtained. 

Laplace finally takes the same problem as Daniel Bernoulli 
bad formerly given; see Art. 420. Laplace forms the differential 
equations, supposing any number of vessels ; and he gives without 
demonstration the solutions of these differential equations : the 
demonstration may be readily obtained by the modern method 
of separating the symbols of operation and quantity. 


1001. Laplace’s Chapter IV. is entitled, De la prohahiliU des 
erreurs des rSsuUats moyens d'un grand nomhre d! observations, et 
des rSsultats moyens les plus avantageux: this Chapter occupies 
pages 304 — 348. 

This Chapter is the most important in Laplace’s work, and 
perhaps the most difficult; it contains the remarkable theory 
which is called the method of least squares, Laplace had at an 
early period /turned his attention to the subject of the mean to be 
taken of the results of observations ; but the contents of the pre- 
jsent Chapter occur only in his later memoirs. See Arts, 874, 892, 
904, 917, 921. 

Laplace’s processes in 'this Chapter are very peculiar, and it is 
^scarcely possible to understand them or feel any confidence in 
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their results ^with^ut translating thena into more usual mathema- 
tical language. • It* has been remarked by R. Leslie Ellis that, 
*'It must be admitted that there are few mathematical investiga- 
tions less inviting than the fourth Chapter of the TMorie des 
ProhaliliUSj which is that in which the method of least squares 
is proved.’^ Cambridge Phil. TrUns.^Yol. VIII. page 212. 

In the Connaissance des Terns for 1827 and for 1832 there 
are two most valuable memoirs by Poisson on the probability of 
the mean results of observations. - These memoirs may be de- 
scribed as a commentary on Laplace’s fourth Chapter. It would 
seem from some words which Poisson uses at the beginning — 
j’ai ponsd que les remarques qiie j’ai eu I’occasibn de faire en 
r^tudiant, — that his memoirs form a kind of translation, which ho 
made for his own satisfaction, of Laplace’s investigations. Poisson 
embodied a large part of his memoirs in the fourth Chapter of his 
Recherches siir la Proh,.., 

We shall begin our account of Laplace’s fourth Chapter by 
giving Poisson’s solution of a very general problem, as we shall 
then be able to render our analysis of Laplace’s processes more 
intelligible. But at the same time it must be remembered that 
the merit is due almost entirely to Laplace ; although his pro- 
cesses are obscure and repulsive, yet they contain all that is 
essential ■ in the theory : Poisson follows closely in the steps of 
his illustrious guide, but renders the path easier and safer for 
future travellers. 

1002. Suppose that a series of s observations is made, each 
of which is liable to an error of unknown amount ; let these errors 
be denoted by ... e,. Let E denote the suih of these errors, 
each multiplied by an assigned constant, say 

E == 4- %€^ -f %e^ + > , . + • 

required the probability that E will lie between assigned limits. 

Suppose that each error is susceptible of various values, posi- 
tive or negative, and that these values arc all multiples of a given 
quantity &>. These values will bo assumed to lie between aa> 
and /3a), both inclusive ; here a and 13 will be positive or negative 
integers, or zero, and we shall suppose that a is algebraically 

36 
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greater than so that a — /3 is positive. The chance of an as- 
signed error will not be assumed the same at each observation. 
If n be any integer comprised between a and /3 we shall denote 
the chance of an error nco at the first observation by at the 
second observation by at the third observation by and 
so on. Let 'zv be a factor such that all the products ^ 7 ^^, ^ 7 ^, 
'z*r 73 , ... 'cj 7 g are integers ; such a factor can always be found either 
exactly or to any required degree of approximation. Let 

where 2 denotes a summation with respect to n for all values 
from /9 to a, both inclusive ; and let 


T — Q 1 Q 2 • * • Qb' 

then the probability that ztE will be exactly equal to moi, where 
m is a given integer, is the coeflGlcient of in the development 
of T according to powers of t ; or, which is the same thing, the 
probability is equal to the term independent of t in the develop- 
ment of Tr’”". 

For r put and denote by X what T becomes ; then the 
required probability is equal to 


_ 1 _ 

277 





Let X and [i be two given integers, such that X — /a is positive ; 
then the probability that zrE will lie between X® and /iw, both 
inclusive, may be derived from the last expression by putting for 
m in succession the values ft ya + 1, /ad- 2, ... X, and adding the re- 
sults. Since the sum of the values of is 

the required probability is equal to 





Xd0 

■ Iz)’ 
sin^^ 


we shall denote this probability by E. 
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Let us now suppose that ca is indefinitely small, and that \ 
and fJL are infinite ; and let 

Xo) = (o 4- Tj) 'cj, fjbG)= (c — Tf) tzr, ^6 = 0)0;. 

The limits of the integration with respect to x will he + oo . 
Also we have 

jin ^ j -1/1 

ac7 = — ax, sin ^ ^ ^ . 

'CT A'ur 

Thus, neglecting ± ~ compared with X and fjb, we obtain 

Ji 

P = — [ X6'"''®^sin-)?a?— (1). 

This expression gives the probability that will lie between 
(c + ^) -cr and (c -- Tj) -nr, that is, the probability that E will lie 
between c-f?? and c — t;. 

Since wo suppose o) indefinitely small we consider that the 
error at each observation may have any one of an infinite number 
of values ; the chance of each value will therefore be indefinitely 
small. Let 

ao) = a, /3o> ~ 5, n(o — z\ 

•lilieii _ ^yi^wa! 

Let Ni = cdfi(z); 

ra 

thus becomes fi{z) 

and for X in (1) we must put the new form which we thus obtain 
for the product 

QtQ^Qz 

ra 

Assume I ^ fi {z) cos j] xz dz ^ pi cos , 

( £ (z) sin 7 i xz dz = pi sin fi ; 

r\ V - 1 

Qi-pi^ 

^ ^P\ Pa Ps P«> 

y = ri + r, + r,+ ... + J-, ; 


then 

Let 


36—2 
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n X= 7^'^. 

Substitute in ( 1 ) aud we obtain 


Y cos {y — cx) sin r]X * 


, a/tti r V • / ^ 

4 - 1 1 I jT sin (3/ — ca?) sin rjx — . 

TT ‘/-oo ^ 

The elements in the second integral occur in pairs of equal 
numerical value and of opposite signs, while the elements in the 
j&rst integral occur in pairs of equal numerical value and of the 
same sign. Thus 

P = Y cos (y — cx) sin (2). 

Since each error is supposed to lie between a and h we have 


h 


Hence it follows tliat pt = l when a: = 0 ; and we shall now 
shew that when x has any other value pt is less than unity. 


For Pi=] fi («) cos r^ixzdz\ + j I (z) sin xzdz\ ; 


that is 


Pi (^) 'y* fi (*0 cos 7j xz' dz' 

+ f^fi (*) fi («') sin 74 xz' d£ 

ra ra 

~J6 cos'YiX(z-z')dzdz'^ 


and this is less than 


that is less than 


J“f/i(^)fi(^')dzdz', 

/^.^(Z)cf2 jyi{z')dz', 


that is less than unity. 
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Up to this point the investigation has been exact; we shall 
now proceed to approximate. Suppose s to be a very large num- 
ber; then T is the product of a very large number of factors, each 
of which is less than unity except when x =0. We may infer that 
F will always be small except when x is very small; and we shall 
find an approximate value of F on the supposition that x is small. 

res 

Let I s fi (») da = hi, 

J b 

f ^‘fi («) da = hi, 

J b 

rz>fi(z)dz^ki", 

J b 

(\\fi{z)dz = kl", 

J b 


Then we shall have in converging series 

Pi sm Ti = xyik ^ 4- 

Let I {Jci — Jci^) = hi I then we obtain 


p^=:l + 

Ti==:xyjci + 

Hence log — + ; 

therefore pi = approximately. 

Let /c“ stand for 'Z^ihl, and I for each summation extend- 
ing for the values of i from 1 to ^ inclusive. Then approximately 

r = e-^*, y = 

Thus (2) becomes 

P = ^ J cos (ib — ca?) sin ^ (3). 

The approximate values which have been given for Y and y 
can only be considered to be near the truth when x is very small ; 
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but no serious error will arise from this circumstance, because . 
the true value of Y and the approximate value are both very 
small when x is sensibly different from zero. We may put (3) in 
the form 

P = ~ f j P cos (lx — CX + xv) dv I dx ; 


then by changing the order of integration, and using a result 
given in Art. 958, we obtain 


P=: 


1 


«• 


This is therefore approximately the probability that E will lie 
between c — t} and c + 77 . 

It is necessary to shew that the quantity which we have 
denoted by is really positive; this is the case since hi is really 
positive, as we shall now shew. From the definition of hi in con- 

junction with the equation / fi {z) dz = 1 , we have 


iz) dz jy, {Z-) dz' - 1“ zfi {z) dz jy/, iz') dz' 


= («"-»«')/ («)/i dzdz'. 
And so also 


Hence, by addition, 

4^/ = r r - ^Tfi id) f, (/) dz dd. 

J 0 •/ b 

Thus 4ihl is essentially a positive quantity which cannot be zero, 
for every element in the double integral is positive. 

It is usual to call (z) the function which gives the facility of 
error at the i^^ observation ; this means that^(z) dz expresses the 
chance that the error will lie between z and z + dz. 

If the function of the facility of error be the same at every 
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observation we shall denote it by- /(a) ; and then dropping those 
suffixes which are no longer necessary, we have 



h^==\{h'-V), 


Such is the solution which we have borrowed from Poisson ; he 
presents his investigation in slightly varying forms in the places 
to which we have referred: we have not adopted any form ex- 
clusively but have made a combination which should be most ser- 
viceable for the object wo have in view, namely, to indicate the 
contents of Laplace’s fourth Chapter. Our notation does not quite 
agree with that which Poisson has employed in any of the forms of 
his investigation; wo have, for example, found it expedient to 
ixxterchange Poisson’s a and 5. 

We may make two remarks before leaving Poisson’s problem. 

I. We have supposed that the error at each observation lies 
between the same limits, a and 5 ; but the investigation will apply 
to the case in which the limits of error are different for different 
observations. Suppose, for example, it is known at the first 
observation that the error must lie between the limits and 
which are within the limits a and 6. Then [z) will bo a function 
oi z which. must be taken to vanish for all values of 'ja? between 5 
and and between and a. 

Th\is in fact it is only necessary to suppose that a and h are so 
chosen, that no error at any observation can bo algebraically greater 
than a or less than 5. 

II. Poisson shews how to proceed one step further in the ap- 
proximation. We took y-lx\ wo have more closely y-h- 
where 

Z, = iS7/{7c/'-37c*7c/+2/c/}. 

Hence, approximately, 

cos [y — coo) = cos {lx — oa;) + \o(? sin — coo). 
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Therefore (2) becomes 

2 f°° '-K^X^ f'j \ • 

P - e cos (Zee — cx) sm rjx — 

•Tr J 0 ^ 

+ ^ [ sin (7a; — cx) a;“ sin 970; c7aj. 

TT j 0 

We formerly transformed the first teim in this expression of P; 
it is sufficient to observe that the second term may be derived 
from the first by differentiating three times with respect to I and 
multiplying by \ ; so that a transformation may be obtained for 
the second term similar to that for the first term. 


1003. Laplace gives separately various cases of the general 
result contained in the preceding Article. We will now take his 
first case. 

Let 7^ = 7.^= ... =fy^= 1. Suppose that the function of the 
facility of error is the same at every observation, and is a constant; 
and let the limits of error be ± a. Then 

f /(«)«?«=!• 

J -a 

If C denote the constant value of f(z) wo have then 

2a (7=1. 


Here 


k = 0, h' = 


3 ~3' 



7 = 0, y*“ = A“%= = s;»” = 


sa 


Letc=0; then by equation (4)) of the preceding Article the 
probability that the sum of the errors at the s obsei-vations will 
lie between — rj and rj 


V6 


2(2 s/ {sir) 




^280? 


= ‘ 


V6 






"dv. 


“17 <X)\/ {sir ) . 

probability that the sum of the errors 
will lie between - ra t/s and ra a/s 




dt 


This will be found to agree with. Laplace’s page 305. 
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1004. We take Laplace’s next case. 

Let 7^ = = 1. Let the limits of error he ± a ; sup- 

pose that the function of the facility of error is the same at every 
observation, and that positive and negative errors are equally 
likely: thus/(—a;) =/(a;). 

Here A = 0, h^=\h', Z=0, k^ = j1c'. 


By equation (4) of Article 1002 the probability that the sum 
of the errors at the s observations will lie between and tj 
is 


2 

V {2sh'7r) 



This will be found to agree with Laplace’s page 308. 


We have z^f{z) dz^2 f V/(^) dz, 

J -^a J Q 

and 1= f f{z) dz = 2 f f{z) dz ; 

J ■ J 0 

hence it fiz) always decreases as z increases from 0 to a we see, as 

2 

in Art. 922, that h' is less than . 


1005. Laplace next considers the probability that the sum of 
the errors in a large number of observations will lie between 
certain limits, the sign of the error being disregarded, that is all 
errors being treated as positive; the function of the facility of 
error is supposed to be the same at every observation. 

Since all errors are treated as positive, we in fact take nega- 
tive errors to be impossible ; we must therefore put 5 = 0 in 
Poisson’s problem. 

Take 7^ = 73 = ... = 7^ = 1. Then 

l=.sTc, 

Take c = Z ; then, by equation (4) of Art. 1002, the probability 
that the sum of the errors will lie between l—rf and Z+17 is 
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9 /-ti - 

“TTo — — 7 2rr I ^ 

V{257r(i — a;)} Jo 

This will be found to agree with Laplace's page 311. 

For an example suppose that the function of the facility of 
eiTor is a constant^ say G ; then since 

fy(z)dz=i, 

^ 0 

we have a (7=1. 

Thus Jc = l, h' = ^. 


Therefore the probability that the sum of the errors will lie 
between ^ and ^ 


2V6 

a V {stt) 




1006. Laplace next investigates the probability that the sum 
ef the squares of the errors will lie between assigned limits, sup- 
posing the function of the facility of error to bo the same at 
every observation, and positive and negative errors equally likely. 
In order to give the result we must first generalise Poisson’s 
problem. 

Let (z) denote any function of z : required the probability 
that 

(^i) + 4>2 (^fl) + (e,) 


will lie between the limits c-—7) and c + t;. The investigation 
will differ very slightly from that in Art. 1002. In that Article 
we have 

Qi-f/i (^) dz ; 

j & 


in the present case the exponent of e instead of being rf^a:zJ-l, 

will be The required probability will be found 

to be 


1 

2/C 



dv; 
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■where I = S f“4>i (a) (a) dz, 

and = S J“ !</> {z)^f, (a) c?a - S | (z)/, (a) <7ajl 

The summations extend for all values of i from 1 to s, both 
inclusive. 

It is not necessary that (f>i (^) should be restricted to denote 
the same function of 2 ? for all the values of z; Poisson however 
finds it sufficient for his purpose to allow this restriction. 

Suppose now, for example, that (z) = for all the values 
of t ; and lot the function of the facility of error be the same 
at every observation. Then, taking 6 = 0, as in the preceding 
Article, 

l=sf z^f{z)dz, 

J 0 

2h!‘ = a fz*f(z) ia - a I J V/(a) c?a|'. 

Take c = Z; then the probability that the sum of the sqxiares 
of the errors will lie between I — tj and l+y is 

This will be found to agree with Laplace’s page 312. 

1007. Laplace proceeds in his pages 313 — 321 to demonstrate 
the advantage of the method of least squares in the simplest case, 
that is when one unknown element is to be determined from 
observations; see Art, 921. This leads him to make an investi- 
gation similar to that which we have given in Art. 1002 from 
Poisson: Laplace however assumes that the function of the facility 
of error is the same at every observation, and that positive and 
negative errors are equally likely, and thus his investigation is 
less general than Poisson’s. 

Laplace and Poisson agree closely in their application of the 
investigation to the method of least squares : we will follow the 
latter. 
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In a system of observations the quantity given by the observa- 
tion is in general not the element which we wish to determine, 
but some function of that element. We suppose that we already 
know the approximate value of the element, and that the required 
correction is so small that we may neglect its square and higher 
powers. Let the correction be represented by u ; let Ai be the 
approximate value of the function at the observation, and 
-di + its corrected value. Let JBi be the value of the function 
given by observation, the unknown error of this observation. 
Then we shall have 

Bi + €i=^Ai+uqi, 

Put Si for Bi — Ai, so that Si is the excess of the observed 
value above the approximate value of the function; thus we 
have 

€i = uqi - Si, 


A similar equation will be furnished by each of the $ observa- 
tions. All the quantities of which qi and S, are the types will 
be known, and all those of which is the type will be xinknown. 
We wish to obtain from the system of equations the best value 
of u. 

Porm the sum of all such equations as the preceding, each 
multiplied by a factor of which 7 ^ is the type. Thus we obtain 

tyiei = tiXjiqi - ( 1 ). 


^ Then by equation (4) of Art. 1002 the probability that 
will lie between ?— 77 and Z-f 77 is 



where Z and k have the values assigned in that Article. 

^ ^ probability that will lie between 

1^2t/c and 1+2tk is 


2 


( 2 )- 



LAPLACE. 


573 


If in (1) we put I for we obtain 
S7A I 

Xjigi Sviji ■■■■ 


( 3 ), 


and there is therefore the probability assigned in (2) that the 
error in the value of u will lie between 


2T/g 


and 


2tac 
27i2i ■ 


Supposing -then that t remains constant, the error to be ap- 

prehended will be least when — is least ; and therefore the 

factors of which 7^ is the type must be taken so as to make 
this expression as small as possible. Put for k its value; and 
then the expression becomes 

V(W) 

We then make this expression a minimum by the rules of the 
Differential Calculus, and we find that the factors must be deter- 
mined by equations of which the type is 


VQi 

where v is a coefficient which is constant for all the factors. 
With these values of the factors, equation (3) becomes 

^70 


.( 4 ); 


1 

A* Aj 

and the limits of the error for which there is the probability 
assigned in (2) become 

If the function of the facility of error is the same at every 
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observation the quantities of which hi is the type are all equal 
and so are those of which hi is the type. Thus (4) becomes 


Iq^i , hlqi 

^ — 5 - + — 7 . 


.( 5 ); 


and the limits of error become 


2tA 

- V(%/) ' 


If we suppose also that positive and negative errors arc 
equally likely, we have ^ = 0, as in Art. 1004. Thus (5) be- 
comes 






( 6 ). 


This agrees with Laplace’s result. 

Laplace also presents another view of the subject. Suppose 
that (x) dx represents the chance that an error will lie between 

X and X’\‘dx\ then j x'^(x)dx may be called the mean value 

of the positive error to be apprehended — la mleur moymine de 
Verreur d craindre en plus. Laplace compares an error with a 
loss at play, and multiplies the amount of the error by the chance 
of its happening, in the same way as we multiply a gain or loss 
by the Chance of its happening in order to obtain the advantage 
or disadvantage of a player. Laplace then examines how the 
mean value of the error to be apprehended may be made as small 
as possible. 

In equation (4) of Art. 1002 put c = rj\ and suppose positive 
and negative errors equally likely, so that Z = 0 : then the proba- 
bility that 27 ^ 6 ^ will lie between 0 and 2rj 


r 

2K*jTrJ 


dv = 






e dv. 


Thus the probability that will lie between 0 and r is 


1 

2ac Vtt 
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and therefore the probability that will lie between r and 
T 4- is 


1 

^tChjTt 




This then is the probability that the error in u will lie 


T + dr 


and — ; and therefore the probability that 


between = — tmu — 
the error in u will lie between x and x-{-dx is 


STigi ■ 

2A:V7r 


x^Ctyigi)^ 

dx. 


This then is what we denoted above by \[r (x) dx ; and we 
obtain therefore 



dx = 


K 


m K • 

which is least when — is least. This leads to the same re- 
suit as before. The mean value of the positive error to be ap- 
prehendod becomes , 

Since Si we have 


If we were to find u from the condition that the sum of the 
squares of the errors shall be as small as possible, we should obtain 
by the Differential Calculus 


u = 






which coincides with (6) ; so that the result previously obtained 
for u is the same as that assigned by the condition of making the 
sum of the squares of the en*ors as small as possible. It will 
be remembered that (6) was obtained by assuming that the 
function of the facility of error is the same at every observation, 
and that positive and negative errors are equally likely. The 
result in (4) does not involve these assumptions. It will be found 
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that the value of u in ( 4 ) is the same as we should obtain by 
seeking the minimum value of 

^ (uqi-Si-hy 

^ hi 

that is the minimum value of 



1008. It is very important to observe how much is demon- 
strated with respect to the results (4), (5), and ( 6 ) of the preceding 
Article. There is nothing to assure us that we thus obtain the 
most 'probable mine of w, in the strict sense of these words ; neither 
l 4 aplace nor Poisson makes such an assertion ; they speak of the 
method as the most advantageous method, as the method which 
ought to he preferred. 

Let us compare this method with another which would perhaps 
appear the most natural, namely that in which each of the factors 
7 ^, 7 ^, ... is taken equal to unity. 

' In the preceding Article we arrived at the following result, 


tqA 


.(5). 


Now suppose that instead of giving to the factors 7 ^, 7 ^, the 
values assigned in the preceding Article we take each of them 
equal to unity; then the quantity I of the preceding Article be- 
comes Xhi, that is sJc if we suppose the function of the facility of 
error to be the same at each observation. Hence instead of ( 5 ) we 
shall have 


u = 






Now (5) is preferable to (7) because it was shewn in the pre- 
ceding Article that, corresponding to a given probability, the limits 
of the error in ( 6 ) are less than the limits of the error in (7). In 

2tA 


fact the limits of the error in ( 5 ) are ± 




and in ( 7 ) they 


are 


± result that the former limits are less than 
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the latter is equivalent to the known algebraical theorem that 

is less than 

Moreover suppose that we neglect the second term on the right- 
hand side of (5) and of (7), and thus arrive at 


u = 


' 


.(6), 


U = ; 




■( 8 ); 


then there is another reason why (6) is preferable to (8) ; for, by 
virtue of the algebraical theorem just quoted, the term which is 
neglected in arriving at (6), is less than the term which is neg- 
lected in arriving at (8). 


1009. It was shewn in Axt. 1007 that there is the probability 
(2) that the limits of the error in (6) are + ■ 


This involves 


an unknown quantity h. Laplace proposes to obtain an approxi- 
mate value of h from the observations themselves. It is shewn in 
Art. 1006 that there is a certain probability that the sum of the 
scpiares of the errors will lie between I— tj and I + 7). Assume I 
for the value of the sum of the squares of the errors i thus 

j 0 

Therefore approximately 

IS _ 2 (Mi - ^if . 

25 ~ 25 

and mth the value of u from (6) of Art. 1007, we obtain 






Thus the mean value of the positive error to be apprehended, 

Jl 

which was found in Art. 1007 to be ^ , becomes 

'Zqf V (2'n'5) 

This agrees with Laplace’s page 322. 


37 
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1010. Laplace now proceeds in his pages S22 — 329 to the 
case where ^wo unknown elements are to bo determined from a 
large number of observations; see Art. 923. Laplace arrives at 
the conclusion that the method of least squares is advantageous 
because the results which it gives coincide with those obtained by 
making the mean values of the positive errors to be apprehended 
as small as possible ; the investigation is very laborious. The 
same assumptions are made as we have stated at the end of 
Art. 1007. 

Laplace considers that he 'has thus established the method of 
least squares for any number of unknown quantities, for he asserts, 
on his page 327^ ... est msibleque V analyse pr4cddenie pent dSten- 
dre ct *un nomhre quelconque dl4Umens, This assertion, however, 
seems very far from being obvious. i 

Poisson has not considei*ed this part of the subject ; on account 
of its importance I shall now supply investigations by which the 
conclusions obtained in Art. 1007 will be extended to the case of 
more than one unknown element. I shall give, as in Art. 1007, 
two modes of arriving at the result ; Laplace himself omits the 
first, and he presents the second in a form extremely different from 
that which will be here adopted. In drawing up tlie next Article 
I have obtained great assistance from the memoir by R. L. Ellis 
cited in Art. 1001. 

1011. Suppose that instead of one element to bo determined 
by the aid of observations we have any number of elements ; sup- 
pose that approximate values of these elements are known, and 
that we have to find the small correction which each element 
requires. Denote these corrections by x,y, z, Then tlxe general 
type of the equations furnished by the aid of observations will bo 

€i^ aiX -\-hiy ^ CiZ qi ( 1 ). 

Here is unknown, while ... g'i are known. Multiply 

(1) by and then form the sum of the products for all values of 
which we suppose to be from 1 to .<?, both inclusive. And lot the 
factors f/j, %, ... 78 be taken Subject to the conditions 

^ 7 ^= 0 , ^ 7(04 = 0 , 


( 2 ); 
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thus we obtain 


27A S7i«j ' 


Now we know from equation (4) of Art. 1002 that there is the 
probability 



that Xyiei will lie between 1—2tk and where, as before, 

I = Put I for ; thus (3) becomes 

+ 

and there is the probability (4) that the error in the value of x, 
when determined by (5), will lie between 


X — • 

We propose then to make as small as possible, the fac- 
tors being taken consistent with the limitations ( 2 ). 

Since it is obvious that we want not the absolute values of 
the factors 7 ^, 73 , 73 , •••, but only the ratio which they bear to 
any arbitrary magnitude, we shall not really change the problem 
if we impose the condition %iiai = 1. Thus, since /c® = S 7 W? 
require that shall be a minimum consistent with the con- 

ditions 

X^iai = 1, X7A == 0, '%^iCi = 0 (6). 

Hence, by the Differential Calculus, we have 

0 , 

= 0 , 

= 0 , 


Therefore by the use of arbitrary multipliers X, ya, z/, . . . we 
obtain a set of s equations of which the type is 

7i7z^ = \at + ydoi + + * (*7)- 

37—2 
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1 

Let ji stand for ^ ; then from (7) we can deduce the follow- 

tli 

ing system of equations : 


1 = \%alji + fitaihiji + vtafiji + . . . 
0 = Xtciihji + + v^liCiji + . . . 

0 = XtaiCiJi -f /iXkCiJi + + . . . 



To obtain the first of equations (8) we multiply (7) by aiji, 
and then sum for all values of i paying regard to (6) ; to ob- 
tain the second of equations (8) we multiply (7) by hji and sum ; 
to obtain the third of equations (8) we multiply (7) by cji and 
sum ; and so on. The number of equations (8) will thus bo the 
same as the number of conditions in (6), and therefore the same 
as the number of arbitrary multipliers \ fju, v, Thus equations 
(8) will determine X, /jl, v , and then from (6) we have 

x = tyiSi + l ( 9 ). 

We shall now shew how this value of x may practically 
be best calculated. 

Take s equations of which the type is 

+ c/ + 

First multiply by and sum for all values of % ; then mul- 
by ^Ji sum ; then multiply by and sum j and so on : 
thus we obtain the following system 

+ . . . = X (g'i + 

x'Xa^iiji + y%iiji + z'XhiGiji + ... = S (gi + biji 

X ^aifiiji + y'%biCiji + z'Xciji 4* . • . = S (gi + Cij^ 


Now we shall shew that if d be deduced from (10) we shall 
have X = + I, and therefore x = a?'. 

For multiply equations (10) in order by X, fi,v, ... and add; 
then by (8) 
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07 — (g^i + aiji + hji + (g'i + h^Ciji + * • • 

= S (s'i H - ^ ji [^cci + fMhi + vCi-i- ,..} 

^tjiigi^k) by (7). 

The advantage of using equations (10) is twofold; in the 
first place we determine x\ and thence x, by a systematic process, 
and in the next place we see that the equations (10) are sym- 
metrical with respect to x\ y\ z\ ... : thus if we had proposed 
to find y, or z, or any of the other unknown quantities instead of 
07, we should, by proceeding in the same manner as we have 
already, arrive at the same system (10). Hence the same ad- 
vantage which -we have shewn by the Theory of Probability to 
belong to the value of 07 by taking it equal to x, will belong 
to the value of y by taking it equal to y\ and to the value of z 
by taking it equal to z\ and so on. In fact it is obvious 
that if wo bad begun by investigating the value of y instead of 
the value of x the conditions (6) would have been changed in such 
a manner as to leave the proportion of the factors y^,... 

unchanged; and thus we might have anticipated that a sym- 
metrical system of equations like (10) could be formed. 

We have thus shewn how to obtain the most advantageous 
values for the required quantities x^y^ z, ... 

Suppose now that we wished to find the values of a?', y\ z\.,. 
which render the following expression a minimum, 

{cciX + %' + Ciz' + — g'i - hYi 

it will bo found that we arrive at the equations (10) for deter- 
mining x', y', z' ... Hence the values which have been found for 
x,y,z,... give a minimum value to the following expression 

^Ji - hY that is t • 

If be zero, and k constant, for all values of f, the values which 
have been found for x, y, z, ... render the sum of the squares of 
the errors a minimum : as in Art. 100^" these conditions will hold 
if the function of the facility of error is the same at every oV 
servation, and positive and negative errors are equally likely. 
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Thus we have completed one mode of arriving at the result, 
and we shall now pass on to the other. 

If we proceed as in the latter part of Art. 1007 we shall 
find that the probability that the error in the value of x, when 
it is determined by (5), lies between t and t + dtis 






dt 


( 11 ). 


For put c = ^ in equation (4) of Art. 1002. 
bility that will lie between 0 and 2 ?; 


Jo 


Then the proba- 

(tit 

dv. 


Thus the probability that will lie between r and r + dr is 


1 «- 


!t:± 

dr, 


and therefore the probability that will lie between Z + r and 
Z + T + dr is 


1 


e ^^^dT\ 


This is therefore the probability that the error in the value of 
X when determined by (o) will lie between 




and 


T + 


And therefore the probability that the error in the value of x 
when determined by (5) will lie between t and + JHs given by ( 11 ), 
The mean value of the positive error to be apprehended in the 
value of X will be obtained by multiplying the expression in ( 11 ) 
by t and integrating between the limits 0 and oo for t. Thus, since 

= 1 , we obtain for the result ; and therefore if we pro- 
ceed to make this mean error as small as possible we obtain the 
same values as before for the factors 7 ^ 7 ^, 7 ^, ... 

It^ will be interesting to develop the value of /c. Multiply 

equation (7) by 7 ^, and sum for all values of i : thus by ( 6 ) we 
■obtain ^ ^ 


= 
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Suppose then, have two unknown quantities, x and y ; we 
find from (8) 

, ^l> ln 

and tlxG mean error for x will be . 

The mean error to be apprehended for y may be deduced 
from that for x by interchanging with 1^. 

If there are three iinknowir quantities we may deduce the 
mean error from that which has just been given in the case of 
two unknown quantities by the following rule : 


change %alji into %aiji 




change ^liji into , 

-wC £Ji 


change Xaih^\ into 'tajjiji - ^ 




To establish this rule we need only observe that if we have 
three ecpiations (8) we may begin the solution of them by ex- 
pressing V from the last equation in terms of X and /x, and sub- 
stituting in the first and second. 

By a similar rule wo can deduce the mean error in the case of 
four unknown (quantities from that in the case of three unknown 
(quantities : and so on. 

The rule is given by Laplace on his page 328, without any 
demonstration. He assumes however the function of the facility 
of error to he the same at every observation so that is constant 
for all values of i ; and lie takes, as in Art. 1009, 


1012. Laplace gives on his pages 329 — 332 an investigation 
which aqxproaches more nearly in generality to that which we 
have supplied in Art. 1007 than those which we have hitherto 
noticed in the fourth Chapter of the ThSorie • . . des Proh,; see 
Art, 917, Laplace takes the same function of the facility of error 
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at every observation, but he does not assume that positive and 
negative errors are equally likely, or have equal ranges. 

1013. Laplace says, on his page 333, that hitherto ho has 
been considering observations not yet made; but he will now 
consider observations that have been already made. 

Suppose that observations assign values to an 

unknown element ; let <p (z) be the function of the facility of an 
error z, the function being supposed the same at every observa- 
tion. Let us now determine the probability that the true value 
of the element is x, so that the errors are ... 

at the various observations. 

Let P- x) , x) . 

Then, by the ordinary principles of inverse probability, the pro- 
bability that the true value lies between x and a? + cfe is 

Pdx 

jFdx’ 

the integral in the denominator being supposed to extend over all 
the values of which x is susceptible. 

Let P’be such that, with the proper limits of integration, 

jsr I Pdx = 1 , 

and let y = H(j) {a^ x) . ^ x) , ^ x) 

Laplace conceives that we draw the curve of which the ordi- 
nate is y corresponding to the abscissa x. He says that the value 
which we ought to take as the mean result of the observations is 
that which renders the mean error a minimum, every error being 
considered positive. He shews that this corresponds to the point 
the ordinate of which bisects the area of the curve just drawn ; 
that is the mean result which he considers the best is such that 
the true result is equally likely to exceed it or to fall short of it. 
See Arts. 876, 918. 

Laplace says, on his page 335, 

Des g^om^tres c^l^bres ont pris pour le milieu quhl faut choisir, 
celui qui rend le t-^sultat observe, le plus probable, et par consequent 
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Tabscisse qui r^pond ^ la plus grande ordonn^e de la courbe ; mais le 
milieu que nous adoptons, est 6videmment indiqu6 par la tli6orie des 
probabilit^s. 

This extract illustrates a remark which we have already made 
in Art. 1008, namely that strictly speaking Laplace’s method does 
not profess to give the most probable result but one which he con- 
siders the most advantageous. 

1014. Laplace gives an investigation in his pages 335 — 340 
which amounts to solving the following problem : if we take the 
average of the results furnished by observations as most pro- 
bable result, and assume that positive and negative errors are 
equally likely and that the function of the facility of error is the 
same at every observation, what function of the facility of error is 
implicitly assumed ? 

Let the function of the facility of an error be denoted by 
which involves only the assumption that positive and nega- 
tive errors are equally likely. Hence the value of y in the pre- 
ceding Article becomes 

where cr «= -x/r (a; — 4- '>|r (a? -- -f (aj — -f . . . 

To obtain the most probable result we must determine a? so 

that 0 - shall be a minimum ; this gives the equation 

[x - ^[r' (x - aj® a^) {x - aj® 

Now let us assume that the average result is always the most 
probable result ; suppose that out of s observations i coincide in 
giving the result and s — i coincide in giving the result a ^ ; the 
preceding equation becomes 

{ (x - aj 'x/r’ {x - aj® + {s- i) (x - a^) yjr' (x - < 2 ^® = 0. 

The average value in this case is 

+ (s-i) agg 
s 


Substitute this value of x in the equation, and we obtain 
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This cannot hold for all values of - and % — unless (z) be 

$ 

independent of z ; say '\[r' (z) = a 

Hence i/r (z) =cz + d, where c and d arc constants. 

Thus the function of the facility of error is of the form ; 
and since an error must lie between — oo and oo , we have 

0 [ dz = 1 ; 


therefore 



The result given by the method of least squares, in the case 
of a single unknown quantity, is the same as that obtained by 
taking the average. For if we make the following expression a 
minimum 

... -f (x-a,y 

we obtain 

+ < 3^2 + . . . + 

— — ■ ■ ' • 

S 


Hence the assumption in the preceding investigation, that 
the average of the results furnished by observations will be the 
most probable result, is equivalent to the assumption that the 
method of least squares will give the most i>robablo result. 

1015. Laplace devotes his pages 310 — 312 to shewing, as he 
says, that in a certain case the method of least squares becomes 
necessary. The investigation is very simple when divested of the 
cumbrous unsymmetrical form in which Laplace presents it. 

Suppose we require to determine an element from an assem- 
blage of a large number of observations of various kinda Let 
there be observations of the first kind, and from these let the 
value be deduced for the unknown quantity; lot there be 
observations of the second kind, and from these lot the value be 
deduced for the unknown quantity ; and so on. 

Take x to represent a hypothetical value of the unknown quan- 
tity. Assume positive and negative errors to be equally likely; 
then by Art. 1007 the probability that the error of the result 
deduced from the first set of observations will lie between x — 
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Hero stands for and the value of will therefore 

depend on the values of the factors %>%}••• 'which we employ; for 
example we may take each of these factors equal to unity, which 
amounts to adopting the average of the results of observation ; or 
we may take for these factors the system of values which we have 
called the most advantageous system : if we adopt the latter we 

Similarly the probability that the error of the result deduced 
from the second set of observations will he between x-a- and 

x + dx--a^ is ~ 

^TT 

And so on for the other sets of observations. 

Hence we shall find, in the manner of Art. 1013, that the pro- 
bability that X is the true value of the unknown quantity is pro- 
portional to 

where a = /9/ (x - + /3/ + /9g^ (x - -f ... 

Now determine x so that this probability shall have its 
greatest value ; cr must be a minimum, and we find that ^ 

^ “b 

We may say then that Laplace obtains this result by deducing 
a value of the unknown quantity from each set of observations, 
and then seeking for the most probable inference. If a^, a^, ... 
are determined by the most advantageous metliod, this result is 
similar in form to that which is given in Art. 1007, if we suppose 
that positive and negative errors are equally likely, and that one 
function of facility of error applies to the first set of observations, 
another function to the second set, and so on. For the numerator 

of the value of x just given corresponds with the and the 

•h 

denominator with the of Art. 1007. 
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1016. Laplace gives some remarks on his pages 34?3 — 348 
relative to another method of treating errors, namely, that which 
consists in making the sum of the powers of the errors a 
minimum, n being supposed indefinitely great. Ho explains this 
method for the case of one unknown quantity, and he refers to the 
Mecanique Celeste, Livre in. for the case in which there is more 
than one unknown quantity. The section intended of Livre III. 
must he the 39th, in which Laplace gives some rules as in 
the present place, but without connecting his rules with the con- 
sideration of infinite powers of the errors. Another method is given 
in the next section of the Mecanique Celeste which Dr Bowditch 
in a note on the passage ascribes to Boscovich : Laplace takes up 
this method in the second Supplement to the TMorie.*,de8 Prob., 
where he calls it the method of situation. 

1017. Laplace gives on his pages 346 — 348 some account of 
the history of the methods of treating the results of observations. 
Cotes first proposed a rule for the case in which a single olcmont 
was to be determined. His rule amounts to taking 

= = = 1 

in Art. 1007, so that 



Laplace says that the rule was however not employed by mathe- 
maticians until Euler employed it in his first memoir on Jupiter 
and Saturn, and Mayer in his investigations on the libration of 
the moon. Legendre suggested the method of least squares as 
convenient when any number of unknown quantities had to be 
found ; Gauss had however previously used this method himself 
and communicated it to astronomers. Gauss was also the first 
who endeavoured to justify the method by the Theory of Proba- 
bility. 

We have seen that Daniel Bernoulli, Euler, and Lagrange had 
studied the subject ; see Arts. 424, 427, 656. Lambert and Bos- 
covich also suggested rules on the subject ; see the article Milieu of 
the EncyclojpSdie MSthodique and Dr Bowditch’s translation of the 
Mecanique GSleste, Vol. ii. pages 434, 436, 
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The titles of some other memoirs on the subject of least .squares 
will be found at the end of the Treatise on Probability in the 
Encyclo^^xdia Britmnica ; we would also refer the student to the 
work by the Astronomer Koyal On the Algebraical and Numerical 
Theory of Erroy's of Observations and the combination of Observa- 
tions. 


1018. Laplace’s fifth Chapter is entitled Application du Oalcul 
des ProbabiliUs, d la recherche des phinomhies et de leurs causes : 
it occupies pages 319 — 3G2. 

The example with which Laplace commences will give a good 
idea of the object of this Chapter. Suppose that observations 
were made on 400 days throughout which the height of the 
barometer did not vary 4 millimetres ; and that the sum of the 
heights at nine in the morning exceeded the sum of the heights 
at four in the afternoon by 400 millimetres, giving an average 
excess of one millimetre for each day : required to estimate the 
probability that this excess is duo to a constant cause. 

Wo must examine what is the probability of the result on 
the supposition that it is not due to any constant cause, but 
arises from accidental perturbations and from errors of ob- 
servation. 

By the method of Art. 1004, supposing that it is equally pro- 
bable that the daily algebraical excess of the morning result over 
the afternoon result will be positive or negative, the probability 
that the sum of s excesses will exceed the positive quantity c 


1 


/: 


-2A' 



where t = 


c 

V(2s/fc') • 


Hence the probability that the sum will be algebraically less 
than c is 


1 
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Now, as in Art. 1004-, we may take ^ as the greatest value 

of V, so that the least value of t is « == 4, c = 4-00, 

s — 400 : thus the least value of t is , that is tj (S7'5). 

Hence 1 - 4- f is found to be very nearly equal to 

Vw Jt 

•unity. We may therefore regard it as nearly certain that the 
sum of the excesses would fall below 400 if there were no constant 
cause : that is we have a very high probability for the existence of 
a constant cause. 

1019. Laplace states that in like manner he had been led 
by the theory of probabilities to recognise the existence of con- 
stant causes of various results in physical astronomy obtained by 
observation ; and then he had proceeded to verify tlio existence 
of these constant causes by mathematical investigations. The 
remarks on this subject are given more fully in the TiitvoductioUy 
pages LVII— LXX ; see Art. 938. 

1020. Laplace on his pages 359 — 3G2 solves Buffon’s problem, 
which we have explained in Art. 650. 

Suppose that there is one set of parallel linos ; Jot a bo the 
distance of two consecutive straight lines of the system, and 2r 
the length of the rod: then the chance that the rod will fall 

across aline is — . Hence, by Art. 993, if the rod bo thrown 

down a very large number of times we may bo certain that the 
ratio of the number of times in which the rod crosses a line 

to the whole number of trials will bo very nearly ; we might 

therefore determine by experiment an approximate value of tt* 

Laplace adds . . . et il est facile de voir quo le rapport — qui, 

pour un nombre donn^ de projections, rend rorreur h craindre la 
plus petite, est Tunit^... Laplace seems to have proceeded thus. 
.Suppose^ the chance of the event in one trial ; then, by Art. 993, 
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the probability that in trials the numbor of times in wliich the 
event happens will lie between 

jpiM^ r ^ (1 and + t V2/xp (1 — p) 


is approximately 



Hence to make the limits as close as possible we must have 
'p (1 —p) as small as possible, and thus p = ^ . This, we say, ap- 


pears to have been Laplace’s process. It is however wrong ; for 

^ (1 — j?) is a maximum and nob a minimum when p= \ • More- 

2 


over wo have not to make t V 2fjLp (1 — p) as small as possible, 
but the ratio of this expression to pfM, Hence wo have to make 


2 > 


as small as possible ; that is wo must make - - 1 as 

2 > 


small as possible : thoroforo p must bo as great as possible. In 

the present case ; ‘we must therefore make this as groat 

as possible : now in the solution of the problem 2r is assumed 
to 1)0 not greater than a, and therefore wo take 2r ^ a as the 
most favourable length of the rod. 


Laplace’s error is pointed out by Professor De Moi'gan in 
Art. 172 of the Theory of Prohahilities in the JEncyclopcedia 
Metropolitana* The most curious point however has I believe 
hitherto been unnoticed, namely, that Laplace had the correct 
result in his first edition, whore ho says ...et il est facile de voir 

2r • 

quo lo rapport — qui, pour un nombro donnd de projections, 

rend rorrour h craindro la plus petite, est I’unitt? ... The original 
leaf was cancelled, and a new leaf inserted in the second and third 
editions, thus causing a change from truth to error. See Art. 932. 

Laplace solves the second part of Buffon’s problem correctly, 
in which Buffon himself had failed; Laplace’s solution is much 
less simple than that which wo have given in Art, 650. 
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1021. Laplace’s sixth Chapter is entitled Be la prolaliUU des 
causes et des dvdnemens futurs, tir^e des Mmmens dbserv6s: it 
occupies pages 363 — 401. 

The subject of this Chapter had engaged Laplace’s attention 
from an early period, and to him tvo must principally ascribe 
the merit of the important extension thus given to the Theory of 
Probability, due honour being at the same time reserved for his 
predecessor Bayes. See Arts. 851, 868, 870, 903, 909. 

Let X denote the chance, supposed unknown, of a certain 
simple event; let y denote the chance of a certain compound 
event depending in an assigned manner on this simple event: 
then y will be a known function of x. Suppose that this com- 
pound event has been obseiwed; then the probability that the 
chance of the simple event lies between a and ^ is 



This is the main formula of the present Cliaptor: Laplaco 
applies it to examples, and in so doing he evaluates the integrals 
by his method of approximation. 

In like manner if the compound event depends on two inde- 
pendent simple events, the probability that the chance of one lies 
between « and ^ and the chance of the other between ot' and /9' is 



1022. The examples in the present Chapter of Laplace’s work 
exhibit in a striking way the advantage of his method of approxi- 
mation; but as they present no novelty nor difficulty of principle 
we do not consider it necessary to reproduce any of thorn in detail. 

1023. Laplace makes a remark on his page 366 which may 
deserve a brief examination. He says that if we have to take the 

integral J dt between the limits — r and r we may for an ap- 
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proximation take the integral between the limits 0 and 

and double the result : he says this amounts to neglecting the 
square of We may put the matter in the following form : 

suppose that a and h are positive, and we require x such that] 

r a rb roe 

e-^dt+ e-<^dt = 2 e'*' dt. 

J Q J Q J Q 

Suppose a less than b ; then in fact we require that 
f e’^^^dt= j e^^dt. 

’J a J « 

Laplace, in effect, tells us that we should take x == 

as an approximation. He gives no reason however, and the more 

natural approximation would be to take a; = g (a + &), and this is 

certainly a better approximation than his. For since the function 
e""^ decreases as t increases, the true value of x is less than 

^ + J), while Laplace’s approximation is greater than g (a + J). 




1024 Laplace discusses on his pages 869—376 a problem re- 
lating to play ; see Art. 868. A and B play a certain number of 
matches ; to gain a match a player must win two games out of 
three ; having given that A has gained i matches out of a. large 
number n, determine the probability that A’s skill lies within as- 
signed limits. If a player wins the first and second games of a 
match the third is not played, being unnecessary; hence if n 
matches have been played the number of games must* lie between 
2n and Zn : Laplace investigates the most probable number of 
games. 


1026. Laplace discusses in his pages 
which we have enunciated in Art. 896. 
bility is 

[ (1 — ar)® dx 

li 



377—380 the problem 
The required proba- 


where p and q have the values derived from observations during 

88 
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40 years ; these values are giveu in Art. 902. Laplace finds that 
the probahility is approximately 

, 1- 0030761 

where /a is a very large number, its logarithm being greater than 
72. Thus Laplace concludes that the probability is at least equal 
to that of the best attested facts in history. 

With respect to a formula which occurs in Laplace’s solution 
see Art. 767. With respect to an anomaly observed at Vitteaux 
see Arts. 768, 769. 

1026. Laplace discusses in his pages 381 — -384 the problem 
which we have noticed in Art. 902. 

He offers a suggestion to account for the observed fact that the 
ratio of the number of births of boys to girls is larger at London 
than at Paris. 

1027. Laplace then considers the probability of the results 
founded on tables of mortality : he supposes that if we had observa- 
tions of the extent of life of an infinite number of infants the tables 
would be perfect, and he estimates the probability that the tables 
formed from a finite number of infants will deviate to an assigned 
extent from the theoretically perfect tables. We shall hereafter in 
Art. 1036 discuss a problem like that which Laplace here considers. 


1028. A result which Laplace indicates on his page 390 sug- 
gests a general theorem in Definite Integrals, which we will here 
demonstrate, 

‘ Let = 


+ < (*! - + < K - + • . ■ + 

let 6-““ be integrated witb respect Jp each of the n~l variables 
between the limits — oo and oo : then the result 

will be 

n-l 

«A--, 


where 











2 

Jtrl 
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Let tts consider first tlie integration witli respect to we Lave 




+ a/ = (a/ + a^h^) - 2a^\z^z^ + 








wliero « = 

The limits of t will bo — oo and oo ; integrate with respect to 
t\ thus we remove entirely, and obtain the factor 

J^TT 

v«-h<vr 

and instead of the first two terms in we have the single term 

ai%\^ 

We integrate next with respect to z ^ ; thus we shall remove 
z^ entirely, and introduce the factor 


I, Q, A ’ 


and instead of tfie first three terms in w* we shall have the single 


CT,XW f_i?i <_ . „ sj » 

...s , ~ai.a i-» L ^ ^ 0 2 


K+a,V = M 

Thus wo have now on the whole the factor 

a^ctA ’ 


where 


1 _ 1 ^ _ 


and the first three terms in w“ are replaced by the single term 

38—2 
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We integrate next with, respect to thufe we shall remove ^3 
entirely, and introduce the factor 

\/7r ^ 




, that is, 


1 + ^ 


llJtt 

1 , 

where *-0 = — « + : 
ur a. 


and the first four terms in are replaced by the single term 

By proceeding in this way it is obvious that we shall arrive at 
the assigned result. 

1029. Laplace devotes his pages 391 — 394 to a problem 
which we have indicated in Art. 911. The problem resembles 
that which we have noticed in Art. 1027, and the mode of solution 
will be illustrated hereafter in Art. 1036. 

The problems which Laplace considers in his pages 385 — 394 
relate to the probabilities of future events ; and thus these pages 
are strangely out of their proper place : they should followed 
the discussion which we are about to analyse in our next Article, 
and which begins thus, ConsidSrons maintenant Id probdhiliU des 
ivSnemeus future, tir^e des Mnemens observes. 

1030. Laplace considers in his pages 394 — 396 the impor- 
tant subject of the probability of future events deduced from 
observed events; see Arts. 870, 903, 909. 

Eetaining the notation of Art. 1021, suppose that which is 
a known function of x, represents the chance of some compound 
future event depending on the simple event of which x represents 
the chance : then the whole probability, P, of this future event 
will be given by 

I yzdx 
p_*lo ' 

ydx 
J 0 

Laplace then suggests approximations for the integrals in the 
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above expression. We will reproduce the substance of his remarks. 
In Art. 9o7 we have 

f = log F— log ^{a+&) 

= log Y - log i^<f> (a) + d4> (a) + 1- <f)" (a) + ...j- 

. 

“ 2 (/>(«) 

for Y=<p (a), and </>' (a) = 0, by hypothesis. 


Thus approximately 
t = 0 



2 cp{a)r 


Hence if y vanishes when a; = 0 and when aj = 1, we have 
approximately 


J ydoL 


rV(27r) 


V(-^' 


Similarly if we suppose that yz is a maximum when x = a', 
and that then yz = Y''Z', we have 


fV. (WF')Vf2w) 
j^yzdx-^ . 

V V J 


Suppose that is a function of y, say z — (j) (y), then yz is 
a maximum when y is a maximum^, so that a' « a ; and since 

we find that 

dOf 

Hence we have approximately 

P- <^(y> 


V i <}>iY ) ) 


lO&l. Laplace discusses on his pages 397 — 401 the following 
prohlem* It has been observed during a certain number of years 
at Paris that more boys than girls are annually baptised : deter- 
mine the probability that this superiority will hold during a cen- 
tury. See Art. 897. 
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Let p be the observed number of baptisms of boys during a 
certain number of years, g the observed number of baptisms of 
girls, the annual number of baptisms. Let x represent the 
chance that an infant about to be born and baptised will be a 
boy. 

Let (x + 1 — xy be expanded in a series 

(l-cc) + (1 - + • • • ; 

then the sum of the first n terms of this series will represent the 
probability that in a year the number of baptisms of boys will 
predominate. 

Denote this sum by then will be the pi'obability that 
the superiority will be maintained during ^ years. 

Hence we put x^ (1 — x)^ for y and f ^ for z in the formula of 
the preceding Article, and obtain 

I* {I’-xf^^dx 

Lo 

f x^ (1^ xy dx 

^ 0 

Laplace applies his method of approximation with great success 
to evaluate the integrals. He uses the larger values of p and j 
given in Art.' 902 ; and he finds that P= *782 approximately. 


1032. Laplace’s seventh Chapter is entitled De Vinfluence des 
inigalitis inconnues qui peuvent exister entre des chances que Von 
suppose parfaitement ^gales: it occupies pages 402 — 407. 

The subject of this Chapter engaged the attention of Laplace 
at an early period ; see Arts. 877, 881, 891. Suppose the chance 

of throwing a head with a coin is either or , but it is 

M 2i 

as likely to be one as the other. Then the chance of tlrrowing 
n heads in succession will be 


1 

2 




that is, 



1) „s , « (ra - 1) (« - 2) (m - 3) 
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Thus there is an. advantage in undertaking to throw n heads 
in succession beyond what there would be if the coin were per- 
fectly symmetrical. 

Laplace shews how we may diminish the influence of the want 
of symmetry in a coin. 

Let there be two coins A and let the chances of head 
and tail in .^4 be ^ and respectively, and in B let them be 
and <1 respectively : and let us determine the probability that in 
n throws the two coins shall always exhibit the same faces. 

The chance required is {'pp + qqf- 
Suppose that 

1 + a 1 — a 

2 = 


P 


2 ^ 

1 + a' 


2 ^ 
l~a' 


then 


Q,/ + 227 = 2^.(1 + “«')” 


But as we do not know to wkich. faces the want of sjrmmetry 

is favourable, the preceding expression might also be ^ (1-aa')” 

by interchanging the forms of p and or of p' and g'. Thus 
the true value will be 


that is 
1 
2 ’ 


-I 


n in 


„ W (9^ — 1) 2 ^2 , 

1 + — + 




li 

It is obvious that this expression is nearer to than that 

which was found for the probability of securing n heads in n 
throws with a single coin. 

1033. Laplace gives again the result which we have noticed 
in Art. 891. Suppose p to denote A’b skill, and q to denote B’s 
fllrill ; let A have originally a counters and B have originally 5 
counters. Then A’s chance of ruining B is 


P 




:>+& 
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Laplace puts for p in succession ^ (1 + a) and ^ (1 — a), and 
takes half the sum. Thus he obtains for A's chance 

2 


Laplace says that it is easy to see that, supposing a less than 

5, this expression is always greater than , which is its 

limit when a = 0. This is the same statement as is made in 
Art. 891, but the proof will be more easy, because the trans- 
formation there adopted is not reproduced. 


Put 

and 


1 + a 




ti 




X 


.a+6 


We have to shew that u continually increases as x increases 
from 1 to op , supposing that a is less than h. It will be found that 

1 du __ ax'* {x* — 1) — {x^ — 1) 

u dx x{x" — l) 1) 1) ' 

We shall shew that this expression cannot be negative. 

We have to shew that 

b a 

cannot be negative. 

This expression vanishes when a? = 1, and its differential coeflSi- 
cient is (1 — which is positive if x lie between 

1 and oc ; therefore the expression is positive if x lie between 
1 and 00 . 

Laplace says that if the players agree to double, triple,,., 
their respective original numbers of counters the advantage of A 
will continually increase. This may be easily shewn. For change 
a into ha and 5 into hb ; we have then to shew that 
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continually increases with h Let x^=^y\ then we have to shew 
that 

continually increases as y increases from unity : and this is what 
we have already shewn. 

1034. Laplace’s eighth Chapter is entitled Bes duries moyennes 
de la vie, des manages et des associations quelconques: it occupies 
pages 408 — 418. 

Suppose we have found from the tables of mortality the 
mean duration of the life of n infants, where n is a very large 
number. Laplace proposes to investigate the probability that the 
deviation of this result from what may be considered to be the 
true result will lie within assigned limits : by the true result is 
meant the result which would be obtained if n were infinite. 
Laplace’s analysis is of the same kind as that in his fourth Chapter. 

1035. Laplace then examines the effect which would be 
prodticed on the laws of mortality if a particular disease were ex- 
tinguished, as for example the small-pax Laplace’s investigation 
resembles that of Daniel Bernoulli, as modified by D’Alembert : 
see Arts. 402, 405, 483. 

We will give Laplace’s result. In Art. 402, we have arrived 
at the equation 

dx n mn ’ 

^ 1 1 • 

where <7 = Put % for - ,, and r for - : and let i and r not be 
^8 n m 

assumed constant. Thus we have 



Let V denote thus 

d a. 

therefore gv = constant - f kv dx. 
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The constant is unity, if we suppose the lower limit of the 
integral to he 0, for q and v are each unity when cc = 0 ; thus 

2 ^; = 1 — ^irv dx. 

The differential equation obtained in Art. 405 becomes when 
expressed in our present notation 

1 dz ^ d^ ^ ir _ irv 

z dx ^dx q ^ r* 7 ^ 

therefore, by integration, 


z constant 



As before the constant is unity ; thus 



This result agrees with that on Laplace’s page 414. 

Laplace intimates that this would be an advantageous formula 
if t and r were constants ; but as these quantities may vary, he 
prefers another formula which ho had previously investigated, and 
which we have given from D’Alembert in Art. 483. He says that 
by using the data furnished by observation, it appears that the 
extinction of the small-pox would increase by three years the 
mean duration of life, provided this duration bo not affected by 
a diminution of food owing to the increase of population. 

1036. Laplace discusses in his pages 415 — 418 the problem 
of the mean duration of marriages which had been originally 
started by Daniel Bernoulli ; see Arts. 412, 790. 

Laplace’s investigation is very obscure : wo will examine various 
ways in which the problem may be treated. 

Suppose iM men aged A years to marry fi women of the same 
age, fx being a large number : determine the probability that at 
the end of T years there will remain an assigned number of un- 
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broken couples. The law of mortality is assumed to‘ be the same 
for men as for women ; and we suppose that the tables shew that 
out of 7)1^ + persons aged A years, were alive at the end of 
2^ years, and being large. 

One mode of solving the proposed problem would be as follows. 
Take — as the chance that a specified individual will be alive 

at the end of T years ; then ( — will be the chance that a 

specified pair will be alive, and we shall denote this, by p. There- 
fore the chance that at the end of T years there will be v un- 
broken couples, out of the original [m couples, is 

— Is — pv n - 


771 * 

This is rigorous on the assumption that - — — is exactly the 

7 ) 1 ^ “I- 71 ^ 

chance that a specified individual will be alive at the end of 
T years : the assumption is analogous to what we have called an 
inverse use of James Bernoulirs theorem ; see Art. 997. 

Or wo may solve the problem according to the usual principles 
of inverKSO probability as given by Bayes and Laplace. Let cc 
denote the chance, supposed unknown, that an individual aged 
A years will bo alive at the end of T years. We have the ob- 
served event recorded in the tables of mortality, that out of 
persons aged A years, were alive at the end of T years. Hence 
the quantity denoted by y in Art. 1030 is 






and tho quantity denoted by e is 





therefore 


ry. (1 _ a,)"i (^xy (1 - xy-'' dx 
iB Ia — , 

f x"' (1 a;)”' dx 

J 
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Laplace however adopts neither of the above methods; but 
forms a mixture of them. His process may be described thus : 
Take the first form of solution, but use Bayes’s theorem to deter- 

mine the value of j?, instead of putting^ equal to j • 

We will complete the second solution. The next step ought 
to consist in evaluating strictly the integrals which occur in the 
expression for P; we shall however be content with some rough 
approximations which are about equivalent to those which Laplace 
himself adopts. 

Assume, in accordance with Art. 993, that 


[J^ 


\v\fM — V 




g 2iua;2(i-a:9) 


V ^TT/Jjaf (1 — X^) * 


where r is supposed to be not large, and to be such that nearly 
• r, /L6 — i; = (1 — a?®) /z 4- r. 


V X^fJb • 


Thus 


P= 


/ 

*' 0 


V ^TTfJUX^ (1 — x\ 

J 0 




'^dx 


Then, as in Arts. 957, 997, we put 

(1 - = Ye-(‘, 


a; = a-f 


t V 


nearly, 


where a = — 

And finally we have approximately 

p_ 

(1 — d^) 

Then we have to effect a summation for different values of r, 
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like that given in Art. 993. The result is that there is approxi- 
naately the probability 

re-^di+- ^z: ■ - _ e-^\ 

VTrJo V27r/Lta“(l-a‘) 

that the number of unbroken couples will lie between 

fia^ — T *^2/jLd^ (1 -- a^) and yu-a® + t V 2/4a“ (1 — d^). 

This substantially agrees with Laplace, observing that in the 
third line of his page 418 the equation ought to be simplified by 
the consideration that jp' has been assumed very great ; so that 
the equation becomes 

P == ^ 

^ (1 - f ) ‘ 

See Art. 148 of the Theory of Probabilities in the PncyclopcBdia 
Metropolitana. 

There is still another way in which the problem may be solved. 
We may take it as a result of observation that out of marriages 
of persons aged A years there remained unbroken couples at 
the end of T years, and we require the consequent probability 
that out of ya marriages now contracted between persons aged 
A years v unbroken couples will remain at the end of 2^ years. 
Then as in Art. 1030 we obtain 


I [ (1 - a ;) dx 

p-s Lc ^ 

[li iii 51 [ ^*'1 (1 — dx 

^ 0 

The result will be like that which we have found by the 


3/ V 

second method, having instead of a\ Practically may be 

nearly equal to a’, but they must not be confounded in theory, 
being obtained from different data. The last mode is simpler in 
theory than the second, but it assumes that we have from observa- 
tion data which bear more immediately on the problem. 


1087. Laplace’s ninth Chapter is entitled Des linifices dSpen- 
dans de la prdbabiliU des Mnemens futurs: it occupies pages 


419—431. 
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Suppose that a large number of trials, 5, is to bo made, and 
that at each trial one of two cases will happen ; suppose that in 
one case a certain sum of money is to be received, and in the 
other case a certain other sum : determine the expectation. 

Laplace applies an analysis .of the same kind as in his fourth 
Chapter ; we shall deduce the required result from the investiga- 
tion in Art. 1002. We supposed in Art. 1002 that all values of 
a certain variable z were possible, and that (z) denoted the 
chance at the trial that the value would lie between z and 
z + Sz. Suppose however that only tm values are possible which 
we may denote by ^ and ; then we must suppose that fi {z) 
vanishes for all values of z except when z is very nearly equal 
to or to and we may put 

J b 

'where jSj stands for the part of the integral arising from values 
of e nearly equal to and stands for the part of the integral 
arising from values of « nearly equal to ; and thus 

Again, / efi (z) dz -will reduce to two terms arising from values 

J & 

of z nearly equal to ^ and respectively, so that wo shall have 

Similarly, 

Suppose now in Art. 1002 that ^^^ = 7^ = ... =7, = 1 ; then 
l=Xki = 'Z ; 

= 2 {(S iPi + fff) ~ 
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And there is, hy Art. 1002, the 
Xe will lie between 


probability ^ J that 


S (^Pi + iiSi) - and S (5p<+ + 2m 

There has been no limitation as to the sign of ^ or 

This result will be found to agree with that given by Laplace 
on his page 423 ; he had previously, on his page 420, treated the 
particular case in which the function (- 2 ^) is supposed the same at 
every trial, so that the suffix t becomes unnecessary, and the result 
simplifies in the manner which we have explained towards the 
end of Art 1002. 


1038. An important consequence follows so naturally from the 
investigation in the preceding Article, that in order to explain it we 
will interrupt our analysis of Laplace. Suppose that ^£=1 and 
= 0, for all values of z : thus 


and bopomos equal to the number of times in which an event 
happens out of s trials, the chance of the happening of the event 

being at trial. Thus we have the probability ^ j 

that the number of times will lie between 


Xpi, — r^/^%p^i and Xpi'^r^l2Xpiqi. 

This is an extension of James Bernoulli’s theorem to the case 
in which the chance of the event is not constant at every trial ; if 
we suppose that pi i$ independent of i we have a result practically 
coincident with that in Art. 993. This extension is given by 
Poisson, who attaches great importance to it ; see his Mecherches 
$ur la Prob. page 246. 


1039. If instead of two values at the trial as in Art. 1037, 
we suppose a larger number, the investigation will be similar to 
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that already given. Denote these values by we shall 

have 

? = S + •••)> 

where + qi + Wi+ = V; 

2/c’ = 2 !?;>< + f «>« + • • . - (Spi + + XiW’i + — 

Laplace himself takes the particular case in which the function 
fi{ 0 ) is supposed the same at every trial ; see his pages 423 — 425. 

1040; Laplace proceeds to a modification of the problem just 
considered, which may be of more practical importance. Nothing 
is supposed known a priori respecting the chances, but data are 
taken from observations. Suppose we have observed that in 
trials a certain result has been obtained times : if (ju more trials 
are made determine the expectation of a person who is to receive ^ 
each time the result is obtained, and to forfeit f each time the 
result fails. 

The analysis now is like that which we have given at the end of 

2 

Art. 1036. There is the probability ^ j that the number 

of times the result is obtained will lie between 

W T (/*! - t'l) , T V 2/J,V, (^, - I/,) ' 

l^i H'l f^i Ml 

But if the result is obtained cr times in fi trials the advan- 
tage is 

o-f- - or) f, that is, cr (^+ f) - 

Hence there is the probability above assigned that the advan- 
tage will lie between 



This will be found to agree substantially with Laplace's 
page 425. 

1041. Laplace passes on to questions connected with life in- 
surances: he shews that the stability of insurance companies 
depends on their obtaining a very large amount of business. It 
has been pointed out by Bienaym^, that if the consideration of 
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compound interest is neglected we stall form too high an estimate 
of -the stability of insurance companies ; see Oournot's Exposition 
de la ThSorie des Chmices..,'page 333: see also page 143 of the 
same work for a formula by Bienaymd connected with the result 
given in Art. 1038. 

1042. Laplace’s tenth Chapter is entitled De Vesper anoe morale: 
it occupies pages 432 — 445. This Chapter may be described as 
mainly a reproduction of the memoir by Daniel Bernoulli, which 
we have analysed in Arts. 377 — 393 ; Laplace himself names his 
predecessor. Laplace adds the demonstration to which we have 
referred in Art. 388 ; see his pages 436, 437. Laplace also applies 
the theory of moral expectation to an example connected with life 
annuities ; see his pages 442 — 444. 

The following example in inequalities is involved in Laplace’s 
page 444. If ... and 7;^, 5.^, 7;^, ... are series both in in- 

creasing or both in decreasing order of magnitude 

‘ "b 4“ -f- . . . H- 

... + a A 

is greater than 

-f- . . . Hh ap _ 

■h ^2 4- 4“ . . . + ^ 

for if we multiply up and bring all the terms together, we find 
that the result follows from the fact that {a^ — (pr — &,) is 
positive. 

Htmeo too if one of the two series is in increasing and one in 
docroasing order of magnitude the inequality becomes inverted. 

1043. Laplace’s elevontli Chapter is entitled De la ProhahiliU 
des Umoignages: it occupies pages 446 — 461. 

We have given stilficient indication of the main principle of 
the Chapter in Art. 735 ; see also Art. 941. 

Laplace’s process on his page 457, altlio\igh it leads to no error 
in the case he considers, involves an unjustifiable assumption; see 
Poisson, liecherches sar la . . . page 112. See also pages 

3 and 364 of Poisson’s work for criticisms bearing on Laplace’s 
eleventh Chapter. 

39 
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1044. Laplace's pages 464 — 484 arc headod Additiom; see 
Arts. 916, 921. There are three subjects discussed. 

I. Laplace demonstrates Wallis’s theorem, and ho gives an 
account of the curious way in which the theorom was discovered, 
although it cannot be said to have been demonstrated by its dis- 
coverer. 

II. Laplace demonstrates a formula for which ho had 
formerly obtained by a bold assumption ; see Arts. 916, 966. 

III. Laplace demonstrates the formula marked (p) on page 168 
of the Th4QTie...des Proh.; see Art. 917. 

1045. The first Supplement to the ThSorie.^.des Proh. is en- 
titled SuT VappUcation du Galcul des ProhaUliUs d la PhilosopMe 
Pfaturelle; it occupies 34 pages: see Art. 926. The title of the 
Supplement does not seem adapted to give any notion of the 
contents. 

1046. We have seen in Art. 1009 that in Laplace’s theory of 
the errors of observations a certain quantity occurs the value of 
which is not known a pnori, but which may bo approximately 
determined from the observations themselves. Laplace proposes 
to illustrate this point, and to shew that this approximation is one 
which we need not hesitate to adopt : see pages 7 — ^11 of the first 
Supplement. It does not appear to mo however that much con- 
viction could be gained from Laplace’s investigation. 

A very remarkable theorem is enunciated by Laplace on page 8 
of the first Supplement. He gives no demonstration, but says 
in his characteristic way, L’analyse du n^ 21 du secondo Livre 
conduit It ce th^or^me gdndral.... The theorom is as follows; 
Suppose, as in Art. 1011, that certain quantities are to be deter- 
mined by the aid of observations ; for simplicity we will assume 
that there are three quantities x, y, z. Let values be found for 
these quantities by the most advantageous method, and denote 
these values by respectively. Put 

Then Laplace’s theorem asserts that the probability of the simul- 
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taneous existence of t), as values of the errors of the quantities 
to be determined, is proportional to e~°’, where 

^ («i? + iv'n + 

I am compelled to omit the demonstration of this theorem for want 
of space ; but I shall endeavour to publish it on some other 
occasion. 

1047. Laplace next supposes that six elements are to be 
determined from a large number of observations by the most ad- 
vantageous method. He arranges the algebraical work in what 
ho considers a convenient form, supposing that we wish to de- 
termine for each variable the mean value of the error to be appre- 
hended, or to determine the probability that the error will lie 
within assigned limits ; see pages 11 — 19 of the first Supplement. 
Ho tlion, on his i)agos 21 — 26, makes a numerical application, and 
arrives at the resxilt to which wc have already referred in Art 939. 

1048. Laplace observes that all his analysis rests on the as- 
sumption that positive and negative errors arc equally likely, and 
ho now proposes to shew that this limitation does not practically 
affect the value of his results; see his pages 19 — 21. Here again 
however it does not appear to me that much conviction would be 
gained from Laplace’s investigation. 

1049. The first Supplement closes with a section on the Pro- 
bability of judgments; it is connected with the eleventh Chapter: 
see Art. 1043. 

1050. The second Supplement is entitled Application dxc 
Oalcul des FrohahiliUs am operations giod^siques: it occupies 50 
pages: hoc Art. 927. This Supplement is dated February 1818. 

This Supplement is very interesting, and considering the sub- 
ject and the author it cannot be called difficult. Laplace shews 
how the knowledge obtained from measuring a base of verification 
may bo used to correct the values of the elements of the triangles 
of a survey. Ho speaks favourably of the use of repeating circles; 
see his pages 5, 8, 20. Ho devotes more space than the subject 
seems to deserve to discuss an arbitrary method proposed by 

39—2 
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Svanberg for deducing a result from observations made with a re- 
peating circle : see Laplace’s pages 32 — 35. 

Laplace explains a method of treating observations which he 
calls the method of situation, and which ho considers may in 
some cases claim to be preferable to the most advantageous method 
explained in his fourth Chapter. This method of situation had 
been given in the M^canique Celeste, Livre ill., but without re- 
ceiving a special name: see Art. 1016. Laplace gives an investi- 
gation to determine when the method should be pre- 

ferred to the most advantageous method, and an investigation of the 
value of a combination of the two methods. 

1051. The third Supplement is entitled Apjflioation des 
formules gMtsiques de prohabilit^, d la mdridienne de France; 
it occupies 36 pages: see Art. 928. 

Laplace begins by giving a numerical example of some of the 
formulae in the second Supplement. In his pages 7 — 15 ho gives 
what he calls a simple example of the application of the geodesic 
formulae. He takes a system of isosceles triangles, liaving their 
bases all parallel to a given line, and he finds the errors in lengths 
arising from errors in the angles. The investigation is like that in 
the second Supplement. 

Laplace devotes his pages 16 — 28 to discussions respecting the 
error in level in large trigonometrical surveys. 

Pages 29 — 36 contain what Laplace calls Methods gSntrale du 
calcul des probabilit^s, lorsqu'il y a plusieurs sources d'erreurs, 

1052. Here we close our account of the Theorie AnalyUque 
des ProbahilitSs. After every allowance has been made for the aid 
which Laplace obtained from his predecessors there will remain 
enough of his own to justify us in boxTOwing the words applied to 
his Theory of the Tides by a most distinguished writer, and pro- 
nouncing this also '' to be one of the most splendid works of the 
greatest mathematician of the past age.” 

For remarks which will interest a student of Laplace’s work I 
may refer to the first page in the Appendix to Do Morgan’s Fssay 
on Probabilities,. AH the Cabinet Cycloproedia; to the History of the 
Science which forms the introduction to Galloway’s Treatise pub- 
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lished in the Encyclopc&dia Britcmnica; to the work of Gourand, 
pages 107 — 128 ; and to various passages in Dugald Stewart's Works 
edited by Hamilton^ which will be found by consulting the General 
Index in the Supplementary volume. 

Some observations by Poisson will find an appropriate place 
here: they occur in the Gomptes Mendus , * *Y ol, li. page 396. 

Sans donte Laplace s’est montr6 un homme de g^nie dans la m^ca- 
niquo c61oste ; c’est lui qui a fait preuve de la sagacit6 la plus p6n6trante 
pour d6couvrir les causes des ph^nom^nes ; et c’est ainsi quhl a trouv6 la 
cause de racc^l6ration du mouvemeut de la Lune et celle des grandes 
in6galit6s de Satxxrne et de Jupiter, qu’ Euler et Lagrange avaient cher- 
ch6cs infructuousement. Mais on pent dire que c’est encore plut6t dans 
le calcul des pi'ohabilit6s qxx’il a 6t4 xxn grand g^om^tre; car ce sont les 
nomhreuses applications qu’il a faites de ce calcul qui ont donn6 naissance. 
axx calcxxl aux differences finies partielles, ^ sa na6thode pour la reduction 
do ceitjainos int6grales en series, et ii ce qu’il a nomm6 la tMorie des /one- 
tions generatrices. Tin des plus beaux ouvrages de Lagrange, son M6- 
moire de 1775, a axxssi pour occasion, et on partic pour objet, le calcul 
des probabilit6s. Croyons done qxi’un sxijct qui a fix6 1’ attention de 
pareils hommes est digne de la n6tre ; et t^chons, si cela nous est pos- 
sible, d’aj outer quelque chose ii ce qxi’ils ont trouv4 dans une mati^re 
aussi difficile et aussi int^ressante. 
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1053. This Appendix gives a notice of some writings wliicli 
came -under my attention during the printing of the book, too 
late to be referred to their proper places. 

1054^. John de Witt's tract which was mentioned in the fifth 
Chapter has been recovered in modern times, and printed in an 
English translation. See Gontrihidiom to the History of Jnater- 
ance^.. by Frederick Hendriks, Esq. in the Assurance Magazine, 
Vol. ii. 1852, page 231. For some remarks on John do Witt’s hypo- 
thesis as to the rate of mortality, see page 393 of the same 
volume. 

Many interesting and valuable memoirs connected with the 
history of Insurance and kindred subjects will bo found in the 
volumes of the Assurance Magazine, 

1055. A memoir on our subject occurs in the Actomm 
ditoram,.. Supplemental Tomus IX. Lipsia), 1729. The memoir is 
entitled, Johannis Rizzetti Ludorum Scieritia, sive Artis conjectandi 
elementa ad alias applicata: it occupies pages 215 — 229 and 
295 — 307 of the volume. 

It appears from page 297 of the memoir that Daniel Ber- 
noulli had a controversy with Eizzotti and Riccati relating to 
some problems in chances; I have found no other I'oference to 
this controversy. Rizzetti cites the Exercitationes Mathematicce 
of Daniel Bernoulli ; I have not seen this book myself, which 
appears to have been published in 1724. 

The chief point in dispute may bo said to bo the proper defi- 
nition of expectation. Suppose that A and B play together ; let 
A stake the sum a, and B stake the sum & ; suppose that there 
are equally likely cases, in m of them A is to take both 

the stakes, in n of them B is to take both the stakes, and in p of 
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thorn each takes his own stake. Then according to the ordinary 
principles wo estimate the expectation of A at 

m (^ + 5) + pa 


so far as it depends upon the game which is to be played. Or if 
wo wisli to take account of the fact that A has already paid down 
the sum a, we may take for the expectation 
^ (CC -j- h) pa 


-a, that is, 


m + 7z-l-y) 

Rizzetti however prefers another definition; he says that A has 
m chances out of m + n + p of gaining the sum h ; so that his 


expectation to— Rizzetti trios to shew that the ordinary 

definition employed by Montmort and Daniel Bernoulli leads to 
confusion and error ; but those consequences do not really follow 
from the ordinary definition but from the mistakes and unskil- 
fulnoss of Rizzotti himself. 

Tho memoir does not give evidence of any power in the sub- 
ject. Rizzetti considers that he demonstrates James Bornoullfs 
famous theorem by some general reasoning which mainly rests 
on the axiom, Eflfbctus constans et immutabilis pendet a causa 
constanto, ot immutabili. On his page 224 he gives what he con- 
siders a short investigation of a problem discussed by Huygens 
and James Bernoulli; see Arts. 33, 103 : but the investigation is 
unsatisfactory, and shows that Rizzetti did not clearly understand 
tho prohlorn. 


1056* I am indebted for a reference to the memoir noticed 
in tho preceding Article to Professor De Morgan who derived it 
from Kahlc, BibKothecco PhilosopMw 8truviancB,.,Qoitii[xgen, 1740. 
2 Vols. 8 VO. VoL I. p. 295. Professor Do Morgan supplied me 
from tho same place with references to the following works which 
I have not been so fortunate as to obtain, 

Andrew Rudigor, Be semu falsi et veri, UK I. cap. ccii, et 
UK IIL : no further description given. 

Kahle himself. Blemmta logiem probaUUim^ methodo maike- 
matica. . Magcloburgica?, 1735, 8vo, 
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1057. The work which we have quoted at the beginning of 
Ai't. 347 contains some remarks on our subject; they form part 
of the Introduction d la PMlosophie, and occur on pages 82 — 93 of 
the second volume. It appears from page XLVII of the first volume 
that this work was first published by ’sGravesande in 1730. The 
remarks amount to an outline of the mathematical Theory of Pro- 
bability. It is interesting to observe that ’s Gravesando gives in 
effect an example of the inverse use of James Bernoulli’s theorem; 
see his page 85 : the example is of the kind which wo have used 
for illustration in Art. 125. 

1058. The result attributed to Euler in Art. 131 is I find 
really due to John Bernoulli. See Johannis BemoullL,. Opera 
Omnia, Tomus Quartns, 1742, p. 22. Ho says, 

Atque ita satisfactum est ardenti dosiderio Eratris mex, qui agnoscens 
sunmise hujus pervestigationem difiiciliorem esse quam quis putaverit, 
ingenue fassus est, omnem suam industriam fuisso elusam : Si quis in-- 
reniat, inquit, nolisque communicet, quod industrimi nostram elusit 
hactenuB, magnas de nobis gmtias feret, Yid. Ti*actat. de Seriehus infi- 
nitis, p. 254. Utinam Fiuter superstos essot. 

1059. An essay on Probability was written by the celebrated 
Moses Mendelsohn; it seems to have been published in his PU- 
losophische Schriften in 1761. I have read it in the edition of the 
PUhsophische Schriften which appeared at Berlin in 1771, in two 
small volumes. The essay occupies pages 243—283 of the second 
volume. 

Mendelsohn names as writers on the subject, Pascal, Fermat, 
Huygens, Halley, Craig, Petty, Montmort, and De Moivre. Men- 
delsohn cites a passage from the work of ’s Qravesande, which 
amounts to an example of J ames Bernoulli’s theorem ; and Men- 
delsohn gives what he considers to bo a demonstration of the 
theorem, but it is merely brief general reasoning. 

The only point of interest in the memoir is the following. 
Suppose an event A has happened simultaneously, or noaiiy so, 
with an event J5; we are then led to en(juiro whether the con- 
currence is accidental or due to some causal connexion. Men- 
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delsohn says that if the concurrence has happened n times the 

proTi)al)ility that there is a causal connexion is ; but he gives 

no intimation of the way in which he obtains this result. He 
takes the following illustration : suppose a person to drink coffee, 
and to bo attacked with giddiness ; the concurrence may be acci- 
dental or there may be some causal connexion : if the concurrence 

has been observed n times the probability is that the gid- 
diness ■will follow the drinking of coffee. 

If we apply the theorem of Bayes and Laplace, and suppose 
that an event has happened n times, the probability that it will 

7 % — 1“ 1 

happen at the next trial is „ ; see Art. 848. It is certainly 

curious that Mendelsohn’s rule should agree so nearly with this 
result when 7i is largo, but it is apparently only an accidental 
coincidence, for there is nothing in Mendelsohn’s essay which 
suggests that ho had much knowledge of the subject or any great 
mathematical power : we cannot therefore consider that he in any 
way anticipated Bayes. 

Mendelsohn makes his rule serve as the foundation of some 
remarks on the confidence which we repose on the testimony of 
our senses, referring especially to the scepticism of Hume. Men- 
delsohn also touches on the subjects of Free Will and the Divine 
Foreknowledge ; but as it appears to me without throwing any 
light on these difficult problems, 

I was aware that Mendelsohn had written on Probability from 
the occurrence of his name in Art. 840, but I assumed that his 
essay would not contain any matter bearing on the mathematical 
theory, and so I omitted to examine it. I supply the omission 
at the reqtiost of the late Professor Boole ; he had seen a reference 
to Mendelsohn in some manuscripts left by Dr Bernard, formerly 
teacher of Hebrew in the University of Cambridge, and, in con- 
sequence of this reference, expressed a wish that I would report 
on the character of the essay, 

1060. I take from Booksellers’ Catalogues the titles of four 
works which I have never seen. 
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Thubeuf. El^mens et principes de la royale Aritbmdtique 
aux jettons, eta 12mo. Paris, 1661. 

Marpurg, F. W., Die Kunst, sein Glilck spielenJ zu machen, 
Hamburg, 1765. 4to. 

Fenn, (I.) Calculations and formulae for determining the Ad- 
vantages or Disadvantages of Gamesters,... 1772, 4to. 

FrommichenUeber Lehre d. Wahrscheinl. Braunschw. 1773. 4to. 

1061. I had overlooked a passage in Montucla ■which bears 
on the point noticed in Art. 990; see Montucla, page 421. It 
seems that a mode of election suggested by Condorcet was for 
some time adopted at Geneva. The defects of the mode were 
indicated in a work by Lhuilier entitled, Examen mode d'ilec- 
tion proposS en fS'vrier 1793, d la Convention nationale de France, 
et adopts d GenSve (1794, en 8^). 

1062. A very curious application of the Theory of Proba- 
bility was stated by Waring; see his Meditationes Algehraicm, 
3rd Edition, 1782, pages xi, 69, 73. For example, he gives a rule for 
ascertaining the number of imaginary roots in an equation, and 
says : Haec methodus in quadraticis soquationibus verum proebot 
numerum impossibilium radicum : in cubicis autom ojus proba- 
bilitas inveniendi impossibiles radices non videtur majorom habere 
rationem ad probabilitatem fallendi quam 2:1. 

I owe this reference to the kindness of Professor Sylvester in 
sending me a copy of his remarkable memoir in the FJdlosophioal 
Transactions for 1864, on the Real and Imaginary roots of Alge- 
braical Equations. Professor Sylvester had independently made 
the same kind of application ; see page 580 of the volume, whei'o 
he says: ^'Like myself, too, in the body of the memoir Waring 
has given theorems of probability in connexion with rules of this 
kind, but without any clue to his method of arriving at them. 
Their correctness may legitimately bo doubted.” 
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